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Abstract: A summary of recent lattice results for the B meson decay constant fB, bag parameter

BB, and related ‘B’ parameters is given. The quenched lattice results for fB have been stable over

the past few years, and recent simulations without the quenched approximation show a significant sea

quark effects. All the recent unquenched (two light flavours) results are consistent with fB = 210(30)

MeV. Calculation of BB is less satisfactory, as the results of different formulations of heavy quark

are not in good agreement. First lattice studies of (∆Γ/Γ)Bs and b hadron lifetime ratios are also

discussed.

1. Introduction

In the determination of the Cabbobo-Kobayashi-

Maskawa (CKM) matrix elements, model inde-

pendent theoretical calculation of hadronic ma-

trix elements, such as B meson decay constant

and bag parameter, is essential. Lattice QCD

provides a method to calculate them starting from

QCDwithout introducing any model dependence,

at least in principle.

For this reason, the lattice calculation of the

heavy-light meson decay constants and bag pa-

rameters has been studied for more than a decade.

The main problem was to construct a reliable

method to treat the heavy quark with mass mQ
which is greater then the lattice cut-off. It was

achieved by introducing effective theories that

work for small spatial momenta on the lattice.

The heavy quark effective theory (or static ap-

proximation) [1] treats an infinitely heavy quark,

and its extension for finite heavy quark mass is

also formulated (NRQCD [2]). The relativistic

quark actions may also be treated as an effective

theory for heavy quark (Fermilab action [3]). A

naive use of the relativistic actions for relatively

light heavy quark (∼ charm quark) combined
with an extrapolation to the bottom is another

possibility. In this talk I summarize the recent

results for the heavy-light decay constant using

these different formulations, each of which has

different systematic uncertainties, and show that

those are consistent with each other. It means

that the systematic errors associated with the

heavy quark are now under control.

Among remaining systematic uncertainties,

the error of neglecting the effect of light quark

loops (quenched approximation) is the most im-

portant one. Reliable estimate of the size of the

quenching effect is difficult without actually per-

forming simulations including dynamical quarks.

Recently, such studies have been started by sev-

eral groups and a significant effect for the heavy-

light decay constant due to quenching is found

(Section 2).

The calculation of the B meson bag parame-

ter BB is not so conclusive, as we find a disagree-

ment between static/NRQCD and relativistic re-

sults (Section 3).

I also discuss the recent lattice calculations

of other ‘B’ parameters, that are related to the

width difference of Bs mesons (Section 5) and

the lifetime ratios of b hadrons (Section 6).

Other applications of lattice QCD covered by

separate talks are semileptonic decay form fac-

tors [4], quark masses [5], and quarkonia and hy-

brid spectrum [6]. The most recent review of

lattice studies of B physics is found in [7].
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Figure 1: Recent quenched lattice calculations of

fB using O(a)-improved actions.

2. fB

Since the mass difference in the B-B̄ mixing is

experimentally measured quite precisely [8], the

determination of |Vtd| is limited by the system-
atic errors in the lattice calculation of f2BBB.

In the quenched approximation, for which

the effect of sea quark is neglected, the lattice re-

sults for fB are stabilized very well over the past

few years. Figure 1 shows the recent quenched

results from several groups. The results obtained

with the non-relativistic lattice QCD (NRQCD)

are given by open symbols (GLOK [9], JLQCD

[10], and CP-PACS [11]), while the non-relativ-

istic reinterpretation of the relativistic action [3]

is employed for filled symbols (JLQCD [12] and

Fermilab [13]). Also, there are results with the

conventional approach in which the relativistic

action is used for the charm quark mass region

and the results are extrapolated to the bottom

(APE [14] and UKQCD [15, 16]). The O(a)-

improvement [17] is applied for these calculations.

It is remarkable that the results with different

formulations obtained at different lattice spacing

a are completely consistent with each other. The

MILC collaboration [18] has also done an exten-

sive study with unimproved action, and their re-

sult extrapolated to the continuum limit is con-

sistent with the results using the improved ac-

tion.

