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1. Introduction

From the point of view of perturbative QCD, the

production of a heavy flavour is calculable as long

as its mass is sufficiently large. In this limit, low

energy hadronization effects should not influence

the total cross section and the distributions, and

one expects an accurate prediction from the per-

turbative calculation. Thus, most of the theoret-

ical work in heavy flavour production physics is

based upon perturbation theory, even if at times

resummation of large contributions are consid-

ered.

The production properties of charmed and

bottomed hadrons are qualitatively well described

by the perturbative calculation. Quantitative com-

parisons, however, are not always completely sat-

isfactory, although one cannot claim at this mo-

ment unjustifiable discrepancies between theory

and experiments. A recent review of the phe-

nomenology of heavy quark production is given

in ref. [1]. In the present talk I wish to focus upon

a few aspects that have received recent attention.

In section 2 I will briefly review the theoretical

status. In section 3 I will discuss a few aspects

of the comparison of theoretical prediction with

data, for top, bottom, and charm production.

2. Theory

A typical leading order diagram for the process of

heavy quark hadroproduction is illustrated in the

first diagram of figure 1. The process is com-

puted in the usual improved parton model con-

text, as the convolution of parton densities with

Figure 1: Typical diagrams in hadroproduction and

photoproduction of heavy flavours.

short distance cross section. At the lowest order,

the amplitude is of order αS, and the cross section

is of order α2S. The heavy quark photoproduc-

tion process (the second diagram in figure 1) is

of order αemαS in the cross section. For both pro-

cesses, next-to-leading corrections (i.e., O(α3S) for
hadroproduction, and O(αemα2S) for photopro-
duction) have been computed a long time ago

[2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12]. Going

to higher order in perturbation theory seems to

be a very difficult task, and no one that I know

of has been planning to perform such calcula-

tion. Nevertheless, the accuracy of the calcula-

tion has been improved in particular regions of

phase space, where enhanced contributions arise

and have to be summed at all orders.

At very high energy, one expects terms of or-

der Born × [αS logS/m2Q]n to arise at all orders
in perturbation theory. This problem (related to

the small-x problem in DIS physics) is relevant,

for example, for bottom production at the Teva-

tron and at the LHC.

When we approach the threshold region for

the production of the heavy flavour pair, terms

of order Born× [αS log2∆thr]n arise, where ∆thr
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is some measure of the distance from the thresh-

old. These terms are relevant for the production

of top at the Tevatron, for the production of b

at HERAb, and for the production of charm at

relatively low CM energy.

For the production of heavy flavour at high

transverse momenta one expects terms of order

Born × [αS log pT/m2Q]n to arise at all orders in
perturbation theory. This problem is relevant

for the production of charm and bottom at high

transverse momentum at the Tevatron, but also,

perhaps, for the production of very high trans-

verse momentum top quarks at the LHC.

2.1 Total cross section

Radiative corrections to the total cross section

are usually parametrized as

σij =
α2
S
(µ)

m2

[
f
(0)
ij (ρ)

+4παS

(
f
(1)
ij (ρ) + f̄

(1)(ρ) log
µ2

m2

)]
.(2.1)

In figure 2 I plot the functions f for the gg pro-

cess.

Figure 2: Gluon-Gluon contribution to the heavy

flavour photoproduction cross section

Notice the behavior near threshold. Defining as

usual

ρ =
4m2

ŝ
, β =

√
1− ρ = velocity (2.2)

the most singular terms near threshold have the

form

f
(1)
gg

f
(0)
gg

→A
β
+B log2 β + C log β + . . . (2.3)

due to Coulomb 1/β singularities and to Sudakov

double logarithms. Near threshold, these terms

may require special treatment (e.g., resumma-

tion). Notice also the constant asymptotic be-

havior of f
(1)
gg at large S. It may cause problems

for heavy quark production far above threshold.

This problem has been recently investigated in

the context of the LHC Workshop at CERN [13].

Plotting the cross section as a function of the

partonic ŝ may help to understand the origin of

large corrections. For bottom at the LHC (from

the LHC workshop), such plots are given in fig-

ures 3 and 4. We see that large corrections

Figure 3: The contribution to the total cross section

as a function of the partonic ŝ

come from the region near threshold, and from

the region far above threshold. In figures 4 we

study the scale dependence of this distribution.

