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Motivated by the possible observation of the Θ+(1530), we study the quark structure of pen-

taquark states in quenched lattice QCD. The complete set of 19 local sources that have the proper

symmetry for positive or negative parity isoscalar pentaquarks is constructed, as well as a non-

local source composed of two displaced “good” diquarks. Quantitative structure information is

determined from diagonalizing the 19-dimensional correlation matrix and from calculating the

overlaps of sources with the lattice eigenstates. The volume dependence of the overlap is studied

to differentiate between scattering and localized resonant states. The positive parity state has a

small component of two “good” diquarks, and its energy is too much higher than the negative

parity state to be a candidate for the Θ+(1530).
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1. Introduction

Because of the strong spin and color dependent interaction between quarks, theorists have
long sought exotic bound states whose dominant quark content differs from the familiar quark-
antiquark mesons and three quark baryons. The recent apparent observation of the Θ+ pentaquark
with minimal quark content uudds̄ focussed renewed interest on such exotics. Even though the
experimental evidence is now suspect, as summarized in a recent review[1], it is interesting to
explore these states theoretically.

Lattice field theory is the only quantitative alternative to models such as the chiral soliton
model[2] that motivated the search for the Θ+ and the physically appealing diquark picture[3],
and a number of lattice calculations have now been published[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
With one exception, all these works have considered at most three simple sources for spin-1/2
pentaquarks, the diquark source

ΠDiquark = εabcεbe f εcgh(u
TeCd f )(uT gCγ5dh)Cs̄T c

the K-N source
ΠKN = εabc(u

TaCγ5db)γ5uc(s̄eγ5de),

and the color-fused K-N source

ΠcfKN = εabc(u
TaCγ5db)γ5ue(s̄eγ5dc).

Reference[12] also considers a spatially displaced K-N source and a spatially displaced diquark
source of the form discussed below. All these calculations had the property that one could not cal-
culate three eigenstates for each parity and investigate the volume dependence of these eigenstates.
Hence, the objective of the present work is to construct all the local sources of each parity, calcu-
late the lowest few eigenstates of the correlation matrix constructed from them, and examine the
masses, expansion coefficents, volume dependence, and overlaps with the physical states of these
eigenstates.

2. Sources

The 19 independent local sources are constructed[17] by first coupling 4 quarks to a color
triplet and isosinglet and then coupling the result with an s̄ to form a spin-1/2 color singlet.This
yields 19 rotationally covariant operators on each time slice. These sources may be written suc-
cinctly in terms of the pseudoscalar, scalar, vector, axial vector and tensor diquark operators

QP
c = εcab ε i j (qa

i Cqb
j) QS

c = εcab ε i j (qa
i Cγ5qb

j)

QV
c µ = εcab ε i j (qa

i Cγ5γµ qb
j) QA

cn µ = εcab (τ2τn)
i j (qa

i Cγµ qb
j)

QT
cn µν = εcab (τ2τn)

i j (qa
i Cσµνqb

j) ,

and using the notation sC = Cs̄T and

Q∧Q′ · sC ≡

{

εe f g Q f Q′
g sC

e for isoscalar Q, Q′

εe f g Q f n Q′
gn sC

e for isovector Q, Q′.
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This construction yields the following seven operators containing isoscalar diquarks

ΠPS
P = QP ∧QS · sC ΠSS′

S = QS ∧QV
4 · γ5γ4sC

ΠSV
V = QS ∧QV

i · γ5γis
C ΠPS′

P = QP ∧QV
4 · γ4sC

ΠPV
A = QP ∧QV

i · γis
C ΠS′V

V = −εi jk QV
4 ∧QV

i ·σ jksC

ΠVV
A = εi jk QV

i ∧QV
j ·σk4sC

and the following twelve operators containing isovector diquarks

ΠP′A′

V = − QA
4 ∧QT

i4 · γ5γis
C ΠAA′

S = QA
i ∧QT

i4 · γ5γ4sC

ΠAV′

V = QA
i ∧QT

i j · γ5γ js
C ΠP′V′

A = −εi jk QA
4 ∧QT

i j · γksC

ΠAV′

P = εi jk QA
i ∧QT

jk · γ4sC ΠAA′

A = −εi jk QA
i ∧QT

j4 · γksC

ΠP′A
A = −εi jk QA

4 ∧QA
i ·σ jksC ΠAA

A = −εi jk QA
i ∧QA

j ·σ4ksC

ΠA′A′

A = εi jk QT
i4 ∧QT

j4 ·σk4sC ΠA′V′

V = εi jk QT
l4 ∧QT

il ·σ jksC

ΠV′V′

A = −εi jk QT
il ∧QT

jl ·σ4ksC ΠA′V′

P = εi jk QT
i4 ∧QT

jk · s
C.