The precision achieved in the quenched ap-

proximation depends on the method and param-

eters used, but its typical size is about 10–15%
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Figure 2: Dynamical lattice calculations of fB . Re-

sults are from MILC [18, 19], Collins et al. [20] and

CP-PACS [22, 23]. Quenched results as shown in

Figure 1 are also plotted with small open symbols.

except for the quenching error. Perturbation the-

ory used in the matching between continuum and

lattice operators is an important source of the

systematic error, which gives O(α2s).

The effect of quenching is difficult to esti-

mate without carrying out the simulations with

dynamical quarks. The lattice simulation includ-

ing sea quark effects requires much more com-

puter time than quenched simulation, and had

been impractical until recently. Recent simula-

tions by MILC [18, 19], Collins et al. [20] and

CP-PACS [22, 23], however, are revealing the dy-

namical quark effect:

The MILC collaboration [18, 19] is perform-

ing a bunch of dynamical quark simulations us-

ing the staggered quark action for sea quarks

(NF=2). The heavy and light valence quarks are

treated as the unimproved Wilson quark action,

as in their quenched study. They found a signifi-

cant raise of fB with unquenching in the contin-

uum limit, but it is not so clear at finite lattice

spacings. A problem in their result is a large

a dependence seen in the quenched data due to

the use of the unimproved Wilson quark. A lin-

ear extrapolation to the continuum limit gives a

substantially lower value compared to the data at

finite a. On the other hand, their dynamical re-

sults do not show a similar a dependence and the

continuum limit remains high. For this reason,

although their result suggests fNF=2B > fNF=0B ,

the conclusion is not solid enough. Therefore,

they started a new calculation using the fat-link
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clover action for heavy quark, with which scaling

behavior is expected to be improved. A prelimi-

nary result favors lower value of fB, albeit with

large statistical error.

Collins et al. [20] are also using the staggered

sea quarks (NF=2), while they use the NRQCD

action for heavy quark and the O(a)-improved

action for light valence quark. If we assume the

systematic error is completely correlated between

quenched and unquenched simulations, their re-

sults fNF=2B =186±5 MeV, where systematic er-
ror is omitted, and fNF=0B =150±10 MeV suggest
a large sea quark effect.

At Lattice 99, the CP-PACS collaboration

presented two new calculations of fB on their dy-

namical lattices (NF=2) generated with an renor-

malization group (RG) improved gauge action

[21]. They carried out two sets of calculations:

• calculation using the NRQCD action for
heavy quark [22]. The O(a)-improved ac-

tion is used for both sea and valence light

quarks. Lattice spacing is about a=0.2 fm

for quenched and unquenched lattices.

• calculation using the relativistic action for
heavy quark [23] combined with the non-

relativistic reinterpretation [3]. The O(a)-

improved action is used for both sea and

valence light quarks. Three lattice spac-

ings ranging a=0.09∼0.29 fm are employed
to see the systematic error associated with

finite a.

Their results for fB are shown in Figure 2 to-

gether with the results from other groups.

It is encouraging that dynamical results are

consistent with each other, even though the ac-

tions employed for sea quarks and for heavy quark

are different. Furthermore, the clear upward shift

of fB with the inclusion of dynamical quarks is

remarkable.

Although it is a difficult task to combine the

results from different groups, we can crudely say

that all available data is consistent with the es-

timates listed in Table 1, where I also list the

results for fBs and fBs/fB. I do not attempt to

extrapolate these results to the physical NF = 3

limit. To do so, it seems necessary to under-

stand the systematic errors coming from the use
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Figure 3: 1/M dependence of ΦBB (5GeV ). The

static and NRQCD data are from Kentucky [28],

Giménez-Reyes [26] (Reanalysis of [24]), UKQCD

[25] (Reanalyzed by [26]), and Hiroshima [29]. The

relativistic calculations are Bernard et al. [34], ELC

[35], Bernard-Soni [36], Gupta et al. [37], and

UKQCD [31]. Open symbols are obtained with Wil-

son quark for heavy and/or light quarks, and filled

ones are O(a)-improved.

of different actions and lattice spacings. The sea

quark mass dependence should also be clarified.

