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ABSTRACT: We introduce a new Weyl invariant action for bosonic p-branes. The key ingredient is
the introduction of an auxiliary field that transform the non-linear conformal action into a quadratic

action. For these actions we construct, following the standard Dirac’s method, the canonical formalism.
Based in this construction we obtain the physical degrees of freedom of the system.

1. p-branes Actions

HE STUDY of the dynamics of extended sys-
T tems was introduced by Dirac in 1962 [1].
In this paper Dirac tried to describe elementary
particles as vibrational modes of a membrane.
After this initial step a general principle to de-
scribe the dynamics of extended systems in the
context of strings was developed by Nambu and
Goto [2, 8] that is known as the Nambu-Goto
action principle. This principle states that the
action of a extended system of p-dimensions (p-
brane) embedded in a D-dimensional space-time
is proportional to the world volume,

S[XH)=-T / de{\/— det 0; X+0; XV,

(1.1)
where £%, i =0,1,...,p are the p+ 1 dimensional
world volume coordinates and X* = X*(¢%), u =
0,1,...,D —1 are the D space-time coordinates.
We assume a flat space-time with Minkowski met-
ric 7, and signature (—,+,...,+). The tension
of the object is given by the constant T which
has the necessary units for a dimensionless ac-
tion ([T] = [mass]PTY)). This action has p + 1
dimensional diffeomorphism invariance given by

SXH =9, X", (1.2)

where () are the parameters of the transfor-
mation.

In the case of string theory (1-brane), Schild
@] proposed the introduction of an auxiliary field
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e to eliminate the square root in (I.I). The
generalization of this idea for the p-brane action
(1.1) has the form [5):

Sy[XH] = /dp+1§ % (g - T%) . (1.3)

here h is the determinant of the induced metric
hij = é‘iX“an”nW. (14)

The action (1.3) is invariant under the diffeomor-
phisms (1.2), provided e transform as

de = 8i(€ie) (1.5)

i.e., e has the role of an einbein. Another inter-
esting property of the Schild action is that we
can get the limit of null tension that correspond
to the ultra relativistic limit of the p-brane. In
a more geometrical context Brink, et al [6] wrote
a different extension of the Nambu-Goto action,
now called the Polyakov action. For this action
instead of the auxiliary field e we introduce a
world sheet metric I';;. In the case of a p-brane
the Polyakov form of the action is

T

SIXH, Ty =

/derlS\/ - (Fijé‘iX“an”nW

—(p—1)). (1.6)

Here I'/ is the inverse of I';; and I' denotes the

determinant. For any p-brane the action (1.4) is
invariant under diffeomorphisms,

SXH = g9, X", (1.7)

5Fij = €k8krij + 5‘1-5’“ij + 8j€kFik. (1.8)
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In the case of the 1-brane this action is also in-
variant under Weyl transformations 6I';; = 2wI';;.
Taking into account that the Weyl symmetry is
a very important factor in the quantization of
the string, several people tried to develop a Weyl
invariant extension of the action for the p-brane
Ef.] This action reads as follows

S[XH Ty] = —T/dp“g\/—_l‘

1 B (p+1)/2
——TI"0, X"0; X 10 1.9
The action in (1.9) is invariant under the follow-
ing transformations

SXH = "o, XM, (1.10)
5Fij = EkakFij + &-skl“kj + @e’“l}-k
+2wFij, (111)

then, we obtain Weyl and diffeomorphism invari-
ance, but we have again, as in Nambu-Goto, a
non quadratic action. As a consequence of this
fact, the canonical formalism is not well defined,
since is not possible to get a Hamiltonian func-
tion of the coordinates and momenta but not of
the velocities. An attempt to develop the canon-
ical analysis of (i1.9) was proposed in [d].

In this paper we present a different solution
to this problem. We construct an action equiva-
lent to ([.9) for which the standard rules of the
canonical approach can be applied. Then we
completely work out the algebra of constraints
of this theory. Following Schild [4] we introduce
an auxiliary field e to eliminate the power in the
integrand of the action (1.9) to get the following
expression

T y
3 /dPHg VT (é‘#r”hij

—e(p— 1))

This action is invariant under Weyl symmetry if

S[X#7Fijve] -

(1.12)

the auxiliary field e changes as e — e exp(—wd).
Thus the infinitesimal transformations of the fields
that leave the action invariant up to a boundary
term are

SXH = "9, X", (1.13)
(SFij = Ekakrij + 8i5’“ij + 8jek1‘ik
+2wFij, (114)

de = £'0ie —w(p + 1e. (1.15)

An interesting point is that the transformation
law for the auxiliary field e is quite different in
the actions (1.3) and (1.12). In the case of Schild’s
action e is an einbein, whereas in (1.12) e is a
scalar under diffeomorphisms —like a space-time
coordinate X*#(£)— and transform under confor-
mal transformations. The classical equivalence
between (1.9) and (1.13) is obtained from the so-
lution of the equation of motion for e and its sub-
stitution in (1.12). Meanwhile, the equivalence
between (1.§) and (f.9) with (I.1) is obtained
from the solution to the equation of motion for
the auxiliary field I';; and its substitution in the
respective action.

2. Canonical analysis of the confor-
mal action

In this section we develop the canonical formula-
tion of the action (:-1:1:2) and compute the algebra
of constraints.