In this notation, the diquark source is ΠDiquark = ΠPS
P and the K-N and color fused K-N sources are

ΠKN =
1

16

(

−ΠPS
P +ΠSS′

S +ΠSV
V +

1
2

ΠPS′

P +
1
2

ΠPV
A +

i
4

ΠS′V
V +

i
4

ΠVV
A −

i
4

ΠP′V′

A

−
i
4

ΠAV′

P −
i
4

ΠAA′

A +
i
4

ΠP′A
A +

i
4

ΠAA
A −

i
4

ΠA′A′

A −
i
4

ΠA′V′

V −
i
4

ΠV′V′

A

)

ΠcfKN =
1

16

(

+ΠPS
P −ΠSS′

S −ΠSV
V +

1
2

ΠPS′

P +
1
2

ΠPV
A +

i
4

ΠS′V
V +

i
4

ΠVV
A −

i
4

ΠP′V′

A

−
i
4

ΠAV′

P −
i
4

ΠAA′

A +
i
4

ΠP′A
A +

i
4

ΠAA
A −

i
4

ΠA′A′

A −
i
4

ΠA′V′

V −
i
4

ΠV′V′

A

)

We also consider the nonlocal displaced diquark source QS(x−)∧QS(x+) ·
(

sC(x+)+ sC(x−)
)

.

3. Preliminary Lattice Results

We construct the 19×19 correlation matrix Cαβ (t) = 〈Πα(t)Π̄β (0)〉 and solve the generalized
eigenvalue equation[15, 16] C(t)u = λC(t0)u. The eigenvalue λ = e−me f f (t−t0) yields an effective
mass that approaches the mass of the state at large t, and the eigenvector u yields the expansion
coefficients for the optimal variational wave function is the space generated by the sources |ψ〉 =

∑α uα e−
t0
2 HΠ̄α |Ω〉

Calculations were performed with quenched Wilson fermions for β = 6 and mπ = 900 MeV
using Wuppertal smeared sources and sinks with N = 50 and α = 3 and using APE smeared links
in the smeared sources. To obtain adequate statistics, we used 2688 configurations on a 163 × 32
lattice and 834 configurations on a 243 ×32 lattice.

Figure 1 shows the masses for the lowest three negative parity states, and it was not possible to
separate the fourth state from the third state with present statistics. In the positive parity channel,
the two lowest states were nearly degenerate and could not be distinguished statistically.
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Figure 1: Effective masses for the lowest three negative parity eigenstates of the 19×19 correlation matrix
on the 163 lattice

Figure 2 shows the amplitudes, uα , for each of the 19 components in the optimal variational
wave function for the two volumes. There is only one local operator that has non-vanishing upper
components for all five quarks and thus has a nonrelativistic limit, and this operator contributes
(along with other terms) to three of the basis states. The ground state is dominated by just these
three states, and the linear combination is such that the nonrelativistic component is 98% of the
wave function, strongly suggesting that this state corresponds to a K-N scattering state. The next
two states are much more complicated, but have none of these K-N scattering components. Note
that the compositions of three states change negligibly with volume.

The overlap between a localized state created by our local sources and a scattering state falls
off with volume V like V− 1

2 , so the ratio of correlation functions at two volumes should vary as
the inverse of the ratio of the volumes at large distance for scattering states, but remain unity for
localized resonance states. Figure 3 shows that the ground state, which we have already identified
with the K-N scattering state, indeed does have a correlation function ratio that approaches the ratio
of the volumes at large distances. Interestingly, however, the first excited state has a ratio consistent
with unity, suggestive of a possible localized state.

Finally, it is useful to consider the overlaps between the trial functions and the physical eigen-
states obtained by comparing the contribution of the ground state to the correlation function and
the full correlation function at t = 0. For reference, the overlaps for the pion on 163 and 243 lat-
tices are 0.614(2) and 0.619(2) respectively - large and volume independent. For the nucleon, the
corresponding numbers are 0.605(4) and 0.608(3), again large and volume independent. For the
negative parity ground state, the overlaps are 0.44(3) and 0.17(1), yielding a ratio 2.6(3) qualita-
tively consistent with the volume dependence expected for scattering. For the first excited state,
the overlaps are 0.17(1) and 0.12(1), yielding a ratio of 1.4(2) roughly consistent with a constant.
In contrast to the nucleon and pion however, the roughly 15% overlap is very low, suggesting far
more complicated admixtures in the wave function. The overlap of the displaced diquark source
and the positive parity ground state is 0.03, indicating that this state is not dominated by a p-wave
configuration of two good (scalar) diquarks.
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Figure 2: Amplitude uα of the state created by operator α in the lowest three eigenstates of the correlation
matrix with t0 located at the source. The rows correspond to the ground and first two excited states. The
left and right columns correspond to 163 and 243 respectively. The six bars for each operator denote the
amplitude determined for t ranging from t0 +1 to t0 +6 .

These results indicate that diagonalization of the correlation matrix in a sufficiently large basis
of pentaquark operators enables the study of several physical states, and that the combination of
wave function amplitudes, overlaps, and volume dependence provide useful insight into the struc-
ture of each of these states.
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Figure 3: Correlation function ratio C16(t)/C24(t) for the negative parity ground state, denoted by squares,
and first excited state, denoted by circles. The ground state approaches the ratio of the volumes, 3.375,
indicative of a scattering state and the excited state ratio is approximately constant, consistent with a localized
resonance.
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