NF=2 NF=0

fB 210 ± 30 MeV 170 ± 20 MeV
fBs 245 ± 30 MeV 195 ± 20 MeV
fBas/fB 1.16 ± 4 1.15 ± 4

Table 1: Summary of the results for decay con-

stants.

3. BB

In contrast to the achievement for fB, the lattice

calculation of BB is not satisfactory.

In the static approximation, the results by

Giménez and Martinelli [24] and by UKQCD [25],

both of which are obtained using the clover (O(a)-

improved) action for light quark, have been rean-

alyzed in a recent paper by Giménez and Reyes

[26]. They corrected an error in the previous

perturbative calculations of the matching of four-

quark operators, and applied the tadpole improved

lattice perturbation theory [27]. Then they found

the two calculations agree and a disagreement,

which existed between the static-clover and static-

Wilson results[28], is greatly reduced.
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The 1/M corrections have recently been con-

sidered by the Hiroshima group [29, 30]. They

performed a calculation using the NRQCD ac-

tion, and found significant decrease of BB(mb)

as one includes the 1/M corrections. The pertur-

bative matching between continuum and lattice

operators, however, was done with the coefficient

in the static limit, and thus the large systematic

error of O(αs/(aM)) is left unremoved.

In the calculation with relativistic actions,

the UKQCD collaboration presented the first cal-

culation with the O(a)-improved action at Lat-

tice 98 [31], which has been updated at this con-

ference [16]. To obtain the result at the B meson

mass, an extrapolation from charm mass regime

is necessary, and they found a clear negative slope

in 1/M .

At Lattice 99, APE group [32] has presented

the first result obtained using non-perturbative

renormalization of four-quark operators [33]. They

found a similar dependence of BB on 1/M , but

their final numerical results are not yet available

at the time I wrote this contribution.

Figure 3 presents a compilation of lattice data

for

ΦBB (µb) ≡
(
αs(MP )

αs(MB)

)2/β0
BB(µb) (3.1)

with µb = 5 GeV as a function of 1/MP . The

renormalization factor is introduced to cancel the

ln(M/µb) dependence appearing in the matching

factor [16]. It is encouraging that all relativistic

results including the early works [34, 35] show a

reasonable agreement with each other, and that

the recent UKQCD data show a nice scaling be-

tween two lattice spacings (β=6.0 and 6.2). The

extrapolation to the static limit (∼ 0.92), how-
ever, seems considerably higher than the O(a)-

improved results in that limit. It suggests that

there is unknown sources of systematic error in

either or both of static (NRQCD) and relativistic

calculations. Higher order perturbative correc-

tions (for both) and O((aM)2) uncertainty in the

relativistic calculations are their potential candi-

dates. For this reason, my summary of the cur-

rent available data includes a large systematic

uncertainty: BB(mb) = 0.80(15). On the other

hand, many groups agree that the BB is almost
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Figure 4: Constraint on the CKM matrix elements.

independent of light quark mass and the ratio

BBs/BB is close to unity: BBs/BB = 1.00(3).

4. CKM determination

The allowed region on the (ρ, η) plane of the

CKM matrix is shown in Figure 4. The two

flavour result fB = 210 ± 30 MeV and the con-
servative estimate of BB are used to draw the

constraint from ∆Md. Due to the upward shift

of fB from the previous quenched results, the al-

lowed region favors ρ > 0. On the other hand,

the ratio fBs/fB is not affected by the quenching

effect, so that the previous analysis for |Vtd/Vts|
[38] is unchanged.

