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ABSTRACT: We review concepts of integrability in higher dimensions and apply them
to construct Lorentz invariant field theories with an infinite number of local conserved

currents.

1. Non Abelian Stokes theorem.

One of the basic ingredients of two-dimensional integrable models is the so-called Lax-
Zakharov-Shabat zero curvature condition

A, —0,A, +[A,,A]=0 w,v=0,1 (1.1)

In 1+ 1 dimensions the relation (il.1) is a conservation law, since it is a sufficient condition
for the path ordered integral

W(T) = Pr exp/ A, dx* (1.2)
r

to be independent of the path I', as long as the end points are kept fixed. Consequently, by
choosing appropriate boundary conditions at space infinity (or taking space to be a circle
and so space-time a cylinder) one gets that the quantities

N
Qn =Tr (P exp/ Axdx> (1.3)
space
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are conserved in time. These are the conservation laws responsible for the integrability of
a two dimensional theory possessing the zero curvature representation (.1).
In 2 + 1 dimension, it is natural to replace line integrals by surface integrals:

V(¥) =Py exp/ By, dx* A dz”
%

We face the problem of defining Px. The answer given in[l] is as follows: scan X with
a family of loops (1) with base point xg, each point of ¥ belonging to exactly one loop
~. Hence each point x of 3 can be localised by choosing the curve « and a point with
coordinate o on it. Introduce a gauge potential A, and define

dz¥ . _
A= ; dJBW(U)E&U (o), BZ‘{,(U) =W 1(U)BW(U)W(U)
where W (o) is defined as in eq.(.2) using A and the path ~, joining the point x to the
base point zy. Then we solve the differential equation

dz¥

W) _yina <?> L V0)=1

dr

and define
V(E)=V(T)|r=1

The quantity A can be viewed as a connection on loop space. Its curvature is:

C=0A+ANA

The flux of B will be surface independent if C vanishes. Therefore, imposing apropriated
boundary conditions, one can construct conserved quantities when C vanishes in a similar
way as in (i.3) for the 1+ 1 case. See [1] for details on the construction of the conserved
charges.

For infinitesimal loops around z, vanishing of C reduces to the local conditions [1,, 4]:

w=0, [v,B]=0 (1.4)
where
w=dB+AANB, v=dA+ANA-B
Note that we have the Bianchi type identities:
dv+ ANy =—w, ], dv+AANw=]v,B]

The two form v is called the fake curvature. In the setting we consider below, the local
equations (iI.4) are sufficient to ensure the vanishing of C, even for big loops.
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2. Integrable models and submodels.

To get independence upon the way X is scanned by the loops v, we choose the potential A
to be a pure gauge:
F,=0=v=-B

To ensure C = 0 we furthermore require
w=dB+AANB=0
B in an abelian ideal of § = [v, B] =0 (2.2)

Introducing the dual form of B

A
B}, = ¢uaBY

the condition (2.1) becomes

DB, =0 (2.3)
This yields conserved currents, because setting
Tu=WBLW (2.4)
eq.(2.3) reads
oMJ, =0

The number of conserved currents is the dimension of the abelian ideal of G
Since, the potential B has to live on an Abelian ideal we consider a Poincaré type
non-semisimple Lie algebra G = T + P, satisfying

(T, T|)cT [T,P]cP [P,P]=0 (2.5)

where T is a Lie algebra and P a representation of it. In order for the model to be integrable
we need an infinite number of conserved currents of the form (2.4), and consequently the
representation P has to be infinite dimensional. In order to get that, we shall use the
Schwinger’s construction. To implement these ideas, start from si(2), and introduce its A
— ) realization:

d - d 1 d <d
T, =\— T =X— == A—<—-A—=
Ty dx’ 79 < >
One can check that these operators satisfy the sl(2) algebra, namely
(T3, T = £T% [Ty, T_] = 2T3

The states of the representations corresponding to such realization are functions of A
and . The action of the operators are given by

