PROCEEDINGS

OF SCIENCE

Fixing Ambiguities in QED , Considered in
Non-Trivial Topology Sectors

Marcello Barbosa da Silva Neto *

Institute for Theoretical Physics

Postbus 80.195

3508 TD Utrecht, The Netherlands

E-mail: M Bar bosadaSi | vaNet o@hys. uu. nl

Sebastisio Alves Dias T

Centro Brasileiro de Pesquisas Fisicas
Rua Xavier Sigaud, 150

22290-180, Rio de Janeiro, Brazil
E-mail: ti ao@bpf . br

We study bosonization ambiguities in two-dimensional quamelectrodynamics in the presence
of topologically charged gauge fields. The computation afhfenic correlation functions sug-
gests that ambiguities may be absent in non-trivial togekgprovided that we do not allow
changes of sector as we evaluate functional integrals. réhi®ves an infinite arbitrariness from
the theory.

Fourth International Winter Conference on MathematicaltMels in Physics
09 - 13 August 2004
Centro Brasileiro de Pesquisas Fisicas (CBPF/MCT), Rio aleeiro, Brazil

*Work done with financial support from CAPES and CNPq
TSpeaker.

Published by SISSA http://pos.sissa.it/



Fixing Ambiguities in QEBR Considered in Non-Trivial Topology Sectors Sebastido Alves Dias

1. Introduction

Two-dimensional field theories are being considered, in many diffesgrecds, since the pio-
neering works of Thirring [1], Schwinger [2] and others [3][4][9]hey appeared as rich laborato-
ries for testing mechanisms not yet well understood in gauge field thestiels,as screening and
confinement. Recently, in two dimensional Quantum Electrodynamics ¢QEDas been possible
to study the perturbative divergence structure [6][7] and to perfaxact renormalization [8], thus
revealing distinct regimes, based on different ranges of values ofattléw}Johnson-Rajaraman
parametem [9][10]. This parameter appears as a consequence of bosonizatluguities, and
apparently controls the quantum behavior of the model.

All these investigations have been performed in the so called “trivial togaegtor”, where
the gauge field obeys trivial boundary conditions. A previous work [ih%olving chiral fermions,
showed that, when considering non-trivial topology sectors, an infiattefgparameters appears,
seriously questioning the predictive power of the theory. In that casew#ly of removing this
arbitrariness from the theory (by requiring that transformations on thisfinould not change the
topological sector) determined that there were no contributions of iattopology sectors to the
correlation functions. This confirmed what was already known by otlsbniques [12]. However,
another question remained: what happens in the case where these s#etdively contribute to
correlation functions, what is known to be the case when we consider f2irmions? The purpose
of this paper is to investigate this question.

This paper is organized as follows: in section 2 we briefly review @Elhe general case
where the gauge field can be given a topological charge; in section 8weute the contributions
of these non-trivial sectors to correlation functions with genarahd give an argument to fix its
value in all these sectors; and, in section 4, we present our final remark

2. Themodd

We will study quantum electrodynamics in two-dimensional euclidean spaceilded by the
action functional

S— [ L (Au.w) = [ x| 3 + TD(A) Y. @)
whereD (A) is the Dirac operator
D (A) = (10 +eA). (22)
The generating functional of correlation functions is given by
zwﬂmnha/wAMmmwwamG8+@Wm%Hmw+am», (2.3)

whereJ¥ 7 andn are the external sources associated with the fiéldg andip, respectively. In
order to define the functional measure in (2.3), we write the fermionic fislla@ar combinations

W(X) = > andn(X) + > aidoi (X), (2.4)
T = 5 adh(x)+ Y qidg (%), (2.5)
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of the eigenfunctions db

D (Aw) &n (X) = Andn (X), (2.6)
D (Ay) dai (X) = 0O, (2.7)
with a, @, andag;, agi being grassmanian coeficients. Now, the fermionic functional measure is

simply
4] [dy)] = [] dandan [] davicao.

such that, after an integration over Fermi fields, the fermionic part of thergéng functional can
be written as
Zr [q,n] O det'D.

In the above expression, detstands for the product of all nonvanishing eigenvalues.of

As itis well known [12], the appearanceMfzero eigenvalues associated to the Dirac operator
is closely related to the existence of classical configurations, in the galdeséictor, which can
be written as [13][14]

whered,, = £,,, and the functiorf (x) behaves, at infinity, as

lim f(x)~—NIn|x|.

