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For the last 20 years,string theory hasbeenconsideredhe bestcandidatefor a theorythat
guantizegravity. The perturbatie sectorof the theorywasexploredin orderto placethe Yang-
Mills andgravitationtheoryatthesameooting. Themostimpressie characteristiof stringtheory
comesfrom the fact that the structureof the pertubatie string theoryis much more constrained
thanthe oneof field theory This constrainedtructuregivesthe dimensionof the spacetime, the
gaugegroupanddemandsupersymmetryAlso, the formulationof the perturbatie stringatfinite
temperaturés constrainedThereis atemperaturat abose which the statisticalpartition function
diverges(Hagedorntemperature)l]. Thevery existenceof the Hagedorrtemperatureshavs that
the fundamentategreesof freedomof the string theory could not be the onesof the perturbatie
string. In this direction,the perturbatie stringtheoryatfinite temperaturenay providesimportant
piecesof evidenceof thetrue degreesof freedomof thetheoryat non-perturbatie regime (higher
temperatures)However, an understandingf the Hagedorntemperatureandthe implicationsof
this constrainin the space-timephysicsis still lacking. This lack of understandingnotivatesthe
study of new methodsto introducetemperaturen string theory For example, it is known that
the Hagedorntemperatur&eomesfrom the exponentialgrowth of statesasfunction of enegy. In
this casethe passagef the microcanonicalensembleto gran-canonicaensembleof statistical
mechanicgs absolutelynon-trivial andit is hardto seewheretheresultsof oneformalismis valid
in the other In this sensea more generalformalismto deal with systemsat finite temperature
could be very useful. It is the caseof the formalismthatis going to be presentechere,named
ThermoField Dynamics(TFD). The TFD wasdevelopedby TakahashandUmezava in orderto
handlefinite temperaturavith arealtime operatorformalism[2]. Themainideais to interpretthe
statisticalaverageof anoperatorQ, (Q) asthe expectationvaluein athermalvacuum

(Q) = (0(B) [QIO(B)), (1)

for =1/T whereT is thetemperature.

The thermalvacuumis constructedy meansof a Bogoliubos transformation.Also, the cre-
ationandannihilationoperatorsaretransformedn orderto constructathermalFock space All the
thermodynamicguantitiescanbedefinedasmatrix element®f anoperatolin thethermalvacuum.
Thethermaleffectsareconsequencef the condensedtatestructureof thatthermalvacuum.

Concerningstring theory the ideaof building a thermalFock spacecanbe very fruitful. For
example the“coherentstate”descriptiorof Dp-branesn theperturbatie limit of thetheory where
they areviewedasaboundarystateconstructedn the Fock spaceof theclosedstring[3], madesuch
kind of approachparticularlytempting.In fact,in this context, the TFD hasbeenusedin orderto
studythermalpropertiesof bosonicDp-braned4, 5, 6, 7, 8, 9]. Anotherimportantexamplerestsin
the ADS/CFTcorrespondencéMore specificallywhenonewantsto studythermodynamicsf type
[IB superstringoropagatingn a pp wave background.In this case the operatorialcharacteristic
of TFD is suitable[10], sincethesocalledBerenstein-Maldacena-Nase (BMN) correspondence
[11] canbe exploredat finite temperaturairectly in the Fock space.

In this work, somerecentideasand perspecties of the TFD approachon string theory are
presentecconcentratingon the study of type IIB superstringn a pp-wave backgroundat finite
temperatureThis systemis workedonin orderto presensomeperspectie ontheunderstandingf
athermalBMN correspondencandattheendaninterpretatiorfor thethermalvacuumis madein
termsof a particularboundarystatefor the systemunderconsiderationThis interpretatiorallows
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oneto understandherelationshigbetweerimaginarytime [12] andTFD whenbothformalismsare
usedto studytype lIB superstringat finite temperaturelt consistsof a generalizationto include
fermionicdegreesof freedomin arecentanalysisfor the closedbosonicstring[13].

In thelastyearsthe BMN conjecturd11], wasexploredto give someinsightsinto the strings
thermodynamicsn termsof YangMills thermodynamicg$14, 15]. In this conjecturethe string
propagates appwave backgroundSuchabackgrounds obtainedasthePenrosdimit of ADSs x
S [16], wherethe only surviving componentf the Ramond-Ramondive form are: Fy 134 =
F.5678= L. Onthegaugetheorysidethelimit focuseson a setof operatorsvhich have R chages
J andthe conformaldimensiom satisfyingd ~ +/N andA ~ J, for fixed Yang-Mills couplingand
N goingto infinity. This setup providesa completedictionary betweenself-stateof the string
hamiltonianand Yang-Mills operatorswith A — J chage. For example,the vacuumin the string
sidehaszeroenegy andit is relatedto anoperatolin the gaugesidewith zerovaluefor A —J

