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ABSTRACT: A softly broken SUSY gauge theory is equivalent to a rigid one in external spurion su-
perfield in a sence that the singular part of the effective action in a broken theory equals to that of
the rigid one with redefinition of the couplings. This gives an explicit relation between the soft and
rigid couplings renormalizations. Substituting the modified couplings into renormalization constants,
RG equations, solutions to these equations, fixed points, finiteness conditions, etc., one can get corre-
sponding relations for the soft terms by a simple Taylor expansion over the Grassmannian variables.
This way one can get new solutions of the RG equations. Some examples including the MSSM, finite

SUSY GUTs and the N=2 Seiberg-Witten model are given.

1. Introduction

In a recent paper [:14'], which is based on the previ-
ous publications ['g, :_)"] we have shown that renor-
malizations in a softly broken SUSY theory fol-
low from those of an unbroken SUSY theory in a
simple way.

The main idea is that a softly broken super-
symmetric gauge theory can be considered as a
rigid SUSY theory imbedded into external space-
time independent superfield, so that all couplings
and masses become external superfields.

The main Statement:

Softly Broken SUSY Theory ~ Rigid
SUSY Theory in External Field
The Coupling g = External Superfield ¢,

A crucial point: The singular part of effec-
tive action depends on external superfield, but
not on its derivatives:

Serf () = S %D}{D}{D?D}Q

This approach to a softly broken sypersym-
metric theory allows us to use remarkable math-
ematical properties of N = 1 SUSY theories such
as non-renormalization theorems, cancellation of
quadratic divergences, etc. The renormalization

procedure in a softly broken SUSY gauge theory
can be performed in the following way:

One takes renormalization constants of a rigid
theory, calculated in some massless scheme, sub-
stitutes instead of the rigid couplings (gauge and
Yukawa) their modified expressions, which de-
pend on a Grassmannian variable, and expand
over this variable.

This gives renormalization constants for the
soft terms. Differentiating them with respect to a
scale one can find corresponding renormalization
group equations.

Thus the soft term renormalizations are not
independent but can be calculated from the known
renormalizations of a rigid theory with the help of
the differential operators. Explicit form of these
operators has been found in a general case and in
some particular models like SUSY GUTs or the
MSSM [il]. The same expressions were obtained
also in ref. Eéf]

In fact as it has been shown in [5] this pro-
cedure works at all stages. One can make the
above mentioned substitution on the level of the
renormalization constants, RG equations, solu-
tions to these equations, approximate solutions,
fixed points, finiteness conditions, etc. Expand-
ing then over a Grassmannian variable one ob-
tains corresponding expressions for the soft terms.
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This way one can get new solutions of the RG
equations and explore their asymptotics, or ap-
proximate solutions, or find their stability prop-
erties, starting from the known expressions for a
rigid theory.

Below we give some examples and in partic-
ular consider the MSSM with low tan (3, where
analytical solutions are known and obtain solu-
tions to the RG equations for the soft mass terms.
In a finite SUSY GUT finiteness conditions for
the soft terms appear as a trivial consequence of
a finiteness of a rigid theory. Another example
is the N=2 SUSY model, where the exact (non-
perturbative) Seiberg-Witten solution is known.
Here one can extend the S-W solution to the soft
terms.

2. Soft SUSY Breaking and
Renormalization

Consider an arbitrary N = 1 SUSY gauge theory
with unbroken SUSY. The Lagrangian of a rigid
theory is given by

LTigid == /d29 %TI'WO‘WQ*F/CZQ& W
4g
_ 1 - _
+/d29 ﬁTrWaWa +/d29 w

/d29d29 (e ) <I>J, (2.1)
where W is the field strength chiral superfield
and the superpotential VW has the form

1. 1. .

W= Ewkcbicbj@k +5M72;9;. (2.2)
To perform the SUSY breaking, which satis-
fies the requirement of ”softness”, one can intro-
duce a gaugino mass term as well as cubic and
quadratic interactions of scalar superpartners of

the matter fields [

M 1 .

*Esoftbeeaking = |:7)\>\ + EA”kqsid)jd)k

+ 3800 4 he + (nioid, (23)

where ) is the gaugino field and ¢; is the lower
component of the chiral matter superfield.