We find large scale variation near threshold and

large scale variation far from threshold.

The inclusion of resummation effects can re-

duce the scale variation, provided it is performed

at least at the next-to-leading level. Resumma-

tion of threshold effects up to the next-to-leading

level is well understood [14] [15], while resum-

mation of high energy logarithms has only been

studied at the leading logarithmic level [16] [17]

[18] [19].
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Figure 4: Scale dependency of the contribution to

the total cross section. In the upper plot µF = m, in

the lower plot µR = m.

2.2 Differential distributions

The formalism for the resummation of the large

log pT /m logarithms is made up of many ingredi-

ents: the perturbative parton density for heavy

quarks, the perturbative fragmentation function

and the inclusive cross section for single hadron

production in hadronic collisions. Recent ap-

proaches to this problem merge the fixed order

calculation with the resummed one, maintaining

the accuracy of both approaches without over-

counting [20] [21]. A summary of these improved

results, that merge the NLO fixed order calcu-

lation with the next-to-leading-log resummation

[20] are illustrated in figures 5, 6 and 7.

The reduction in scale dependence at large pT is

quite evident in the figures.

Work is being done to extend this method to

photoproduction [22], for fixed target and HERA

studies. One preliminary result is the study of

mass effects, that have to be added to the re-

summed calculation in the merged approach. One

compares the cross section computed at the NLO

level, with a similar calculation where mass sup-

pressed effects have been neglected. This cannot

be achieved simply by taking the limit m→0 in
the full calculation, because of the presence of

logarithms logm/pT in the NLO result. In fig-

ure 8 we plot the cross section at fixed pT as

a function of the mass, in a logarithmic scale,

Figure 5: Merged calculation (solid lines) versus the

resummed one (dotted line)

Figure 6: Same as in figure 5 with an appropriate

weight for an easier comparison.

Figure 7: Same as in figure 5 for the integrated

cross section

comparing the massless limit approach with the

full massive one. The linear behavior of the

NLO calculation as a function of logm, in the
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Figure 8: Differential cross section at fixed pT as a

function of the mass for heavy quark photoproduc-

tion.

limit of small m, is quite evident from the fig-

ure. The massless limit result is exactly linear.

The only mass dependence left there is the loga-

rithmic term, since mass power terms have been

dropped. We can see here that mass effects have

negative sign, the opposite of what happened in

the hadroproduction case (see ref. [20]). In fig-

ure 9 we plot the cross section as a function of pT
and fixed mass, for charm production in electron-

hadron collision at HERA. The difference be-

Figure 9: As in figure 8, at fixed m versus pT .

tween the solid and the dashed lines gives the size

of mass effects that one can expect there.

2.3 Non-perturbative effects

In general, for bottom and charm production,

one finds large radiative corrections, and thus

one expects large unknown higher order terms.

At the same time, non-perturbative effects (sup-

pressed by powers of Λ/mQ) may play a role

here, especially for charm production. We have

no theory of power suppressed effects in this con-

text. Yet, understanding to what extent we can

trust the theoretical machinery of hadroproduc-

tion processes (the factorization theorem) is of

extreme importance for collider physics. We have

to try out models of non-perturbative effects, and

compare them with data.

2.3.1 Fragmentation Effects

Figure 10: Hadronization is assumed to degrade

the quark momenta according to a non-perturbative

fragmentation function D(z).

One assumes that the hadron momentum is

a fraction z of the quark momentum, distributed

according to a fragmentation function (pertur-

bation theory suggests something like this, but

the width of the distribution is ≈ αS log pT /mQ)
For very large quark masses the non-perturbative

fragmentation function becomes a delta function,

but for b’s and c’s this is not quite the case.

2.3.2 Intrinsic Transverse Momentum

One assumes that the incoming partons have an

intrinsic transverse momentum 〈kT 〉 ≈ Λ (per-
turbation theory generates pT ≈ αS× hard scale).
This affects mostly the transverse momentum of

the heavy quark pair, its azimuthal correlation

and the transverse momentum distribution of a

single quark.

