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PROCEEDINGS

Integrable spin ladder systems

Angela Foerster* and Arlei Prestes Tonel
IF- UFRGS Porto Alegre, Bmzil Bento Gonwlves Avenue, 9500

ABSTRACT: We present an integrable spin ladder model which possesses a free parameter
besides the rung and leg couplings. The model is exactly solvable by means of the Bethe
ansatz method. We determine the dependence on the anisotropy parameter of the phase
transition between gapped and gapless spin excitations and present the phase diagram.
Finally, we show that the model is a special case of a more general Hamiltonian with
six free parameters. We also investigate the thermodynamics of the model. Specifically,
the magnetic susceptibility as a function of the temperature is obtained numerically. The
influence of this anisotropy parameter on these physical curves is determined explicitly.
A comparsion between the spin gap obtained from the susceptibility curve and that one

obtained from the Bethe ansatz equations is performed and a good agreement is found.

1. Introduction

Since the discovery of high temperature superconductivity in doped copper oxide (or
cuprate) materials [1], a tremendous effort has been made to understand the physics un-
derlying this phenomenon. High temperature superconductivity is one of the principal
examples of a quantum mechanical phenomenon which has no analogue in the realm of
classical (or macroscopic) physics. The geometry of the copper-oxygen structure in these
compounds is that of a two-dimensional square lattice. However, from the theoretical side,
obtaining results regarding physical properties is much more accessible in a one-dimensional
model. In order to maximize the interaction between theory and experiment, much work
is now focused on quasi-two-dimensional models known as ladders. A ladder is essentially
still a two-dimensional lattice however the length of the “legs” is assumed to be much
greater than that of the “rungs”. (Equivalently a ladder has few legs and many rungs.)
The introduction of these ladder systems has brought about a significantly increased un-
derstanding of the physics of the cuprate compounds. The cuprates have the property of
being antiferromagnetic where at each site of the lattice in the undoped state an electron
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occupies one of two spin states. As such they are reasonably approximated by the Heisen-
berg model, or some suitable generalization describing spin exchange type interactions. In
one dimension the Heisenberg model is exactly solvable via Bethe ansatz methods and from
this solution it is well known that in this model the elementary spin excitations are gapless.
On the other hand, the existence of a spin gap is critical for the observed phenomenon of
superconductivity to occur under doping, whereby the charge carriers (the holes introduced
through the doping) undergo Bose-Einstein condensation. By introducing the concept of
the ladder model this apparent contradiction is resolved, since the ladder allows for the
formation of singlet states along the rungs which are responsible for the formation of the
spin gap. (Strictly speaking the singlet states can only form when there is an even number
of legs). Here we would like to point out that due to the progress presently being made
in nano-engineering, many different species of ladder compounds (not only of the cuprate
type) have been investigated in this context. This theory is now supported by a substantial
body of experimental evidence. An excellent review of these aspects may be found in [3].

However, in contrast to its one-dimensional analogue, the usual Heisenberg ladder
model cannot be solved exactly. In order to gain some results in the theory of spin ladder
systems, many authors have considered generalized models, which incorporate additional
interaction terms which guarantee exact solvability. Remarkably, such generalized models
still exhibit realistic physical properties such as the existence of a spin gap [4, b] and the
magnetization plateaus at fractional values of the total magnetization [6].

This approach has been used to derive quasi-one-dimensional systems using the well
established theories from the one-dimensional case 4,5, &, 7, 8, 9,10, 171, 12, 13,114, 15, 16].
In all cases cited above, no free parameters are present, other than the rung interaction
coupling, due to the strict conditions of integrability. With the presence of free parameters
it is reasonable to expect that the solution may provide better test models for describing
the various behaviors associated with ladder systems.

The purpose of this paper is to discuss a generalized integrable spin ladder with one
extra parameter, characterizing anisotropy, without violating integrability. This model is
exactly solvable by the Bethe ansatz and it reduces to the model introduced by Wang [4, 5]
for a special limit of this extra parameter. The situation here is akin to the generalization
of the X X X chain to the anisotropic X X Z version. The introduction of the additional free
parameter in the present case allows for an example of a model with a critical line varying
continuously with the anisotropy. More specifically, the size of the gap in the massive region
depends explicitly on the anisotropy parameter, which in turn shows dependence of the
anisotropy parameter for the points at which the gap closes that define the phase transition.
The thermodynamics of the model is investigated and the magnetic susceptibility curve as
a function of the temperature is obtained. The influence of this anisotropy parameter on
these physical curves is determined explicitly. A comparison between the spin gap obtained
from the susceptibility curve and that one obtained from the Bethe ansatz equations is
performed and a good agreement is found.
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2. Importance of the study of spin ladder systems

Let us begin by reviewing why it is important to study spin ladders from both experimental
and theoretical points of view.