To construct the associated canonical analy-
sis for the action (1,12) we assume that the topol-
ogy of the world-volume MP*! is of the form
3P x R, where XP is a p dimensional compact
manifold. Following the ADM construction we
introduce a shift vector N* (a = 1,...,p) and a
lapse function N. Using these variables the met-
ric of the world-volume I';; can be rewritten as

Too = —N?y + vapN*N?,
Foo = ’YabNbv
Fab = Yab-

(2.1)

With this metric the Lagrangian action @:1:2) is
given by

p—1

T ep_;l . .

_ _ p+1 R 2 a i
s 2/d d§<N [ X2+ 2N°X"10,X,
n (N277ab _ NaNb) hab] —(p-— 1)6N’7>(2.2)

The fields content of this action is (X*, N, N%,
79 ¢). The associated canonical momenta are

p—

=l

epr+1 .
=T (Xu - NaaaXM) . (23)
T ~0, 7we=0, mpx0, w0 (24)
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with the basic Poisson brackets

(X1(E), Py(€)} = dto7(E — &),
(N(©), (€} = o7 — &),

(N9(€), m(€)} = d2a7(€ — &), (2.5)
{e(€), me(€)} = 67(6— &),

(), mea(€)} = 5(018% + 510 (€ — &),

From the definition of the momenta we obtain
W + 1 primary constraints. The total

Hamiltonian associated to (2.2) is

N 1 1-p p—1
fr = /dp5<§(fempup” + Ter gy hy

~Tey(p — 1)) + N°P,0, X"

FAeTe + AT+ X + )\“bwab>, (2.6)

here the \’s are the Lagrangian multipliers asso-
ciated to the primary constraints. By using the
Dirac method the evolution in time of these con-
straints generate the following (p + 1)(p + 2)/2
secondary constraints

1/1

o= §<TPMPM+T€2#'Y'Yabhab
—Te Ty (p - 1)> ~ 0,

Ho = PO, X" 0, 2.7)

_ 2
Qap = € 7 hgp — Yab = 0.

The evolution in time of these secondary con-
straints does not produce new constraints.

To split the constraints according to its first
or second class character we observe that the con-
straints Q. and 7., are second class. This are
p(p+1) constraints. Furthermore, from the range
of the matrix defined by the Poisson brackets be-
tween all the constraints, we conclude that there
are no more second class constraints.

By a redefinition of the constraints H, H,
and 7, on the constraint surface, the algebra of
the complete set of 2p + 3 first class constraints
can be closed up to quadratic pieces in second
class constraints. To that end we propose the
following complete set of constraints
First class:

Tr0, m~0, (2.8)

Tre =Te + pi re” P, ~ 0, (2.9)
T=H+ %P#aa(e—ﬁw“bab)(“) ~0, (2.10)
To = Hat 20, X405 (e~ 7170, X,,) ~ 0. (2.11)

Second class:
Tap =0, Qgp =~ 0. (2.12)

Denoting the first class constraints as G, (r =
1,...,2p + 3) and the second class as x, (@ =
1,...,p(p+ 1)) the algebra has the general form

{Gr. Gy} = C1,Gy+ B xaxs
{G’I’7Xa} - AS G +DT‘QX67
{XomXﬁ} = aﬁ7
where the explicit expressions of the structure
functions are given in [E-Q‘]

To compute the algebra on the second class
constraint surface we introduce the Dirac bracket

A,
(F, G} ={F.G)
+ / PELE, Qun (617176 (meal€), G

_ / PECF, ma (€) 1177 () {2ea(€), G-

(2.13)

The relevant Dirac brackets between the canoni-
cal variables are

{XH(6), P.(£)} = abor(€ —¢),
{N(©),m()} = "€~ &),
&} = ot (€ =&,
)} = (€ -8,
&)y =0,
{(7(€), Pu(€)}* = e Frnacytd

8quac(Sp (€ - gl)

(2.14)

X

+achad6p(§ - SI) )

2 )7‘“’51’(5 -¢).

{y*2(&), (€} = cp+ 1)

The expressions for the Dirac brackets allow to
show that the constraint (2.9) generates the Weyl
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transformation. Using these relevant Dirac brack- ~ the grants DGAPA-UNAM IN100397, and CONA-
ets the full Dirac algebra of the densitized con- CyT 32431-E.
straints is
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-3 Conclusions----------------ooooooo-Robongtgsnsost T

From the above construction we see that the ac-
tion (1.12) have exactly the same physical de-
grees of freedom that the usual p-brane action
(L.§). However, the action (1.12) have an addi-
tional symmetry given by the Weyl invariance.
We hope that this new action can be useful in
the study of the quantization of the p-branes in
similar form to the case of the Polyakov action in
strings where the Weyl anomaly is the more easy
way to compute the critical dimension. The idea
of a Weyl invariant action for p-branes introduc-
ing an auxiliary field can be extendable to the
supersymmetric case [:_1-(_)'] where the k-symmetry
is now Weyl invariant. Furthermore, for the case
of d-branes it is also possible to consider this con-
struction using the action for d-branes proposed
in [[1]. For d-branes it is also possible introduce
a dynamical field instead of an auxiliary field,
taking into account the Weyl symmetry.

Acknowledgments

The authors acknowledge partial support from


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C97%2C949
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB65%2C471
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB65%2C471
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB114%2C29
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB114%2C29
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB273%2C415
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C227
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C227