2.3.3 Monte Carlo models

Monte Carlo models of hadronization include many

more effects, like color drag from projectile rem-

nants and the like, and can model effects like

leading particle enhancements and asymmetries.
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3. Phenomenology

3.1 Charm production

It is well known that, due to its large sensitivity

to the scale choice, to the charm quark mass and

to the value of the QCD scale parameter Λ, the

total charm cross section has extremely large the-

oretical uncertainties. It is not a surprise, there-

fore, that it agrees fairly well with the data. The

shape of various distributions is less sensitive to

these factors. It turns out that the xf and pT
distributions can be fitted quite well by assum-

ing a hard charm fragmentation function and a

1 GeV primordial transverse momentum of in-

coming partons, a value which is also favoured

by measurements of the azimuthal correlations

of the heavy hadron pair. A more extensive re-

view of the data has been given by J. Russ in

this proceedings [23]. As an example, I show

here two figures from a recent publication of the

E791 Collaboration [24]. Figures 11 and 12 show

the xf and the pT distributions for D mesons,

compared to Pythia and to a NLO calculation,

performed with ε = 0.001 and 〈k2T 〉 = 1GeV2.
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Figure 11: Charm xf distribution

Charm production is a good place where to study

non-perturbative effects and fragmentation prop-

erties [23]. These studies may help in predicting
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Figure 12: Charm pT distribution

the impact of non-perturbative effects in bottom

production. At the CERN LHC workshop, the

problem of predicting charge asymmetries in B

production was considered, since these asymme-

tries may fake a CP violation signal. In order

to do this, one uses models of hadronization that

generate asymmetries, tuned to the measured D

production asymmetries [25].

3.2 Understanding Tevatron data

As shown by K. Sumorok [26], Tevatron data

for the transverse momentum spectrum in b pro-

duction are higher than QCD predictions. This

problem has been around for a long time, al-

though it has become less severe with time. The

prediction band for the bottom spectrum is rather

wide. This signals the presence of large uncer-

tainties. In my opinion, in is not unlikely that

we may have to live with this discrepancy, which

is certainly disturbing, but not strong enough to

question the validity of perturbative QCD cal-

culations. To put it in simple words, the QCD

O(α3S) corrections for this process are above 100%
of the Born term, and thus it is not impossi-

ble that higher order terms may give contribu-

tions of the same order. Nevertheless it is useful

to look for higher order perturbative effects and
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non-perturbative effects that can rise the cross

section.

Inclusion of resummation of pT logarithms

[20] brings about a moderate increase in the cross

section in the intermediate transverse momen-

tum region (figures 5-7). This increase is diffi-

cult to quantify (see ref. [20]), but it is certainly

positive and goes in the right direction.

In analogy to the case of charm production,

the agreement between theory and data improves

if one does not include any fragmentation ef-

fects. It is then natural to ask whether the frag-

mentation functions commonly used in these cal-

culations are appropriate. Following the LEP

measurements, fragmentation functions have ap-

peared to be harder then previously thought. It

will be interesting to see whether SLD new data

[27] will help in clarifying this issue.

One can ask whether also for b production

an intrinsic transverse momentum for the incom-

ing partons may explain the discrepancy. Such

study has been performed in [13]. In figure 13

we show the effect of the intrinsic kT , and we

also show the sensitivity to the ε parameter in

the fragmentation function. We see that for

Figure 13: The b cross section at the Tevatron: the

effect of a large intrinsic transverse momentum, and

the sensitivity to the fragmentation parameter ε.

pminT < 20 GeV, the kT effect is sizeable, even

in presence of fragmentation, provided we allow

for unphysically large intrinsic kT . Furthermore,

uncertainty on the fragmentation function (ε pa-

rameter) are relatively small. At this point it

is fair to ask whether such large values of 〈kT 〉
are compatible with other observables (such large

values have also been invoked to explain direct

photon production data [28]). There are observ-

ables, like the distribution of the azimuthal dis-

tance ∆φ of the b pair, that are particularly sen-

sitive to the intrinsic transverse momentum. The

∆φ distribution is trivial at leading order: b and

b̄ are emitted back-to-back, so

dσ

d∆φ
∝ δ(φ − π). (3.1)

An intrinsic kT smears out the δ function. For

〈kT 〉 = 4 GeV the effect is quite dramatic, as can
be seen in figure 14 [13]. However, CDF and

Figure 14: The b-b̄ azimuthal correlation at the

Tevatron: the effect of a large intrinsic transverse

momentum, and the sensitivity to the fragmentation

parameter ε.