With the rapid progress presently being made in nano-engineering, several compounds
have been experimentally realized with a ladder structure, such as Laj_;S7,CuO25,
S114-2Ca;Cu240y41, Cuz(C5H12N3)2Cly, CaVa0s, KCuCls (see for example [2, 8]) and
many others. To illustrate, a schematic representation of a two and a three leg ladders is
presented here (see [3] and references therein for details)

Figure 1: Schematic representation of the Cuy03 sheets of : (a) the two-leg ladder SrCu203 and
(b) the three-leg ladder Sr2Cu3Os. The filled circles are Cu?* ions, and O?~ ions are located at
the corners of the squares drawn with solid lines.

In addition, experiments using different techniques such as the magnetic susceptibility
measurements [17] or nuclear magnetic resonance [[8] report the existence of a spin gap
in the spectrum of elementary excitations for even leg ladders. For example, two typical
curves of the magnetic susceptibility against the temperature obtained for these compounds
are shown in figure 2 [g].

Notice that the first(second) compound exhibits an exponential decay (linear behavior)
of the magnetic susceptibility for small temperatures reflecting the existence(absence) of
the spin gap. Similar curves have been obtained for all the other ladders. It is in fact a
well established point that even leg ladders are gaped while odd leg ladders are gapless,
being the size of the gap the only reason for controversy among the different groups.

From the theoretical point of view, the existence of a spin gap in the spectrum of
elementary excitations for even leg ladders was also predicted. Most of the predictions
were obtained using the Heisenberg ladder, which consists of two one-dimensional chains
put together to form a ladder with Heisenberg type interactions along the legs and the
rungs, according to the following Hamiltonian
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Figure 2: Magnetic susceptibility against temperature for (a) SrCus0s5 and (b) SraCuzOs. Details
can be found in [{] and [i7).
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Above g; and 7, are Pauli matrices acting on site ¢ of the upper and lower legs, re-
spectively, J.(J;) is the strength of the rung (leg) coupling. Although very simple, this
model can not be solved exactly. Just numerical techniques, such as the exact diagonaliza-
tion, density matrix renormalization group, among others, or perturbation theory may be
applied.

In order to get an insight in the theory of ladder systems, some integrable ladder chains
have been proposed. Here we will focus in one which has the important property of having
a free parameter.

3. The spin ladder Hamiltonian: ground state and elementary excitations

Let us begin by presenting the generalized spin ladder model, whose Hamiltonian reads

Z[Jz higor+ 20 (6.5~ 1) (31)

where
1
hjj41 = Z(l + Uj0]+1)(1 +Tj'z7'jz+1) + (o ;L%H to; U;r+1)( T Tiy1 T T 311)

1
1407 0]_,_1)(t T; T+1+tT j+1)+

1
+ 2(

-1
2( t + Oj1 T to; O'erl)(l—l-T 1)
Above ¢} and 7; are Pauli matrices acting on site j of the upper and lower legs, respectively,
Jr(J;) is the strength of the rung (leg) coupling (we will consider only the case Jj, J, > 0

in the subsequent analysis corresponding to antiferromagnetic coupling) and t is a free
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parameter representing an anisotropy in the legs and inter-chain interaction. Throughout,
L is the number of rungs (equivalently, the length of the ladder) and periodic boundary
conditions are imposed. By setting ¢ — 1 in equation (3.1), Wang’s model based on the
SU(4) symmetry [4, B] can be recovered. (Strictly speaking, it is SU(4) invariant in the
absence of the rung interactions.) The Hamiltonian is invariant under interchange of the
legs; i.e. 0} <+ 7;. Moreover, under spin inversion for both leg spaces the Hamiltonian is
invariant with the interchange ¢ <+ ¢t~!. For this reason we see that the parameter ¢ plays
the role of spin anisotropy. The figure below shows a schematic representation for a spin
ladder model with L = 8.

