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ABSTRACT: Quantum group considerations lead to a discrete spacetime structure. This structure can
be imbedded into R". The simplest model that shows these features is based on the one dimensional
g-deformed Heisenberg algebra and will be discussed in this lecture.

The canonical commutation relations are at
the basis of a quantum mechanical system:
[#,p] = &p — p2 =i (1)

The elements of this algebra are supposed to be
selfadjoint

= @ y

|

p=5p (2)

A physical system is defined through a represen-
tation of this algebra in a Hilbertspace where self-
adjoint elements of the algebra have to be rep-
resented by (essentially) selfadjoint linear opera-
tors.

In quantum mechanics the elements of (i)
are represented in the Hilbertspace of square-
integrable functions by:

. .0
b= —Z% (3)

r=x

Starting from the algebra (-j:), the spectrum of
the linear operator & can be interpreted as the
manifold on which the physical system lives - i.e.
the configuration space.

In quantum mechanics it is Ry (z € Ry). The
element p is a differential operator on this mani-
fold.

We shall change the algebra @:) in accord
with quantum group considerations. It is natural
to assume that Z is an element of a quantum
plane and to relate p to a derivative in such a

plane. With an obvious change in notation we
study the algebra

Ox =1+ qz0 (4)

More precisely, we study the free algebra gener-
ated by the elements x and 0 and divided by the
ideal generated by (:_4)

If we assume z to be selfadjoint

T=zx (5)

we see that this cannot be the case for i0 because
we find from (4) that:

— 1 1 —

0r=——+ —x0 (6)

qa q

Thus we could study the algebra generated by
z, & and d and divide by (4), (6) and an ideal
generated by 98 relations. We compute from (4)
and (6) 99z and 99z and find that

00 = q00 (7)

is consistent with these calculations. If we now
try to define an operator p by p = —%(8 —0) we
find that the z, p relations do not close. The real
part of 0 has to be introduced as well. Thus our
Heisenberg algebra would have one space and two
momentum operators - a system that will hardly
find a physical interpretation.

It turns out that 0 can be related to & and
x in a nonlinear way. This relation involves the
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scaling operator A:

A =gt (1+(g—1)20)
Ax = qzA (8)
AD = g oA

The scaling property follows from (:_4)
We now define

5: 7q7%A718 (9)

A~! is defined by an expansion in (¢ — 1). We
find - -
Ox = —% + %xa
90 = q00
Comparing this with (@) and () it follows
from (8) and (10) that conjugation in the z,d
algebra can be defined by

(10)

J=—q 2A10 (11)

rT=x ,
Conjugating A and using (:_1-1_:) shows that
A=A"1 (12)

A is a unitary element of the algebra, this justifies
the factor q% in the definition of A.

The existence of a scaling operator A and
the definition of the conjugation (1) seems to be
very specific for the z, d algebra (4). It is however
generic in the sense that a scaling operator and a
definition of conjugation based on it can be found
for all the quantum planes defined by SO, (n) and
SO04(1,n).

The definition of the g-deformed Heisenberg
algebra will now be based on the definition of the
momentum:

p=—=(0-9) (13)

i
2
It is selfadjoint. From the x,d algebra and the
definition of 0 follows

qzap —q ipr =iA~!

(14)
Az = qzA Ap =g 'pA

and
A=At (15)

p=p , T=x ,

These algebraic relations can be verified in

the z,0 representation where the ordered x,d
monomials form a basis. We shall take (14) and

(D) as the defining relations for the g-deformed
Heisenbergalgebra without making further refer-
ence to its xz, d representation.

Let us discuss the representations of (14).
We assume p to be represented by an essentially
selfadjoint operator and therefore diagonalyzable.
We assume p to be diagonal. Let pg be an eigen-
value and | 0) its eigenstate.

p[0)=po|0) (16)

From ({4) follows that A" | 0) will have the eigen-
value ¢"po

pln) =q"po|n)

(17)
Aln)=|n+1)
As A is unitary and p selfadjoint we find:
(m | n) = bmn (18)

As Hilbertspace H,, we take the completion of
the linear span D,

Dypy =14 D caln) (19)

HPO{ZCHML} , Z |cn|2<oo}

n=-—00 n=—o00
On this Hilbertspace x can be represented as
follows:

z | n) (20)

,L' —n
=L (¢ n-n—gFn+1)
Pog—7

The eqns (i%) and (20) define a representation
of the algebra (i4). In this representation p is
essentially selfadjoint and A is unitary. The op-
erator x is symmetric:

(m|z[n)=n|z|m) (21)

It follows from ([[4) that another representation
of the algebra can be otained by defining

pP=4sp , =45tz , A*=A (22)
where s is a real number. For 1 < s < ¢ (We
now consider the case ¢ > 1) the representations

obtained that way will be inequivalent.
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We now show that x cannot be essentially
selfadjoint in these representations. We assume
that it is and thus can be diagonalized. Let |
xo) be an eigenvector with eigenvalue zy. The
operator A lowers and A~! raises this eigenvalue.
The states obtained that way are orthogonal (z
essentially selfadjoint).

x| xo) = xo | o) (23)
lzo)= > ealn) , > leal’=1

n=—oo n=—oo

From the algebra follows

1

(wo | p | mo)zo(q® —q %) =0 (24)

o0
spo > " e P=0
n=-—oo
This contradicts (23).