D0 analysis of the azimuthal correlation of muon

pairs coming from b’s [26] do not seem to favour

such a large intrinsic transverse momentum, as

can be seen in figures 15 and 16 [13]. We

thus conclude that it is unlikely that large kT
effects are present in b hadroproduction.

3.3 Top production

A remarkable success of the theory of heavy flavour

production has been the fairly accurate predic-

tion of the top cross section at the Tevatron. In

fig. 17 the recent CDF and D0 data are shown

[29], compared to the calculation of ref. [14]. The

narrow theoretical prediction band is due to sev-

eral factors:

• the heaviness of the top quark makes the
perturbative prediction quite reliable;

• the process is dominated by the valence
quark parton densities;
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Figure 15: CDF results on azimuthal correlations

compared with the perturbative calculation, with

and without intrinsic kT

Figure 16: D0 results on azimuthal correlations

compared with the perturbative calculation, with

and without intrinsic kT

• uncertainties in αS are compensated by evo-
lution effects;

• resummation of threshold effects reduces
the uncertainties.

It is reassuring to see that the theory works bet-

ter where we expect it to work better, e.g. for

very heavy quarks.

3.4 Bottom at HERA

HERA has results on b production cross section,

with very high central values. These have been

discussed by Sefkow [30]. Roughly speaking, Zeus

and H1 cross sections have central values a factor

of 5 higher than QCD predictions. The theoreti-

cal error on this cross section is quite small, and

Figure 17: Resummed cross section for top produc-

tion at the Tevatron, compared with recent experi-

mental results.

it is very difficult (if not impossible) to justify

these large values. It is also very difficult to ex-

plain why should charm work so well, if bottom is

so far out. I believe that, in this case, it is wise to

wait for the experimental errors to narrow down.

4. Summary and conclusions

As we have seen, there are many indications that

the perturbative mechanism of heavy flavour pro-

duction is at work in all known cases. The pre-

diction of the top cross section has been a re-

markable success; charm distributions are qual-

itatively well described by perturbation theory,

and so are the bottom distributions. There are

areas, however, where the agreement is less than

perfect. Tevatron data is quite high, although

large theoretical uncertainties are present there.

HERA data on b production also shows problems,

although in this case we should perhaps wait for

more precise experimental studies.

From the theoretical point of view, new tools
have been introduced to deal with special kine-
matic regions, like the production near threshold,
and the production at very high transverse mo-
mentum. In this area there are many improve-
ments that may come in the future. Threshold
resummation for the pT spectrum is one of them.
Perhaps the most important missing resumma-
tion calculation is a full next-to-leading log re-
summation of the high energy logarithms, which
is of great interest for LHC and Tevatron physics.

7



Heavy Flavours 8, Southampton, UK, 1999 P. Nason,

References

[1] S. Frixione, M.L. Mangano, P. Nason and

G. Ridolfi, “Heavy-Quark Production”,

hep-ph/9702287, published in “Heavy

Flavours II”, eds. A.J. Buras and M. Lindner,

Advanced Series on Directions in High Energy

Physics, (World Scientific Publishing Co.,

Singapore).

[2] P. Nason, S. Dawson and R. K. Ellis, Nucl.

Phys. B 303 (1988) 607.

[3] W. Beenakker, H. Kuijf, W.L. van Neerven and

J. Smith, Phys. Rev. D 40 (1989) 54.

[4] P. Nason, S. Dawson and R. K. Ellis, Nucl.

Phys. B 327 (1989) 49; erratum ibid. B335

(1990) 260.

[5] W. Beenakker, W.L. van Neerven, R. Meng,

G.A. Schuler and J. Smith, Nucl. Phys. B 351

(1991) 507.

[6] M. Mangano, P. Nason e G. Ridolfi, Nucl.

Phys. B 373 (1992) 295.

[7] R. K. Ellis and P. Nason, Nucl. Phys. B 312

(1989) 551.

[8] J. Smith and W.L. van Neerven, Nucl. Phys.

