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ABSTRACT: Based on our work [1], we discuss how U-duality arises as an exact symmetry of M-theory
from T-duality and 11D diffeomorphism invariance. A set of Weyl generators are shown to realize
the Weyl group of SO(d,d, Z) and Ey) , while Borel generators extend these finite groups into the
full T- and U-duality groups. We discuss how the BPS states fall into various representations, and
obtain duality invariant mass formulae, relevant for the computation of exact string amplitudes. The

realization of U-duality symmetry in Matrix gauge theory is also considered.

1. Introduction

Once thought of as distinct ten-dimensional con-
sistent perturbative theories, the five superstring

theories are now understood as five different asymp-

totic expansions of a unifying eleven-dimensional
M-theory in different corners g; — 0 of its moduli
space, with string dualities providing the tran-
sition functions between these patches['g:}. Due
to the asymptotic nature of string perturbation
theory, this still only covers a zero-measure set of
the moduli space, while analytic continuation to
finite gs can be achieved for quantities that are
protected from quantum corrections, such as the
BPS spectrum and BPS-saturated amplitudes.
One-loop exact amplitudes on one patch trans-
late into non-perturbative amplitudes in the dual
one, and world-sheet instantons turn into semi-
classical configurations of Euclidean branes wrap-
ped on non-trivial cycles of the target space.

On the other hand, non-perturbative symme-
tries identify different points in the moduli space
and hold for any amplitude. The prototypical
example is the SI(2,7) S-duality symmetry of
ten-dimensional type IIB theory, which was used
to obtain the exact four-graviton R* amplitude
as the weight s = 3/2 SI(2, Z) Eisenstein series
B]: 51(2,2
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pAg=1
Ta [|p + q7| is the Einstein-
frame inverse tension of a (p,q) string, and 7 =

where Ap,q) =

a +1i/gs the complex modulus in the upper half
plane. This result follows from supersymmetry

constraints and S-duality invariance [4]. The weak
coupling expansion reproduces the tree-level and
one-loop contributions, implies perturbative non-
renormalization beyond one-loop, and exhibits a
sum of D-instanton effects. More generally, exact
amplitudes should be given by (non-holomorphic)
automorphic forms of the symmetry group, se-
lected on the basis of the leading perturbative be-
haviour and supersymmetric constraints [-5] From
a study of this and other exact results, one may
hope to infer the rules of instanton calculus in
string theory[3, B, B].

The purpose of this talk is to extend these
considerations to the lower-dimensional case of
M-theory compactified on a torus T'¢, where the
symmetry gets enlarged to the U-duality group
Eq4)(2) [@], and correspondingly more states come
into play. We first review some basic facts about
M-theory and its relation to type IIA string the-
ory, then discuss the continuous hidden symme-
try ['§:] of toroidally compactified 11D supergrav-
ity. Only a discrete subgroup of this symmetry
may remain as a quantum symmetry of M-theory,
and we show how this U-duality follows from T-
duality and 11D diffeomorphism invariance. We
first focus on a set of Weyl generators of these
groups, and derive how the BPS spectrum falls
into representations thereof [‘g]
tors are then included to obtain duality invari-

Borel genera-

ant mass formulae. Finally, we use the connec-
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tion between M-theory in Discrete Light-Cone
Quantization and Matrix gauge theories [:_1-(_)'] to
uncover the spectrum of the latter theories, and
discuss the realization of U-duality in these non-
gravitational theories. This talk is a shortened
version of Ref. E]:}, to which the reader is ref-
ered for a more extensive discussion and list of
references.

2. M-theory, BPS spectrum and hid-
den symmetries

M-theory was originally introduced [-'_2] as the strong

coupling limit of type IIA string theory. It re-
duces to 11D supergravity at low energies, and
is conjectured to exhibit eleven-dimensional N=1
super Poincaré invariance. In particular, M-theory
compactified on a circle S* of radius R, gives
type ITA string theory with

Ry/l, =g, 1} =gl (2.1)
where [, denotes the 11D Planck length, and g;
and [s the string coupling and length. Indeed,
one observes that at strong coupling gs; — oo the
eleventh direction decompactifies. The massless
spectrum of type IIA string theory gets unified

in the 11D setting as

CMNR =~ (B,W,C;wp)
(2.2)
in terms of the M-theory graviton and antisym-
metric three-form and the NSNS fields (g, B, ¢)
and RR gauge potentials (A;,C3) of type IIA
string theory (the lower index denotes the num-

gMN = (QW,Cﬁ,Au) ,

ber of antisymmetric indices); so do the half-BPS
states, charged under these fields:

KK = (DO,KK) ,
M5 = (D4,NS5) ,

M2 = (F1,D2) ,
KK6 = (KK5,D6,...)