Ji

The energy eigenvalues of the Hamiltonian are given by

My J
E=— 9. J —2J) L 3.2
;(A?HM )+ (i -22) (32)

where ); are solutions to the Bethe ansatz equations (8.3) below. The Bethe ansatz
equations arise from the exact solution of the model through the nested algebraic Bethe
ansatz method and read

_ Aj—i/2 — fo +1/2
(L—2M3) (29 — °/ = o
t ()\j+i/2> H)\ —>\l+ZH)\ — o — 1/2

H(L—2Ms3) Mo — Hﬁ_l o — Aj —i/2 o — Vs —1/2 3.3
ﬁl;[a —pgti H a = Aj —1—2/2]:[ a—Vs+1i/2 (3:3)

M3
((L+2Mz—2M)) H Vs —Vy =1 _ _ H Vs — e — 2/2
7;&51/5—%4—2 y(;—pa—i—z/Q
We remark that although the anisotropy parameter ¢t does not appear explicitly in the
energy expression (8.2), the solutions Aj for the Bethe ansatz equations do depend on ¢ as
will be illustrated later.
The exact diagonalization of the two-site Hamiltonian shows that for J, > J;+ %(t+ 1)
the (unique) ground state assumes the form of the product of the singlets with energy
Ey = 2(J; — 2J,) and the energies of the excitations are given by:

Ey = —2J,—Ji(t+1/t)  Ey = —2J,+Ji(t+1/t)  Es = Ji(t+1/t)  Ey = —Ji(t+1/t)

Es=-2(J,—J)) Es=-2J,+J) Er=2J; Eg=-2J
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Figure 3: Energies F; (i = 0, ...,8) versus rung coupling J for different values of the anisotropy
t. Notice that there is mainly competition between Ey and F; to be the lowest energy level of the
model. In addition, the critical value of J above which Ej is the ground state energy varies with ¢
reaching its minimum value when ¢ = 1.

A sample of these numerical results are presented in figure 3 above.!

For L sites it follows that the ground state is still given by a product of rung singlets
when J, > J; + %(t + 1) and the energy is (J; — 2J,)L. This is in fact the reference state
used in the Bethe ansatz calculation and corresponds to the case M; = My = M3 = 0
for the Bethe ansatz equation (3.3). To describe an elementary spin 1 excitation, we take
M; =1 and My = M3 = 0 in the eq. (3.3) which leads to the imaginary solution for the
variable A (strictly, the lattice length L is assumed even)

it—1

- - 4
A 2t+1 (34)

'Here we have used J; = 1 and J,. = J, for simplicity.
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Figure 4: Rung coupling .J,./J; versus anisotropy ¢. This graphic represents the phase diagram
and the dotted line shows Wang‘s point. The curve (J, = J; + Ji(t +1/t)/2) divides the gaped and
gapless phases.

giving the minimal excited state energy. The energy gap can easily be calculated using the
exact Bethe ansatz solution and has the form

J) 1
A:Z(JT—JI—EI(HFZ)). (3.5)
By solving A = 0 for J,/J; we find the critical value (J,/J;)¢ = 1 + 3(t + 1), indicating
the critical line at which the quantum phase transition from the dimerized phase to the
gapless phase occurs, as shown in figure 4 (see [26] for details).

4. Integrability

The integrability of this model can be shown by the fact that it can be mapped (see eq.
(4.2) below) to the following Hamiltonian, which can be derived from an R—matrix obeying
the Yang-Baxter algebra for J,. = 0, while for J,. # 0 the rung interactions take the form
of a chemical potential term.

L
A =% [Jl hjjs1— 2J; X]QO] (4.1)
j=1

where

3
7 20 302 02 520 13 y 31 31 313
hijen = Y X7oXP9 + XPOXPR + XX, + XX + XU

a=0

o (XX, + XX + XPA + XP X )

! (xylx;gl LXNX2, 4 XPX9, ngxfil) .
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Above X;‘ﬁ = |a; >< (| are the Hubbard operators with |a; > the orthogonalized
eigenstates of the local operator ¢;.7;, as in Wang’s case [, 5]. The local Hamiltonians
B.1) and (4.1) are related through the following basis transformation

1) = V210 =1 L1,
|4 = [N,
|61 = V(10 + 1),
1LY = 1LY, (42)
The following R-matrix
a 0 0 0] 00O0OO |0 O 0O0O] 0 0 0 0
0 t% 0 0 ] ¢ 0 0 0] 0 0O 0O 7] O 0 0 O
O 0 b 0] 0O0O0O0 | c 0O 0O/ 0O 0 0 O©
0O 0 0t |] 00 O0O0/ ] 0 0 0O0 /| ¢ 0 0 0
0 c 0 0 | th 0 0 | O 0 0 0 | 0 0 0 0
0O 0 0 0] 0 a 0O/ 0 O 0O/ O 0O 0 O
0O 0 0 0] 0 0 ¢tH 0] 0 ¢ 00 0 0 0 0
0 0 0O 0] 00 0 b | O 0 0 0 | 0 c 0 0
R=|- - - - - - - - - - - - - - - = , (4.3)
0 0 ¢ 0] 0O0OO/ | b 0 0O0] 0 0 0 0
0O 0 0 0] 00 ¢ O] 0¢t% 00| 0 0 0 0
0 0 00 ] 0O0O0OUO]O0O O a O] 0 0 0 O
0 0 00 1] 0O0O0OUO]O0O 0O O0¢t | 0 0 c 0
0 0 0 c¢c|] 00 O0O] 0 0 0O /| t% 0 0 0
0 0 0 0] 0O0O0 ¢ | 0 O 0OT] 0O b 0 0
0 0 00 1] 0O0O0UO0O] 0 0 0 c | 0 0 ¢t'% o0
0 0 0O01]0O0O0OUO]O O O0O0] O 0 0 a
with
a=z+1 b=z, c=1,
obeys the Yang-Baxter algebra
Riz(z — y)Ris(w) Re3(y) = Res(y)Ras(w) Riz(z — y) (4.4)