Ty e = 29 \p xa
2

T, NP N = q>\p+1 Ut
T_XP X1 = p P~ ottt (2.6)
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Notice from (2.6) that the action of T3, T leaves the sum of the powers of A and \ invariant.
Therefore, one can construct irreducible representations by considering the states

| (p,q),m) = NN (2.7)

with m € Z and (p, q) being any pair of numbers (real or even complex). Then

7ol () m) = (52 4m) | Goa)m)
Tl (pa)m) = (- m) | (p.)m+1)
T | (p.g)m) = (o4 m) | (p.g)m—1) (2:5)

On the subspace with fixed (p + ¢), the Casimir operator acts as:

= 1(1D+Q)

(22 + 5ET+T10) | () m) =56+ D) | ()om), 53

The parameter s is the spin of the representation. Take G be the semi-direct product of
T = sl(2) and the abelian algebra P = Func(\, \).

A € 5l(2), and B € Func(), \) ~ {\P\7}

We consider models with one complex scalar field u. Introduce the group element

W = 1 (Zl W) — uTs 9T Gin T (2.9)

VIF|u2 w1

with ¢ = log (1 4+ uu*). One can check that

WA A —dul
W= (MA) W =
f( ) f<\/1+uu* \/1—i—uu>
Define the flat potential A, by
A, =—-0,Wwt
and the field Bl(f)* = EWABV)‘
1 d ~d d -d
A, = —— A— — 0 u" A — * * — A=
BE T < i0uu 0 —i0,u ™ + (udpu* — u*Ouu) < ( ™ d)\)>

*(s) — 1 s+1ys—1 *ys—1ys+1
B = TP (PPN o SaiONany (2.10)
) to

where IC,, is a functional of u, u* and their derivatives. Notice that we have chosen BL
live in a representation where p = q¢ = s. Performing the calculation one gets

D“BZ(S) — 3#3;(8) + [4H, BLS)]
1

(=i (s — 1) 0HulC,) NsT2Ns2

T+ [u ) 2 g

+ (z s—1) 8“u*lC*) AST2\5 12

+ ( i(s+1) (GMU*IC“ - GMUKZ)) ASN\®

+ (14 [ u ) 0#KC, — 2u* 0 ukC,,) ) A¥TINT
(

(14 [ u [?) 0" — 2u0™u*KCy)) A5 T AT (2.11)
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Therefore, the zero curvature implies the following: For s # 1, —1 we get the equations

of motion
MK, =0 (2.12)
otulC, = 0 (2.13)
Mu*IC, — O'uK;, = 0 (2.14)

These conditions ensure that
DMB®) =0 Vs

Hence, such a model has an infinite number of conserved currents.
Let K,, be the tensor

K, = (0"u"0,u)0,u — (0"ud,u)0,u”

Then, for any real function F(u,u*,0u, du*)

eq.(312) which reads:
0oM(FK,) =0 (2.15)
Remark 1. Setting K, = 0,u, we get the equations
Pu=0 (Ou)* =0 (2.16)
which define a submodel of the C P! model:
(14 | u ) 8%u = 2u* (u)® (2.17)

This submodel has an infinite number of conserved currents.
Remark 2. Similarly, setting K, = L, with

L, =m?0,u— é LQ (2.18)
& (14 [u )
where K, is as above, we get
oM (Ad,u) =0 Opudtu =0 (2.19)
where 4 Sl
A=m?— = m (2.20)

which is a submodel of the Skyrme-Faddeev model:
(1+ | u |2) oL, —2u*0"ulL, =0

In this note we restrict ourselves to models and will not consider submodels.
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3. Lagrangian

The question then arises to know what are the models eq.(2.1§) which can be derived from

S = /d4m£

The Lagrangian is local, Lorentz invariant and depends only on first order derivatives.
Hence it is of the form £ = L(V,V*, W,u,u*) where V = 0*ud,u, V* = otu*0,u”,
W = 0*ud,u*. So, we want

an action principle

oL oL oL
wo _ _ * — AGH " *
) ( 25070t — Oy ) 50 = AMFK,) + 99U (FK})