5. Bs width difference

The width difference in the Bs − B̄s mixing is
given as

∆Γs ∝ Im 1

2MBs
〈B̄s|i

∫
d4xTHeff(x)Heff(0)|Bs〉,

(5.1)

where Heff represents the ∆B=1 effective Hamil-
tonian [39]. Only the final states into which both

of Bs and B̄s can decay contribute. The 1/mb
expansion induces two four-quark ∆B=2 oper-

ators, whose matrix elements with Bs and B̄s
states are BB and BS . BS is defined through

〈B̄s|OS(µ)|Bs〉 = −5
3
f2BsM

2
Bs

M2Bs
(mb +ms)2

BS(µ),

(5.2)

and OS = b̄(1 − γ5)sb̄(1− γ5)s.
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At Lattice 99, the Hiroshima group presented

a lattice calculation of BS using the NRQCD ac-

tion [30]. Their calculation method is the same as

that of BB and they obtain BS(mb)=1.19(2)(20).

It may be compared with the previous lattice

study using the unimproved relativistic action

BS(mb)=0.75(±??) obtained from a simulation
at charm quark mass [37]. (Their result is con-

verted the above definition by Beneke et al. [40].)

Error is not specified at the moment, since the

extrapolation to the b quark mass is not made.

Obviously, more study is necessary to disentan-

gle the mass dependence and eventually to obtain

the final result from lattice QCD.

The Hiroshima group obtained the width dif-

ference as (∆Γ/Γ)Bs = 0.16(3)(4), using a next-

to-leading order formula of Beneke et al. [40].

The errors are from fBs andBS respectively. The

two-flavour result for fBs discussed in Section 2 is

used. The latest experimental bound from DEL-

PHI is (∆Γ/Γ)Bs < 0.42 [41].

6. Lifetime ratios

The ratios of lifetime of b hadrons, such as τ(B
−)

τ(B0)

and τ(Λb)
τ(B0) , provide an important test of the theo-

retical method to calculate the inclusive hadronic

decay rates [42]. In the 1/mb expansion, the lead-

ing contribution to the decay rate comes from

a diagram in which the b-quark decay proceeds

without touching the spectator quark, so that it

does not contribute to the lifetime ratios. The

O(1/m2b) correction to the ratios is also small

for the same reason, and the first correction in-

volving the spectator quark effect is of O(1/m3b),

which is parametrized by the ‘B parameters’ of

∆B=0 four-quark operators. The UKQCD col-

laboration computed these matrix elements for

the first time and obtained τ(B
−)

τ(B0) = 1.03(2)(3)

[43], which is consistent with the recent experi-

mental result 1.07(2) [44].

It is a known problem that the lifetime of

Λb is surprisingly shorter than that of B mesons

τ(Λb)/τ(B
0) = 0.79(5) [44]. It is, therefore, in-

teresting to see whether it is explained with the

theoretical calculation, in which the similar ma-

trix elements of four quark operators for Λb are

required. The UKQCD group has studied these

matrix elements [45], and found that the specta-

tor effect is large ∼ −6%. Although their result
τ(Λb)/τ(B

0) = 0.91(1)∼0.93(1), depending on
the light quark mass, is much higher than the ex-

perimental value, higher statistics calculations at

smaller lattice spacings seem necessary to draw

a definite conclusion.

7. Summary

Recent lattice calculations of the B meson de-

cay constants and B parameters are summarized.

For the decay constant fB, quenched results are

stable over the past few years, and our interest

is now in the sea quark effects. Several recent

unquenched simulations with two flavors of dy-

namical quarks suggest larger fB and fBs , while

their ratio remains unchanged.

The results for BB are less satisfactory, even

in the quenched approximation. The source of

the disagreement between the static/NRQCD and

relativistic calculations have to be understood.

First lattice results for the Bs width difference

and the B hadron lifetime ratios are also dis-

cussed.

As we found a non-negligible effect of quench-

ing in fB, it is important to study the other

quantities without the quenched approximation.

Simulations with two dynamical flavours (u and

d quarks) are being carried out by several groups

including European, US and Japanese collabora-

tions, and we expect more and more results for

heavy quark physics in the near future. Realistic

three flavour simulations including the strange

quark have to be done to eventually obtain the

predictions from the first principles (QCD).
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