and originates the Hamiltonian (4.1) for J, = 0 by the standard procedure [19]

- d
hygi1 = P2 R(@)lam,
where P is the permutation operator.

Actually, this model studied above represents one particular case of a more general

Hamiltonian that has six free parameters (¢;,¢ = 1,...,6) and reads
L
HY =" [Jl hi;+1J, (077 — 1) (4.5)
j=1
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where

4 hfj =1+ojoiriri + qi{ojo; + 7777} + qloiri +oi7}
—|—k‘i’—’7'i_’7';—{1 + afajz-} + k‘l_Ti_T;—{O'f + O'JZ-}
+k§LTi+T]'_{1 + Ui‘za]z'} + k2_7'z‘+7'j_{af + Uj}
—|—k‘§r0;f7'{{1 + ot} + k;ajT;{af +77}
—|—k2'0i+7'j_{1 + UJZ-TZ-Z} + k4_O'Z-+T]~_{O'§ + 77}
—|—k‘;0]77'i+{1 + aijZ} + k:gajfﬁr{af + TJZ}
—l—kgafaj_{l + TijZ} + kgazf"aj_{nz + T]Z}
+kio; {1+ oiTi+ k;a;Tj{af + 77}
+k;a;a;'{1 + 7T+ kg_ai_a;'{nz + 77}
+az{of 7 {of — 77} —of 77 {of — 7}}}

tau{o; 7 o — 17} — o7 7o} — i)}

—i—q;)a;r U;_Ti_Tj_ + qe0; U;-FTZ-_ Tj+ + Q7Ui+ aj_Tij_
—|—q80;0;7'2.+7';r + qQ{Ufa;rT;rTj’ + U;FJJT{T].JF}
(4.6)
with the coefficients given by
kf = C1+ 033, ki =Cy+Cay, ki =Cy4Co, ki =Ce=+Cir,
kf = Cy+C31, ki=Cp+Cis, kf=Cig+Ch, ki=Cy+ Cos,
q :(1+03—011):(1+t4)2 g :(1—Cg+011):_(1—t4)2
! 2 Aty P 2 Aty
q3 = 205, q1=2C1, q5=4Cs, q¢=4C2, qr=4C1y,
qs = 4C97, q9 = 4Ch3,
(4.7)
where
P t1 + 12 (1+t4)? ' ="
Ci=2L1—2 (= Cy3=Cq=~—"" (Cp=~L+ 27
1 2 ) 2 2 ) 3 32 4t4 ’ 4 2 )
(—1+13) (t1 —t2) (=14 1t4)?
C = —C :—C :C :7’ C :7’ C :—7’
5 25 7 16 1t 6 5 8 1t
t1 —t2 (—1+1¢3) (=1 +t4)?
Cy = Clo=-C3=-Cig=Cg =———= Ciy=0Cy=——-—"-—""-,
9 5 10 30 19 28 it 11 24 1t
14 t4)? ts +t ts —t
Ci3 = 021=Q, Ciy=t3, Ci5=->-"2, 017:Ma
4ty 2 2
tl— ¢t tl et ~ t1 + to
Cig = +——2 22 , Oy =1——2 22 , Oy =t3, 01227( 5 )
tfl + tfl (tfl o tfl) (_1 + t4)2 t*l . tfl
Coa = 5 6 Cop = 5 6 Cor = — Coo = 5 6
23 2 ) 26 2 ) 27 4t4 ) 29 2 )
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ts + tg t1 +to
, Cgg=_156 Oy = ,C1g =
2 33 2 34 2 12 2

(4.8)

This model is obtained in a similar way from a multiparametic R-matrix associated with
the SU(4) algebra [i16].

The physics of this integrable model is expected to be much richer, since the presence
of these extra parameters will certainly influence the phase diagram of the model. However,
its very difficult to extract some physics from it.