Here the first (resp. second) entry in each paren-
theses corresponds to longitudinal (resp. trans-
verse) reduction with respect to the eleventh di-
rection. This identification can be most easily
seen from the mass or tension of the M-theory
BPS states, To = 1/Rs, T2 = l/lg, Ts = l/lg,
T = R2y /lg for the Kaluza-Klein momentum
state, M2 and M5 brane, and KK6-brane (or
Taub-NUT monopole), using the relations in (2.1).

As a side remark, the KK6-brane may also be
reduced along a non-compact direction of the
Taub-NUT space, giving rise to a state with ten-
sion proportional to R7.y R /Iy ~ 1/¢3 and a log-
arithmically divergent geometry at infinity (first
reference in [:_1-1_1']) As we shall see, U-duality pre-
dicts many more such states with exotic tensions
T ~ 1/gP=3 for compactification to D < 3 di-
mensions [iL, L 1].

Upon compactification on a torus T¢, 11D
SUGRA exhibits a group of continuous global
symmetry G, as well as a (composite) gauge in-
variance under its R-symmetry maximal compact
subgroup K, as listed in Table 1 @] The sym-
metry can be seen among the scalar fields, which
take value in the symmetric space K\G. The
local K-invariance can be gauge-fixed thanks to
the Iwasawa decomposition

G=K-A-N (2.3)

into maximal compact K, Abelian A and nilpo-
tent N subgroups. A natural gauge is obtained
by taking K = 1, so that the moduli can be repre-
sented as a vielbein: V € A- N or equivalently as
a K-invariant matrix M = V!'V. In this represen-
tation, the Abelian factor A is parametrized by
the radii Ry of the internal torus, while the nilpo-
tent factor IV incorporates the expectation values
of the off-diagonal components of the metric and
of the gauge potentials C3 on the torus, as well as
their Poincaré-dual Ky;s and . The symmetry
group G4 acts on the right on the coset K\G,
and induces a compensating moduli-dependent
K-rotation to preserve the gauge K = 1. The
massless spectrum also includes a number of p-
forms, given for p = 1,2 in the last two columns
of Table 1, where dualization into forms of lower
degree has been carried out. They transform lin-
early under G and induce charges for particles
(m) and strings (n) respectively. Those are lin-
early related to the central charges in the N =8
supersymmetry algebra by Z = V-m, so that the
invariant quadratic form

M2=2'Z =m!Mm , M=V

is precisely the invariant mass for half-BPS states
(quarter-BPS states receive further corrections).

While the low-energy effective action is in-
variant under the continuous group G, the exis-
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D | d| G=Eyq K scalars | 1-form | 2-form
101 R" 1 1 1 1
92| SI(2,R) x RT U(1) 4-1 3 2
8 13| SIB,R)xSl(2,R) | SOB)xU(1) 11-4 (3,2) (3,1)
71 4| Sl5,R) SO(5) 24-10 10 5
6|5 | SOG5,5R) SO(5) x SO(5) | 45-20 16 10
516 | Ese) USp(8 78-36 27 27
4| 7|\ Ern SU(8) 133-63 | 56
3| 8| Exs SO(16) 9248-120

Table 1: Cremmer-Julia symmetry groups and scalars, 1-forms and 2-forms.

tence of charged states implies that the symme-
try remaining at the quantum level is at most
a discrete subgroup thereof. In particular, some
charges correspond to momenta in compact di-
rections (resp. string or brane wrapping num-
bers around cycles of the torus), and therefore
take values in the reciprocal (resp. homology)
lattice. The most convenient constraint takes
place in D = 4, where the quantum symmetry
should preserve the symplectic Dirac quantiza-
tion constraint L'?ﬂ:

Eqa)(Z) C E7()(R) N Sp(56,Z) . (2.4)

On the other hand, 11D diffeomorphism invari-
ance implies that the mapping class group Si(d, Z)
of the torus T be an exact symmetry, whereas
T-duality holds to all orders in type IIA string
perturbation theory and therefore in M-theory
as well. These two symmetries certainly preserve
Dirac quantization, and the U-duality group of
M-theory is therefore

Euya)(2) = SI(d, Z) =1 SO(d—1,d—1, Z) , (2.5)

where the symbol b denotes the group generated
by the two non-commuting subgroups. In the
following, we elucidate this equality by studying
the action of a set of Weyl and Borel generators.