The functions £ and F should be real. The solution is that [5]

h2 v *
L=CL (ﬁ) , B =hy W =2(VVE - W)
where
hyw = 0yud,u™ — 0, ud,u*

and f is a function of u and u* only f = f(u,u*). The equations of motion are
0" (FK,) =0

where

F= %,c', K, = hy0"u

The particularly nice models are obtained by choosing
h2 3/4
=|—= 1
£=(37) )

This has the advantage of circumventing Derrick’s theorem, so that stable static solutions
may exist. The equations of motion read

E = (hy 8"ud"h* — 4h?0Fh,y, 8V u) — (h*)?9y+log f =0 (3.2)
In the case where the target space is the sphere S? we have f = (1 + uu*)? where u and
u* are the stereographic projection coordinates on S?:

1 .
T (=i = ), 1 ), =1, —u= "fl’““iri:::y (3.3)

n=

For finite energy static solutions, 7i tends to a constant at infinity. Such solutions can be
viewed as maps from S® — S2, hence are classified by the Hopf invariant. So, in this case
we can have solutions with non trivial topological charges.
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4. Conserved currents

These models have an infinite number of conserved currents. For any s, the current
(s) — 1B
J) =W BW

is conserved. We see from eq.(2.10) that

s ) (s+1 —1
B = (AN

If we consider a general B, =), bsBl(f), we have B, = b()\j\)Bl(fl), where b(2) = >, bs2* 1!
is essentially an arbitrary function. At the level of currents, this means

Ju="b < 1+ uu* i

We can write this in the form:

0G L 0G
Ju = K“E - RS
where () o
G:i/ ’ d—ib(z), o, u) = (A —du*A) (A — iul)
z 1+ uu*

If we now introduce the conjugate momentum of the field wu,

oL 1. .,
m=— = —
ou 0
the conserved charges become

o1 [ (5219

If we impose the Poisson bracket

{m(z),uly)} = do(z —y)
we immediately get
{QGa U} = _Zfau*G
The meaning of the conserved currents is now clear: Q¢ generates area preserving diffeo-
morphisms. Indeed the Lagrangian reads

L= L(Au,A™)

where

1 1
—h,dz"* ANdz¥ = =du A du*
Ft f

The form A is the pullback of an area form on target space. The action is invariant

A:

under area preserving diffeomorphisms. The conserved currents are the associated Noether
currents [3].
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5. Conformal symmetries

The special case of the models defined in eq.(3.1) brings up the possibility of extra symme-
tries related to scale transformations. We apply S. Lie theory. To say that x — x+¢ is a
symmetry of a differential equation &€(z,u(z),u (z)) = 0 means that if u(z) is a solution
sois u(x —¢§) , ie.,

(z =& —¢gu(z-8)=0
(2) — €4/(2)) = 0
or (0, —&W0,)E(x,u,u’) =0

More generally, if the vector field of the symmetry reads
V=Y ¢,
o
the first prolongations are

ou=0
00,u = —0,£"0u
8 0u0yu = —(0,0,£7)0pu — 0,6 0,0,u — 0,£° 0,0,u
It follows that
§h? = —2(0"EP + 8P )hpy b, ¥
To have any chance to get an invariance of the equations of motion, we require:
oHeY + 07Er = 2Dt (5.1)
where D is the common value of 9,£" (no summation). Then, we have
§ h* = —ADR?

So that

66 = —8DE — 4(d — 3) 9" D hy,,0"u h?
where £ = 0 is the equation of motion eq.(3.2). Hence

e If d = 3, i.e. for the static theory, we have a symmetry of the equations of motion for
all D. The structure of eqgs.(b.1!) is such however that D has to be a linear function
of . We get translations, rotations, dilatation and a special set of vectors V() with
components

VO — g _ %nz‘jmz
This is the full conformal group in 3 dimensions.

e If d = 4, we have a symmetry only if 0#D = 0. The above special transformations
are excluded and we are left with the Poincaré group plus the dilatation.
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5.1 Target space symmetries
This time, the symmetry we start with is of the form
V = ®(u,u*)0y, + D*(u, u*)0y=

Then
Shyy = (0y® + Oy ®*)hy == 0h* = 2(0, P + 0y» @*)1?