B 374 (1992) 36.

[9] S. Frixione, M.L. Mangano, P. Nason e G.

Ridolfi, Heavy Quark Correlations in Photon-

Hadron Collisions, CERN-TH.6921/93, GEF-

TH-15/1993, Nucl. Phys. B 412 (1994) 225.

[10] E. Laenen, S. Riemersma, J. Smith and W.L.

van Neerven, Nucl. Phys. B 392 (1993) 162.

[11] E. Laenen, S. Riemersma, J. Smith and W.L.

van Neerven, Nucl. Phys. B 392 (1993) 229.

[12] B.W. Harris and J. Smith, Nucl. Phys. B 452

(1995) 109, hep-ph/9503484.

[13] P. Nason and G. Ridolfi, in preparation, to ap-

pear in the “Standard Model Physics at the

LHC” Yellow Report.

[14] R. Bonciani, S. Catani, M. Mangano and

P. Nason, Nucl. Phys. B 529 (1998) 424,

hep-ph/9801375.

[15] N. Kidonakis and G. Sterman, Phys. Lett. B

387 (1996) 867, Nucl. Phys. B 505 (1997) 321.

[16] R.K. Ellis and D.A. Ross, Nucl. Phys. B 345

(1990) 79.

[17] J. C. Collins and R. K. Ellis, Nucl. Phys. B

360 (1991) 3.

[18] S. Catani, M. Ciafaloni and F. Hautmann,

Phys. Lett. B 242 (1990) 97.

[19] S. Catani, M. Ciafaloni and F. Hautmann,

Nucl. Phys. B 366 (1991) 135.

[20] M. Cacciari, M. Greco and P. Nason,

JHEP05(1998)007, hep-ph/9803400.

[21] F.I. Olness, R.J. Scalise and Wu-Ki

Tung, Phys. Rev. D 59 (1999) 014506,

hep-ph/9712494.

[22] M. Cacciari, S. Frixione and P. Nason, in

preparation.

[23] J.S. Russ, this proceedings.

[24] The E791 Coll., Phys. Lett. B 462 (1999) 225,

hep-ex/9906034.

[25] E. Norrbin, proceedings of the Interna-

tional Europhysics Conference on High-Energy

Physics (EPS-HEP 99), Tampere, Finland, 15-

21 July 1999, LU-TP-99-28, hep-ph/9909437.

[26] K. Sumorok, this proceedings.

[27] The SLD Coll. (Kenji Abe et al.) Contributed

paper to the International Europhysics Confer-

ence on High-Energy Physics (EPS-HEP 99),

Tampere, Finland, 15-21 Jul 1999 and 19th In-

ternational Symposium on Lepton and Photon

Interactions at High-Energies (LP 99), Stan-

ford, CA, 9-14 Aug 1999, SLAC-PUB-8153,

hep-ex/9908032.

[28] L. Apanasevich et al., Phys. Rev. D 59 (1999)

074007, hep-ph/9808467.

[29] G. Watts, this proceedings.

[30] F. Sefkow, this proceedings.

8

http://xxx.lanl.gov/abs/hep-ph/9702287
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB303%2C607
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB303%2C607
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD40%2C54
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB327%2C49
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB327%2C49
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB351%2C507
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB351%2C507
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB373%2C295
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB373%2C295
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB312%2C551
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB312%2C551
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB374%2C36
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB374%2C36
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB412%2C225
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB392%2C162
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB392%2C229
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB452%2C109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB452%2C109
http://xxx.lanl.gov/abs/hep-ph/9503484
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB529%2C424
http://xxx.lanl.gov/abs/hep-ph/9801375
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB387%2C867
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB387%2C867
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB505%2C321
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB345%2C79
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB345%2C79
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB360%2C3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB360%2C3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB242%2C97
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB366%2C135
http://xxx.lanl.gov/abs/hep-ph/9803400
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C014506
http://xxx.lanl.gov/abs/hep-ph/9712494
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB462%2C225
http://xxx.lanl.gov/abs/hep-ex/9906034
http://xxx.lanl.gov/abs/hep-ph/9909437
http://xxx.lanl.gov/abs/hep-ex/9908032
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C0
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C0
http://xxx.lanl.gov/abs/hep-ph/9808467