0.p7) = QO vag,  OK) = —==TrZ, @

1
VNI
where|vag is the Yang-Mills vacuumand O’ is composedf two out of the six scalarfields
of the A = 4 superYangMills multiplet: Z = 1 (¢ +i¢P). Thetraceis taken over the SU(N)
index. Lately therehave beensomeinterestingworks studyingfinite temperatureffects of type
IIB superstringn the pp wavesbackground17, 18, 19]. In a generalway theseworks usedthe
imaginarytime formalism, to computethe superstringpartition function andthe free enegy on
atorus. However, usingthis formalismis difficult to take into accountin the statisticalaverage,
only sectorsthat survive to the Penrosdimit. As a consequencé is hardto seeif the BMN
correspondencsorksatfinite temperatureOntheorderhand with the TFD approactit is possible
to constructa thermalFock spacefor both sidesof the conjectureandverify directly in this Fock
spacef thedictionary(2) works.

The solutionsof the equationsof motion with periodic boundaryconditionsfor the type ll
superstringn pp wave backgroundare[20]

! ! '
= Xpcosg(Mr) + O%p‘osin(mr) + 4 / a g (ko) 4. aglel(wfkno))

pRIC
(étne i(onT+kn0) -|—énﬂei(‘*m+knc))] ’ (3)

and

S = cog M), + sin(mr) M + S ¢ [%aefi(mnrfkna) +Slag(entHeo)

n>0

it o (e Hamthoo) §bé<w+k"°>)] , (4)

S = cogm)§ - sin(M)MapS+ 3 ¢ |:§]ie*i(0)nl'+kn0) +Sagi(@nt+hao)

n>0

Wk (S?e*i(‘*“*""") — S/ Wkno))] ’ ©

m
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wherewe setm=p a’p™ and
1
=4/m2+ k2, Ch=—F————, kn = 2m. (6)
n—kn

The canonicalquantizationgives the standarccommutatorand anti-commutatorelationsof har
monicoscillatorandthezeromodepartis written asfollows

b= (= imp). &)l = ——(ph+img),
£ -5y ($+i8). - juEmy = ($51F). 0

Thevacuum|0, p*) is definedby

S‘I|07p+>:§'l|07p+>:o
aL|o,|o+—*|o|o+ =0, n>0,
=0.

S:10,p") = a0, p") (8

Let usto introducethe temperaturen this systemusing TFD. The TFD algorithm startsby
duplicatingthe degreesof freedom.To this enda copy of the original Hilbert spacas mtroduced
anddenotedby H. Thetilde Hilbert spaces built with a setof oscillators: &, Si an, an S, S1
that have the same(anti-) commutationpropertiesasthe original ones. The operatorsof the two
systemgqanti-) commuteamongthemselesandthetotal Hilbert spaces the tensomproductof the
two spacesThemapbetweerthetilde andnon-tildeoperatorss definedby the following tilde (or
dual)conjugatiorrules[2, 21]

(AAT=AA, (AT =0A),  (AT=A,
(CA+AT = c'oA+0A;,  [AA]=0, 9

whereg = 1 for bosonsg = —1 for fermionsandc € C. Fromtheserules,thetilde systemcanbe
describeby a stringthatpropagatesackwardsin imaginarytime [13]. So,the TFD startsdefining
two independenfree strings,definingtwo cylinders.

We cannow constructthe thermalvacuum. This is achiezed by implementinga Bogoliubor
transformatiorin thetotal Hilbert space.Thetransformatiorgeneratois givenby

G=GP+GF, (10)
GP=Go+ Y (GE+GP), (11)
n=1
GF =Gi+Gi+ 5 (Gh+6Gh), (12)
&
where

GB:_'eB - _~T. t 13

0 iBp (a0-80—&y-ag), (13)
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GE = —i05 (an-8n—&-al) (14)
G = —i6E (a3 -a)-a), (15)
GE = —i6f (S.-s. -8l -§]), (16)
cf = -i6; (§-5-5-§), (17)
Gf = -6} <§-§—§n-§)- (18)

Here,the B and F labelsspecify fermionsand bosonsthe dotsrepresenthe inner productsand
0, §areparameter$hatdepenobn temperature The thermalvacuumis definedby the following
relation
0(8)) =7 |0)) (19)
The effect of the Bogoliubor transformationis to entanglethe elementsof the two Hilbert
spacesAfter thetransformationtheimageof thetwo independenstringsis lost. The creationand
annihilationoperatorsaat T # 0 aregivenby the Bogoliubor transformatiorasfollows
a, (8y) = e '¢ald® = cosh(8y) al, —sinh(8) &', (20)
S (6n) = e °F€C = cos(8,) §, — sin(8,) §?, (21)
andthe samefor the otheroperatorsTheseoperatorannihilatethe statewrittenin (19) definingit
asthevacuum.ThethermalFock spaceis constructedy applyingthe thermalcreationoperators
to thevacuum(19). As theBogoliubor transformatioris canonicalthethermaloperatorobey the
samecommutatiorrelationsastheoperatorat T = 0.
Next, we shawv how the thermodynamicatjuantitiescan be derived introducingfirst a free
enegy like potentialdefinedby
F=FE— %5, (22)
whereE is relatedwith thethermalenegy and.$ with theentroy of thestring. In TFD thethermal
eneqgy is givenby computingthe matrix elementf the T = 0 hamiltonianin thethermalvacuum.
In orderto take into accounthe level matchingcondition,the shiftedhamiltonianis used