3. Dynkinese approach to T- and U-
duality

We first construct a set of Weyl generators for the

T-duality symmetry group SO(d, d, Z) of toroidally

compactified type II string theory. The moduli
space of the NSNS sector of type II string theory
on T9 displays a structure analogous to (2.3),

with now G = SO(d,d,R) and H = SO(d) x
SO(d), where A are the radii of the torus and
N the off-diagonal components of the metric and
antisymmetric tensor. There is also an extra fac-
tor Rt for the dilaton. We define the Weyl gen-
erators as those preserving a rectangular torus
with zero two-form vev, namely N = 1. A min-
imal generating set is provided by the exchange
of radii and a double T-duality on two directions
(a single T-duality would map to type IIB):

SiZRiHRH_l, i=1...d-1 (31)

. g 1 1
T . (gS7R17R2) A <R1R2, Rz, Rl) (32)

In order to understand the structure of this
group, we represent the tension of a state 7 =
¢=° R RE” ... Rz" as a vector A = 2% +. .. 2%,
in a weight space, on which the generators .S;
and T act linearly. In fact the metric on this
space can be chosen so that they are orthogonal
reflections

Ao pa(d) = A—2% 2
a-«

(ANA) = —(2°)? + (2)* + 2%2°
with respect to planes normal to the set of sim-
ple roots ag, a;.
the space can be evaded by noting that the D =
(10 — d)-dimensional Planck length Vi /g2I% is in-
variant, and restricting to the subspace orthogo-
naltod = e;+...+eq—2ey. The group structure
is then determined by the inner products between

(3.3)

The non-Euclidean metric of

roots, summarized in the Dynkin diagram

()

Ry 1
— o1 — O — O3 —...— O4— o
(g) 1 2 3 d—1 (Rd)

(3.4)
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which is precisely the one of SO(d,d). On this
diagram, we have also indicated the tensions of
the fundamental weights associated to the the
extremal nodes, which show that the KK modes
on the torus together with the string winding
states transform as a vector, while the two spinor
representations correspond to a multiplet of D-
particles and D-strings respectively.

We now apply the same techniques to the
Weyl group of the U-duality group (2-_5:) of M-
theory on T¢ [i_):] In this case, we first need to
translate the double T-duality (3.2) in M-theory
variables using (2-._-'), and conjugating this with
an 11D diffeomorphism R; <> R;, we find the Z5
symmetry

3
lp

RjRk’

3 l6
N
» 7 RiR,Rr
(3.5)

which involves a set of three directions. A min-

R[-)

Trik :

imal set of generators of the Weyl group can
be chosen as T' = Ti23 and the permutations
Sr @ Rr < Rry1. The action of the U-duality
Weyl group is now represented on a weight vec-
tor A = 2%ep+. .. x4 by considering the tension
monomials 7 = lSzOR‘flR§2 ...Rﬁd. The gen-
erators T and S7 can again be implemented as
orthogonal reflections (3.3) for the F-theory-like
metric (A, \) = —(2°)? + (2%)2, with respect to
roots g, ay with inner products

o (%)
|

R 1
(l—gl>01—02—03 — O4—...—Od_1(R—d>

(3.6)
Not surprisingly, this is the Dynkin diagram of
the Eq(q) groups. Note that for d = 9, the invari-
ant Planck length vector Vg / lg becomes null, and
it is no longer possible to go to the orthogonal
subspace. This is consistent with the fact that
FE)y is the affine Lie group associated to Fg, and
implies that the representations are infinite di-
mensional. For d > 9, the symmetry is even more
dramatic, with hyperbolic F1y or Kac-Moody E11,
while for d < 9 we recover the groups in Table
1. The representations corresponding to the ex-
tremal nodes indicated in (8.6) correspond to a
particle multiplet with highest weight M = 1/R,
(a KK mode) , a string multiplet with highest

weight 71 = Ry/ lg (a singly wound M2-brane),
and a membrane multiplet with highest weight
1/ lg. The particle and string multiplets are pre-
cisely the ones charged under the one- and two-
form potentials in Table 1.
bers in the same multiplet are obtained by ap-
plying Weyl reflections on these highest weights,