One can rewrite the Lagrangian (2.3) in terms
of N=1 superfields introducing the external spu-
rion superfields [2] n = 62 and 77 = 62, where 0

and 0 are Grassmannian parameters, as [g]
1
Looft = /d29 4—92(1 — 2M6*)TYW W,
_ 1 o -
2 2 a
+/d 0 4—92(1—2M0 )TeW W,
+ / d*0d*0 &' (5% — (m®)ni) (¥ ).,
1 .. ..
+ /d29 [E(A”k — ATFN)D, 0,0y,

+= (M"Y — Bp) }+hc (2.4)

l\DI»—l

Comparing egs.(2.1) and (2.4) one can see
that eq. (:_2-74 is equivalent to @-]1) with modifi-
cation of the rigid couplings ¢2, \¥* and M, so
that they become external superfields dependent

on Grassmannian parameters 02 and 62. The
scalar mass term m?nf modifies fields ® and ®.
These modifications of the couplings and fields
are valid not only for the classical Lagrangian but
also for the quantum one.! As has been shown
in Ref. [ the following statement is valid:

If a rigid theory (2-._1', 2-_2) is renormalized
via introduction of renormalization constants Z;,
defined within some minimal subtraction mass-
less scheme, then a softly broken theory (2.4) is
renormalized via introduction of renormalization
superfields Z; which are related to Z; by the cou-
pling constants redefinition

Zi(927 )\a 5‘) = Zi(§2

where the redefined couplings are (n = 0%, 7 =
6?)

N, (2.5)

3 =g*(1+Mn+ Mﬁ + 2M Mnjj), (2.6)
(A’”k( )

A”"(m )EY i, (2.7)

8

S\ijk — )\ijk A”kn—i-

+)\ink(m2)%

>

_ 1 -
ik = Aijk — Aijrn + 5 (Anjn(m?)}

Fink (M) + Aijn (m?)E) n7. (2.8)

Thus a softly broken SUSY gauge theory is
equivalent to an unbroken one in external spurion

IThroughout the paper we use a supergraph tecnique
and assume the existence of some SUSY invariant regu-
larization. Thus we ignore the subtleties which may ap-
pear in component approach due to possible use of non-
invariant schemes[A]
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superfield as far as the renormalization proper-
ties are concerned. Substitutions (2.6-2.8) can be
made not only in the renormalization constants,
but at every stage of the renormalization proce-
dure, since the RG functions and RG equations
are derived from renormalization constants ap-
plying the differential operators. The key point
is that one can consider an unbroken theory in ex-
ternal superfield which is equivalent to replacing
of the couplings by external superfields accord-
ing to eqs.(g-._(-i:—g._gl). Then one can expand over
Grassmannian parameters.

In what follows we would like to simplify
the notations and consider numerical rather than
tensorial couplings. When group structure and
field content of the model are fixed, one has a set
of gauge {g;} and Yukawa {yx} couplings. It is
useful to consider the following rigid parameters

2

a. = —i = yz
T 16m2’

~ 1672

Y

& = o;(1+ Min + M7 + 2M; Mym7),  (2.9)
Vi = Ye(1 4 Arn + Akl + (ArArk + Si)n7),

where to standardize the notations we have rede-
fined parameter A: A — Ay in a usual way and
have changed the sign of A to match it with the
gauge soft terms. Here Xj stands for a sum of
m? soft terms, one for each leg in the Yukawa
vertex.

Now the RG equation for a rigid theory can
be written in a universal form

a; = {Oéi,Yk}, (2.10)

a; = a;7i(a),

where v;(a) stands for a sum of corresponding
anomalous dimensions. In the same notation the
soft terms (2.9) take the form

where m; = {M;, Ay} and S; = {2M; M;, Ay, Ap+
Sk}

3. Grassmannian Taylor Expansion

We demonstrate now how the RG equations for
the soft terms appear via Grassmannian Tay-
lor expansion from those for the rigid couplings

(2.10). Indeed, let us substitute eq.(2.11) into
eq.(2.10) and expand over 7 and 77. One has to be
careful, however, since as it follows from the soft
Lagrangian (:_2-_4) gauge couplings are involved in
chiral Grassmann integrals and expansion over 7
or 77 makes sense up to F-terms only. On the con-
trary, the Yukawa couplings Y, being a product
of y and ¢, are general superfields, so the expan-
sion is valid for D-terms as well. Having this in
mind one gets

a; = a;yi(a), (3.1)