5. Thermodynamics

The partition function is the key ingredient necessary to the computation of the thermo-
dynamics properties of the system. It is given by

Z=Y B (5.1)

conf

where 3 = 1/T with T the temperature of the system and FE; is the energy of each possible
configuration. In what follows we will compute numerically the magnetic susceptibility as
a function of the temperature for our spin ladder Hamiltonian (3.1).

Basically, the magnetic susceptibility (x) is defined as the derivative of the magneti-
zation with respect to external field

0
X = %M’hzo (5.2)

where M is the magnetization,which reads

0

1
M%Ln(Z). (5.3)

L
1
M2521<Uf+713>:
P

By employing the exact diagonalization for our ladder Hamiltonian (3.1) up to 12 spins

we find the energies from which we obtain the curve of the magnetic susceptibility (x) as
= Jr

a function of the temperature (T) for different values of the ratio of the couplings X = 7

and the anisotropy parameter t.
These results are depicted in figure 5(a) for X > X¢ and they exhibit a qualitative
agreement with the experimental results (see fig.2a and [J]). Some interesting features

l/t/l

can be observed from these curves: (i) for a fixed anisotropy parameter there is a

“smoothing” of the susceptibility curve by increasing the ratio of the coupling X; (ii) for a
fixed X, the magnetic susceptibility increases by decreasing the anisotropy parameter ”¢”.
Another important property, present in all cases is that the susceptibility exhibits an

exponential decay for low temperature (7' << A*), where A* is the spin gap of the system

(5.4)

,10,
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Figure 5: a) The magnetic susceptibility (x) as a function of the temperature (T') for different

values of the ratio of the couplings (X) and the anisotropy parameter (¢)

. (b) A logarithmic plot

of the susceptibility (x) as a function of the inverse of the temperature (1/7"), from which the spin

gap (A*) can be obtained.

which is exactly that found by Troyer and et al [20] for the Heisenberg spin ladder model.
In this context, let us point out that by linearizing this equation (b.4) properly a
numerical value for the spin gap (A*) can be found. This result can be compared with the

— 11 -
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exact expression of the spin gap obtained from the BAE (A) (8.5) at 7 = 0 and we found
an excellent agreement. The linearized curves are presented in figure 5(b) while Bethe
ansatz and the the numerical gaps are presented on Table 1.

I/ Jp t ALy | A%,
1.00 | 6.00 5.56
5) 0.50 | 5.00 5.56
0.20 | 2.80 2.61
1.00 | 10.00 | 9.76
7 0.50 | 9.50 9.29
0.20 | 6.80 6.56
1.00 | 16.00 | 15.52
10 0.50 | 15.00 | 15.16
0.20 | 12.80 | 12.50

We remark that the behavior of the magnetic susceptibility for the critical value of the

couplings (X¢) is of the form

~ (5.5)

VT
which indicates a typical quantum critical behavior. This behavior was already predicted
for the isotropic case in [4, b] and is illustrated for different values of the anisotropy pa-

rameter (t) on figure 6 .

2.0

—— t=1.00, X"=2.00
t=0.75 , X'=2.04
t=0.50 , X'=2.25

0.0
0.0 2.5 5.0

Figure 6: Magnetic susceptibility () versus the temperature (T') for different values of the critical
value of the ratio of the couplings X°. These graphics indicate a typical quantum critical behavior.

We have applied this procedure to obtain the spin gap from some ladder compounds,
such like KCuCly [21, 22], Cuy(C5H1aN2)2Cly [23, 24], (C5H12N)2CuBry [25] among
others, previously studied by different authors with different methods. Our results agree
well with the experimental gap (A°P)[2] and are depicted on the table below. More details

will be presented somewhere [27].

- 12 —
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compound I/ t A A* | AezP
KCuClg 4.0 0.3254 | 32.00 | 33.35 | 31.10
CUQ(C5H12N2)QCZ4 5.5 0.2344 10.80 13.24 10.80
(C5H12N)gCuB7‘4 4.0 0.3100 | 9.85 9.71 9.50

6. Conclusions

To summarize, we have discussed a generalized spin ladder model based on the SU(4)
symmetry. This was achieved by introducing one extra parameter into the system without
violating integrability. The Bethe ansatz equations as well as the energy expression of the
model were presented. We have also that the model exhibits a spin gap that depends on
the free parameter and the critical point as well as the phase diagram were obtained. The
magnetic susceptibility was also investigated and a comparsion between the gap obtained
from the Bethe ansatz equations and the gap obtained from magnetic susceptibility curve
was performed. Finally a connection with some strong coupling compounds was discussed.
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