The other mem-

and e.g. for d = 7, the particle multiplet trans-
forms in the 56 of E(7(7) with content listed in
Table 2. The multiplet consists of the parti-
cle states obtained from the KK state and com-
pletely wrapped M2, M5 and KK6-branes. It
restricts to the lower-dimensional particle multi-
plets upon decompactification, and decomposes
as perturbative states, D-branes and NS-branes
under T-duality. We do not display the d = 8
particle multiplet, but point out that the lat-
ter branches into additional representations un-
der T-duality, and in particular contains states
with a mass of order 1/g3, akin to the KK6-brane
discussed in section 2. This behaviour arises as
soon as less than three transverse dimensions are
present, and signals a non asymptotically flat ge-
ometry.

4. Borel generators and invariant
mass formulae

Next, we wish to include the Borel generators,
corresponding to the right action of nilpotent
matrices N in the Iwasawa decomposition (:_2-._3),
in order to derive duality invariant mass formu-
lae. In the case of T-duality, the Borel genera-
tors include Dehn twists from the mapping class
group Si(d, Z), acting on the homology lattice as
v — v1 + 7, as well as the spectral flow of the
B-field:

Fij : Ay) — A;l)—f—l y Aij : Bij — Bij—f—l

(4.1)
Using the Sl(d, Z) boosts, a KK state with mo-
mentum 1 can be related to a state with any
integer momentum m; along the circles of T¢
with mass M? = m;g"”m;. More generally, us-
ing ('f_f_i:), the vector representation of the Weyl
group of T-duality becomes a lattice of KK and

winding charges (m;, m') with mass

M2 = (m; + Bijmj)gik(mk + Bklml) + migijmj
(4.2)
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mass M SU(7) irrep | charge Evum
L 93M5§
2k ; e b4
Arfvg 21 m2 Ve
g Noyn(srs0)?
RiR;RkRLRyp 21 5 v}
i NgS\(srsrsxsrpsm)?
R?RJRKRLRMRNRP 7 1,7 V55
b Ngil (sr;sssksLsmsnspsg)?

Table 2: Particle multiplet, 56 of of E;(7) and Yang-Mills interpretation.

subject to the half-BPS condition ||m||? = 2m;m’
= 0. For quarter-BPS states the mass formula re-
ceives an extra contribution proportional to ||m/||%.
Similarly, the D-particle states (completely wrap-
ped D-branes) with masses 1/g4ls,R;R;/gsl2,
RR; RrR;/gsl2,... turn into a lattice of inte-
ger D0,D2,D4-charges m = {m,m™, mi* }
transforming as spinor of SO(d,d, Z). A careful
analysis of the Borel generators then gives the
half-BPS mass

M2 = g% [ + ()2 4 (miH)2 4] (4.3)
where the m = V - m are the dressed charges
m = m+ m9B;; + m* BBy + ...,mY =
mil + mFI By 4+ .. ikl = miikl 4 with
an extra contribution when the half-BPS condi-
tions, kA = mlimkl 4 m mikl = 0 for d = 4,
are not fulfilled. These BPS mass formulae can
also be obtained by analyzing the Born-Infeld ac-
tion [:_1-%', 'ﬁ]

In the case of the U-duality group, the Borel
generators include the usual Dehn twists I'7; in
Si(d, Z) as well as the B;; = Cg;; shifts in SO(d—
1,d—1,Z), which can be conjugated into Crx :
Crixk — Cryx+1. When d > 6 we also need to in-
clude shifts of the dual gauge fields &, K1,5. The
U-duality invariant mass formula on tori with ar-
bitrary gauge backgrounds can then again be ob-
tained by considering the non-commuting C3, &
and Ky;3 flows. In d = 7, we obtain the result

MG = () +5 (72 4 ()4 7 ()
P P P
(4.4)
where the dressed charges are given by
mi = mq+ C3m2 + (C3C3 + 56) mP
+ (C3C3C3 + ngﬁ) mb7
m?= m?+ C3m5 + (0363 + 56) mb7 (45)
m® = md+ Camb7
m1;7 — m1;7