Consider first the F-terms. Expanding over n one
has

aim; + ai; = a;miyi(a) + avi(a)lr,  (3.2)

or
. ~ i

mi:%(aﬂpzzaa‘%mj' (33)

j J

This is just the RG equation for the soft terms
M; and A, which was written in Ref. [:-1:] in the
form

Proceeding the same way for the D-terms one
gets after some algebra

: i i
S; = 2mi2aj%mj + ZCL]‘%SJ‘
j J j J
2

0%
+Zajakmmjmk. (35)
gk ’

Substituting S; = m;m; + ¥; one has the RG
equation for the mass terms
¥ = yi(a)|p = Zw%(m»m» +35)
. 79a; J

0%,
gk !

As mentioned above one can make the same
expansion not only in equations, but also in solu-
tions. Let us start with the simplest case of pure
gauge theory with one gauge coupling. Then one
has in a rigid theory

g (2)
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Making a substitution o — & and A = A(1 +
ch? + ...) one has

T (@
5wv‘lg<M>' (38)
Expansion over 7 gives ['6]
M=er@), =22 g

which reproduces the result obtained in Ref.[i]
using different arguments.

One can make the same expansion for any
analytic solution in a rigid theory. Below we
consider three particular examples, namely the
MSSM, the finite SUSY GUT and the Seiberg-

Witten N=2 SUSY model.

4. Examples
The MSSM

Consider the MSSM in low tan 3 regime. One
has three gauge and one Yukawa coupling. The
one-loop RG equations are [8]

di = *bia?, bl = (3_537]-7

. 16 13
Y, = Yt(§a3 + 3ag + I 6Y7),

73)7 1= 17273,

with the initial conditions: «;(0) = ap, Y3(0) =
Yy and t = In(M% /Q?). Their solutions are given

by [§]
YoE(t)

i(t) = , =——"— (41
ailt) 1+ biaot «(t) 1+ 6YoF(t) (41)
where

b, 13 16
E(t) = H(l + biaot)Cl/blv Ci = (E737 ?)7

F(t) = /Ot E(t")dt'.

To get the solutions for the soft terms it is
enough to perform substitution « - @ and ¥ —
Y and expand over n and 7. Expanding the gauge
coupling in (:14-_1:) up to i one has

oo Mo; ob; o Mot
OéiMi = —
1+ b;apt (1 + biaot)Q
(%] Moy,

- 14+ bt 1+ biaot’

or
My;

- 1+ bl Oé()t '
Performing the same expansion for the Yukawa

M;(t) (4.2)

coupling and using the relations

- 3 - . =
dE dF dE
- :tEZCiaiM0i7 —_— :/ —
dn — dn o dn
n n n
one finds
A 1dE 6Y( dF
Aty = —22 202 0 O
1+6YoF FE dn 146YyF dn
(4.3)

which for universal boundary conditions My; =
My leads to a well known expression [S] To get
the solution for the ¥ term one has to make ex-
pansion over 1 and 7.

With analytic solutions one can analyze asymp-
totics and, in particular, find the infrared quasi
fixed points ['_-Q] which correspond to Yy — oo

E
1dE 1dF
AFP — 7 4.5
Edy Fdy (45)

One can see in particular how the dependence of
the initial conditions Yy and Ay drops from the
equations (4.4,4.5). The FP solution (4.5) can be
directly obtained from a fixed point for the rigid
Yukawa coupling (#.4) by Grassmannian expan-
sion. This explains, in particular, why fixed point
solutions for the soft couplings exist if they ex-
ist for the rigid ones and with the same stability
properties [:_1-(_1]

What is essential, the same procedure works
for the approximate solutions [:_1-1:, :1-2_:] Once one
gets an approximate solution for the Yukawa cou-
plings, one immediately has those for the soft
terms as well [{1].

SUSY GUTs

One can consider not only fixed points, but
also more complicated configurations like renor-
malization invariant trajectories which lead to re-
duction of the couplings [:l-?l:] or fixed lines or sur-
faces [14], or finiteness relations [[5]. The same
procedure is valid here as well.