The story is that z is symmetric but not es-
sentially selfadjoint. It can be shown that x has
exactly one eigenvector for each of the eigenval-
ues +i. Thus it has a one-parameter family of
selfadjoint extensions. But none of these exten-
sions will represent the algebra. This also follows
from the argument given above. It is however
possible to find reducible representations of the
algebra (14) where the selfadjoint extension of z
will satisfy the algebra (i4). It is obvious from
(24)that this is only possible if po is allowed to
have both signs. This will be discussed in the
next section.

We now show that the algebra (I[4) can also
be represented in the “quantum mechanical” Hil-
bertspace defined by (). With the notation

) 1 1
PV SN PUS
z 2(ac+mp) zpac—i—z p - (25)
and, for any quantity A:

A_ _—A
g —q
A] = 26
(4] " (26)
we define
p=p (27)
£+ 3]
T = —710
(Z+§)

=
\
[
n

and show that p, x satisfy the algebraic relations
(14) if p and & satisfy (il). We start from:

2Z2=(GZ+1)3 , pz=0E-1p (28)
and conclude:
Tf(2)=f(E+ 1)z

Let us now verify the first relation of (14).

pf(2) = f(2=1)p (29)

~ 1 s 1
%[2+§]£A_ 7%A[2+§]£: 30
q(éJr%)p q p(éJr%) (30)

. [2+%]Aqu7% [2_%]%
(2+3) (2-3)
. 1
=@q5[2+§]—q_5[2——]=Zq2=zA‘1

The other relations are verified in the same way.
That p is selfadjoint and A unitary if p and Z
are selfadjoint is obvios. Let us show that x is
selfadjoint as well:

ENEES BN
e h) ey B
CES 1P
(2+1)

The x,p, A algebra does not change if Zp are
changed by a canonical transformation. A class
of such canonical transformations is:

p=fE)p . T=2f'(2) (32)

We immediately see that

The elements p, Z will be selfadjoint if

F&) =fi+1) (33)
An example of such an f is:
5 1
Fie = £ (59
273

With such a canonical transformation we find:

pZ(z?)ﬁ (35)
A=q?
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This is again a representation of the z p A alge-
bra.

Let us see how the representation n (27) is re-
lated to the representations (%), (20), (22). We
start from a representation of @: where p is di-

agonal:

D | ko) =ko | ko) (ko | ko) =0(k' —ko) (36)

Eqn.(23) suggests the notation:

p*n,0)|s) = osq"po | n,0) | s) (37)

1 _ )
lpolq n —
q q

2% | n,o) | s) = os”

(@ |n—1,0)]s)—q 7 [n+1,0)]s))
(s|s)=0(s—5)
c==21 |, 1<s<q

The representation (27) can be reduced:

| n,o)|s) = /dkoqgfs(ko —osq") | ko) (38)
Normalization:
(0" | (5" [ m,0) | 5) (39)
- / dkodllq? "™
8(ko — k§)d(ko — osq™)d(kl — o's'q™")
dkog® ") §(ko — 0sq™)8 (ko —

a_lslqn )

Il
—

_ q%(n—i-n/)é-(a_/slqn N qun)
— q%(n+n/)q_n§n7n,5070/5(s — s')
= 6n’n/5a"0-/6(s — 8/)

The transformation (38) can be inverted:

| ko) = (40)

/ ds Z Z q26(ko — osq™) | n,0) | s)
n=—oo o=+4,—

Let us now act with A as defined by (27) on (38).

On a Wavefunction in the ko representation (36)

T acts as lak The action of A then is

Af(ko) = ¢ 2q %% f(ko)  (41)
= q 2 f(q ko)
Aq28(ko — 0sq™) = ¢ 2q%8(q ko — 05q")
= gz (nt V5(ko — osq™th)
|

Afno)|s) =|n+10)]|s)

The action of z can be otained from (41) by

(AT g ATt (42)
-3

xr =

Its action on | n,o) | s) is identical with (37).
This shows that the representation (27) decom-
poses into a direct integral of representations of
the type (20) and (22).