£ = (0(8) |15 0(8)) = (0(6) |H + 5P| 0(O) ). (23)

H+ D P
Here is alagrangemultiplier thatfixesthe S' isometryof theclosedstringandP is theworldsheet
momentum.The entrofy of the superstrings calculatedby evaluatingthe expectedvalue of the
entrogy operatodefinedn [10] in thethermalvacuum.By minimizingthepotential ¥ with respect
to 6 we find the explicit dependencef theseparameterin relationto wy, B andA. In thisway we
have

1 1

ert —1 ert —1
for thezeromodesand
. 1 . —B 1
sinff(88) = - — sinff (8, )= ——
(65) oo ik _ ( ”> et Mk _ ¢’
) 1 . o [=F 1
sif(Bf) = —— sif (B, )=————— 25
) = Ee (&) - = o (25)
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for the othermodes.With theseresults,onecanwrite thefreeenegy like potentialas[10]

=~ Lin(2e(B/p*.0), (26)

1+e Bp+ +iAkn
B

1
708 =g |~
wherez(B/pt,A) is thetorustranswersepartitionfunctioncalculatedn [17].

So, the thermalvacuumreproduceshe sameresultsof theimaginarytime formalism,when
the worldsheetis definedon a toruswith moduli spaceparameters = A + IT2 The next step
would be to constructa thermalvacuumfor the YangMills side andverify the BNM dictionary
directly in thethermalFock space.However, beforegoing on with this programa questionneeds
to beansweredHow did thetorusdefinedby the moduli spaceparameter = A + ir% appearsn
the TFD approach?

TheTFD approacthstartswith atreelevel stringandanauxiliary string(tilde system).Suppose
we wantto construciatoruswith thetwo cylindersdefinedby thestrings.As the partitionfunction
for thetorusis definedafterWick rotation,we needto goto Euclideartime (t = —it). In addiction,
thetilde stringis a mirror of the stringandpropagatebackwardsin imaginarytime. So,whenthe
string propagate$rom zeroto a euclidiantime /2 for example,thetilde string propagate$rom
zeroto —3/2 in euclidiantime. Then, a torus canbe constructeddy gluing togetherthe end of
the original cylinder with the origin of thetilde one,andvice-versa[13]. Also, beforegluing, the
identificationG = o — T\, mustbe donein orderto take into accounthe Dehntwist in onecycle.
The two parameter®f the resultingtorus moduli spacewill be relatedto 3 andA. The above
considerationsanbe written asfollows

X(t,cr)—)?(—t—%,c—)m) =0 X (—f—

B
27
S”‘(t,o)—g"(—t—g,o—)\n) =0, S”‘(_t”_g

G -l-)\n) —S(f,6)=0. (27)
ExpandingX (t,o0), S(t,0) and)~<(t~,c~r), S(t,0) in modes,the above identificationturns out to

be a setof operatorialequationdor a boundarystate|®) = |, (Np). Resolvingthe boundarystate
equationsve getthefollowing normalizedsolution

) — (Frl(eB))S(cos(ei)) (co(OF ))* ¢ (EE) (42 gn(e ) (3.8 a5 (<1 §)
0

r!:ll [(Cosaeﬁ)ya (COS:_(GB)> lanh(6%) (af-a}) +tant(6F) (f-a1)

-t

)8 o) (59 () (- S~>] o).

X

X

(cos(eﬁ)) (cog®}) (28)
Thisis preciselythethermalstate(19) whentherelations(25) areusedandthe Bogoliubos gener
atorsareexpanded.

Finally, we canconcludethattheeffect of theBogoliubor transformatioris to entanglehetwo
stringsin orderto malke atorusin suchaway thatthe worldsheefields areconfinedin arestricted
region (3 of the time axis. Sucha confinementvas pointedout in the scopeof field theoryand
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Casimireffect[22]. Thethermalstateis a boundarystateresponsibldor this confinementThisis

avery suggestie result,sinceit opensthe possibility of otherkinds of boundarystateqD-branes
for example)to appeamt somehighertemperaturelt will beinterestingto relatethis topological
interpretatiorfor thethermalvacuumconstructedor thistypell superstringto athermalboundary
statein the YangMills sideof the BMN conjecture.This work is in progress.In otherdirection,
we canusethe operatoriamethoddevelopedin [23] to studystringat finite temperatur®n higher
genussurfaces.
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