and we find easily [5]
6E = (40,® + 30,+®*) £ — 0,+® £* + Q (h?)?
where

Q = Oy (0y® + 0y« ®*) — Oy log f Oy ® — Oy log f O+ P*
—0y Oy log f ® — Oy 0y+ log f ®*

So, we have a symmetry only if @ = 0. Setting
d=fd

this condition becomes
Oy~ (f[8u¢ + Oy~ Q)*]) =0

Integrating once, we get (choosing the integration constant equal to 2)
~ )

Setting, for real G and F":
O =0y (G +iF)

the equation becomes

1
8,0 G = 5.2
7 (5.2)

The function F' has disappeared. It corresponds to area preserving diffeomorphisms. The
function G generates a new symmetry, not preserving the area. For the sphere, we have
f = (1+uu*)? and we find

G =log(l+uu*), = &= (14 uu")u

6. Toroidal solutions

Let us consider the static case d = 3. There is a nice description of conformal symmetries
of Euclidean space. Just consider points of Euclidean space as spheres of radius zero!
Equation of spheres is of the form

o —28-Z+v=0
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or

Any linear transformation which preserves the first condition, acts on & through the second
equation. These are the conformal transformations.
Write the quadrics as

S DON -1,\2
ac — a ac + a
G+a+8+ () - (F5)

where a is an arbitrary scale. From this, it is apparent that the conformal group is O(4,1).

It is also very obvious that there is at most only 2 commuting, compact rotations. One can

be chosen as the rotation (31, 82), the other one as the rotation <63, ac—a”ly

Transported to T, the vector fields corresponding to the two rotations are

O0p = 20y — YO,

ZT 2y 1
O = ;895 + ;8@, + %(22 —2? —y* +a?)0,

Ansatz for solutions of the equations of motion are constructed by imposing invariance
under the two commuting vector fields

[0p — in(udy, — u Oy+)ju =0
[0 —im(udy — u*Oy=)]u =0

then we have [2]
U = f(C)einGJrimf
where ( is such that 0p¢ = 0¢( = 0. This invariant can be chosen as

a?(2? + y?)
(22 +y2 + 22 + a?)?

(=
Comparing with toroidal coordinates,

& = aq ! sinhncos 6

y = aq 'sinhnsind

z = aq_1

sin &
q = coshn — cosé

we find

1
(= 1 tanh?n

,10,
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The two cyclic coordinates 6, &, will disappear from the equations of motion. So we know
we will get a single differential equation for f(¢). We find [2]

coshn — \/n2/7n2 + sinh?7n

f? (6.1)

\/1 + m?2/n2sinh?7n — coshn

The Hopf charge and the energy are

Qu = —nm, E=(2n)*V/In|lm|(|n] + |m])

7. Flux calculation

Under the extra target space symmetry eq.(5.2), we have
0L =3L

When d = 4, we can compensate this variation by a dilatation to get a symmetry of the
action.
ou =e€(l+uu)u, Ozt = —3ext

We can compute the associated Noether current [f]

R2\ V1
J“ = —2£U“£ + <ﬁ) F (h“"(q)@,,u* - <I>*8,,u) - 3(Ephp1,hl/“)

This current is conserved. Then
d . .
d_cf = [ &z 9y J° = —/d3a: 0;J" = — /dEZJZ'

The surface term does not vanish in general, and so such the charge is not conserved. For
instance, for static configurations we have that

% - —/d?’m L = E = static energy

Hence the energy of the toroidal solutions eq.(6.1) can be written as a flux of a current
concentrated along a small tube around the z—axis.

8. Conclusion.

The ideas of [1] to extend in higher dimensions some notions of integrability, do provide
us with models with an infinite number of conserved currents. It turned out that these
currents, in the case of the models discussed here, are associated to an invariance of the
Lagrangian under area preserving diffeomorphisms. It is intriguing that they do not play
an important role in the construction of the static solutions of the equations of motion.
That role is played instead by the conformal symmetry of the static equations of motion,
which leads to the construction of the relevant Ansatz. It remains to see the role of the
conserved currents in the scatterring processes of these solutions.

- 11 -
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