It turns out that the half-BPS condition on the
particle multiplet transforms as the string mul-
tiplet constructed out of the particle charges @:],
which also follows on dimensional grounds:

KL =mm?=0

o= mmP+m*m2=0

kY6 = mimb5T + m2m® =0 (4.6)
BT = m2mBT +mPmP =0

E67T = mPmbT =0

When these composite charges do not vanish, the
state is at most quarter-BPS, in which case its

mass formula reads M2 = MZ2(m) + /[T (k)]?
with 7 (k) the half-BPS tension formula for the
string multiplet and k& the quadratic charges in

@.0)-
5. U-duality in Matrix gauge theory

Finally, we wish to use the information on U-
duality and invariant mass formulae obtained ab-
ove to obtain a better understanding of the de-
grees of freedom and symmetries of matrix gauge
theory. According to this prescription [:l-(j the
DLCQ of M-theory on a lightlike circle S! (radius
R)) times T in the sector with P, = N/R; is de-
scribed by a supersymmetric U(N) gauge theory
in d+ 1 dimensions on the maximal T-dual torus
T, In this description the KK state of the parti-
cle multiplet bound to N DO-branes becomes (af-
ter maximal T-duality) a string wound on N Dd-
branes with YM energy Eym = g3y s2/NVs =
M? /P, describing a half-BPS state carrying elec-
tric lux. On the other hand, a wrapped mem-
brane of the string multiplet bound to N DO-
branes becomes a KK state bound to N Dd-
branes with energy Eyy = 1/s; = R;T1 describ-
ing a massless excitation. More generally, the
U-duality invariant gauge theory masses can be
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b

computed as
2

Eyy = M +RT (5.1)
Py

As an example, the last column of Table 2 gives

the corresponding gauge theory masses correspond-

ing to the particle multiplet of E7(7). The first
state is the state carrying electric flux mentioned
above, while the second state carries magnetic
flux, and corresponds in general to a Dd-D(d—2)
bound state. In the case of the string multiplet,
the details of which we omit here, the first states
are the KK excitations, and the second is a YM
instanton in 341 dimensions lifted to d + 1 di-
mensions, corresponding to Dd-D(d — 4) bound
states. Starting on T°, we see the occurrence of
states with energy 1/ g@M whose interpretation is
problematic in pure Yang-Mills terms.

We can make a more precise comparison of
the U-duality invariant masses with the proposed
quantum descriptions for d = 3,4,5. In the first
case the D3-brane description is valid so that we
have N=4 supersymmetric gauge theory in 341
dimensions. The U-duality symmetry Si(3, Z) x
S1(2, Z) corresponds to the mapping class group
of the three-torus together with the S-duality
symmetry of the gauge theory [:_1-3] In partic-
ular, the M-theory or type IIB modular param-
eter 7 = C123 + iV/lS is equated to S = 6/27 +
47 /g%y, so that the M-theory gauge potential
Ci23 translates as a 6 angle in the gauge theory.
For d = 4 the quantum theory is the (2,0) world-
volume theory on the M5-brane, where the extra
dimension (D4 — MS5) is generated by identi-
fying Rs = ¢%y;. The Si(5,Z) U-duality sym-
metry is now naturally interpreted as the sym-
metry of M5 on the five-torus, and indeed from
the invariant masses we can infer directly that
Al = lJELC 111 appears as the KK gauge field
on T% = T x S'. Finally, for d = 5 the quantum
theory is the non-critical string theory living on
the NS5-brane (obtained by type IIB S-duality
from the D5-brane) with string length ZE = g2\
The SO(5,5, Z) U-duality symmetry is now in-
terpreted as the T-duality symmetry of the string
theory, and from the invariant masses we infer
that BYJ = lJKLM¢ .\ is the B-field of string
theory on NS5-brane. For d > 6 gravity does no
longer decouple anymore. These conclusions can

also be reached from the Born-Infeld action in
the scaling limit [i]. Finally, we mention that
the string and particle multiplet of Eq(4)(Z), to-
gether with the momentum N and some addi-
tional charges, make a string multiplet represen-
tation of Eg,1(441)(Z), as should be the case if
the DLCQ proposal is correct @:, :_1-1:]
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