Let us consider, for example, construction of
a finite theory (free from ultraviolet divergences)
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in the framework of SUSY GUTs. It is achieved
in a rigid theory by a proper choice of the field
content and of the Yukawa couplings being the
functions of the gauge one [7]

Y. =Yi(a) = c(()k)a + cgk)a2 + sy
(k)

4

(4.6)

where coefficients ¢;"’ are calculated within per-
turbation theory.

To achieve complete finiteness, including the
soft terms, one has to choose the latter in a proper
way [:_I-Z:] To find it one just have to modify the
finiteness relation for the Yukawa coupling (%.6)

as

Y. = Yi(&), (4.7)
and expand over 77 and 7. This gives:
dInYy
A, =M oo’ (4.8)
and after the rearrangement of terms
d o,dlnYy
Y= M?—ao*—— 4.9
b da” “da (4.9)

which coincides with the relations found in Ref. [{7].

Eqgs. (g_&,@:ﬂ) look even simplier if being
written in terms of bare rather than renormal-
izaed couplings. Indeed, eq.(#.6) in dimensional
reduction scheme looks like[17]

YkBaTe = aBarefk(5)7

where fi(€) is a power series over ¢ calculated in
PT.
The modification of eq.(4.10) looks like

f/kBare = dBarefk(5)7
with the same function fi(e). Thus, expanding
(4.11) over 1 and 7 and cancelling fx(e) on the
both sides, one has

(4.10)

(4.11)

ABare — Mpare, 4.12)
EkBare = Méare? 4'13)

which is valid in all orders of PT. Hence, one gets
the universality of the soft terms.

N=2 SUSY

Consider now the N=2 supersymmetric gauge
theory. The Lagrangian written in terms of N=2
superfields is [18]:

1 1
L=—ImTr / d?0d?0—T0?, (4.14)
a7 2

where N=2 chiral superfield ¥(y, 6, é) is defined
by constraints D% = 0 and Dg¥ = 0 and

0 topological

o (4.15)

The expansion of ¥ in terms of 8 can be writ-
ten as

U(y,0,0) = T (y,0)+v20°T D) (y,0)+6%0, P (y,0),

where y* = z# +i0o"0+ o0 and T (y,0) are
N=1 chiral superfields.

The soft breaking of N=2 SUSY down to
N=1 can be achieved by shifting the imaginary
part of 7:

A7 ~
r—>%:r+ig—;re2M. (4.16)
This leads to
1 o M g
AL = g—2Tr d 9?@( 2, (4.17)

which is the usual mass term for N=1 chiral su-
perfield ¥ normalized to 1/g2.

Now one can use the power of duality in N=2
SUSY theory and take the Seiberg-Witten solu-

tion [19]

dap  da
where
. 1
ap(u) = 5 (u—1F(1/2,1/2,2 =),
2
= /2(1 F(-1/2,1/2,1;, ——).
a(u) (14 u)F( /7/”1+u)

Assuming that renormalizations in N=2 SUSY
theory follow the properties of those in N=1 one
can try to apply the same expansion procedure
for a non-perturbative solution. Substituting eq.(4.16)
into (4.18) with u — @ = u(1 + My#?) and ex-
panding over 652, one gets an analog of S-W solu-
tion for the mass term:

1 "
ol (3-2))
ap a
M = My .

Im Tt

(4.19)

In perturbative regime (u ~ Q*/A? — co) one
has [1§] @ = v2u, ap = La(2lna + 1), which
leads to

— % [InQ?/A*+3],
Mo/ [InQ?/A* +3].

=
I
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This procedure can be continued introduc-
ing soft N=1 SUSY breaking via 6§ dependent
7 superfield. Thus one can achieve soft SUSY
breaking along the chain

preserving the properties of the exact solution.
This will lead to a sequence of new solutions for
the soft terms like eq.(4.19).

5. Conclusion

We conclude that the Grassmannian expansion
in softly broken SUSY theories happens to be
a very efficient and powerful method which can
be applied in various cases where the renormal-
ization procedure in concerned. It demonstrates
once more that softly broken SUSY theories are
contained in rigid ones and inherit their renor-
malization properties.
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