‘X‘—mo

These configurations carry topological cha€ye- N, whereQ is given by

1

In the presence of such configurations, we can split the full quantuigegiéeld into a fixed back-
ground plus fluctuations:

_ aA(N)
Au=Au” +ay,
wherea, is associated t@ = 0. In two dimensions we can always write any configuration of

chargeN linearly in terms of a fixed one, due to the linear characted.oT he fielda, can always
be written as

ea, = 0up — 0uQ. (2.8)
Now we can bosonize the theory in this sector, performing the changeiables

W — exp(—ip+@ys) Y,

P — Pexp(ip+9ys),
wherep and@ were already defined in (2.8). After a long and detailed calculation, takingicx
count the Fujikawa jacobian, the computation of several functional detantsiiand an orthonor-

malization procedure for the zero modes of the Dirac operator associdteslfteed configuration
Aﬂ\”, [16][11] we end up with

IN|

zptmn) =y [ dajes(-S+ (@a) + (T6Mn)) [ (eR”) (4" ). @9)
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where
_ 1 . ,
5= (FFuP® )l +T [l + 1[4
with
3 9,0y
May] = E/dzxau (a(N)éw — %) ay, (2.10)
= e 9,0y
[ [A&N)yap] = E[/dzx% (a(N)épv_ E >A\()N)7

- [A&m] _ %/dzfof.

In the above formulas, we notice the appearance of a paraatdtgras a consequence of bosoniza-
tion ambiguities, that can be chosen independently in each topological.s&ttar ingredients
that also appear in (2.9) are

!/

n' = exp(ip+@ys)n, (2.11)
n' = nexp(—ip+@ys),

and
GMN (x,y) = {exp(f (x) — f (y)) Py +exp(— (f (x) = f (¥)))P_} Gk (x,y),

Gr (x,y) being the free Dirac fermion propagator. Finally, there is the non-ortinoalcset of zero
modes oD (Aﬂ\')), which we calleotbgi\'), written in terms of the light-cone variables= X0 +ixt
andz = x? — ix%, and given by [13][14]

o _

0i

i—1 1 H
{ Z-texpf (p), i=1,...,N,N>0 2.12)

Zlexp(-f) (), i=1,...,-N,N<O.

3. Non-trivial contributionsto correlation functions

Being directly proportional to fermionic sources, it is not difficult to sed thare are no
contributions to bosonic correlation functions and that bosonic-fermigrés do not give different
information (concerning the ambiguities) than that given by the fermionictiume alone. We
have non vanishing contributions from non-trivial topologies to fermionitedation functions of
the following kind

k k 1 5 5 B
<ﬂw"‘ L1 % (yj)> "z, ) B, ) 2 O Wen-o

It can be easily shown, by induction, that

k k N —
<i|:|won (%) JD]% (yJ)> = k_Z_N/ [da,] exp(—S) det
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where® ™)' is aN x k matrix given by

cl’01 (Y1) cD01 (YK)

+

(N’ — : ’
T T
ol (y1) - g ()
®N) jsk x N,
og) (x) - P (%)
o™ = : :
N N
o (%) Doy (%)
and
G (xq,y1) -G ™ (xq, Y
G'(N) — :

G'™ (x,y1) - G'™ (%, yi)
and0 (the null matrix) are square matricks k andN x N respectively, and
G™ (x,y)) = exp(—ip+ays) G™ (x,y;) (ip+ ys) ,
g (xj) = exp(—ip+gys) DG (x;),
’ T t A
g () = PG (vi)exp(ip+avs).
If we define -
-1/1
Xij = (ﬁ):fl (8)’ N=>0
(Zj) (1), N<O

and use the expressions for the zero modes (2.12) we can show that

IN| N]
det(cp’<N>) — exp (_;m(m)) exp (i _;f () -HP(Yi)) det(x),
der(w™)) :eXp< 5 o) )p( 5.1+l )det(x“)

k
N —
det(G’ N ) exp (i_N g

and

i(p(yi)p(xi))> X

k
eXIO(i Z f(yi)_f(xi)+(p(Yi)_(p(Xi)>det(GF)>
i=N[+1

where, according to the positiveness or nolof

INJ
det(x |‘Hz.—z,\®(> N >0

i,j=1
i>]

det(x H\z.—z,]@( ) N>0

i,j=1
I>J
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or
IN[ 0
det(x):ﬂ ]zi—zj|®<l>, N<O
|iAj>:j1
IN|
det(x") = [la-zl=(01), N<o
Ii‘]>:j1
Collecting these results, we arrive at
k k N _ XT 0
(X (yi) ) = day] exp(—S,uced det , 3.2
¥ 00 []¥s, 00 ) = 3 [ ldalexp(-Sodet g (32)
where

Sawces= S (i (Ip+ 1) ) F((i+7) (T +9)).

the signst refer toN > 0 andN < 0 respectively, angl, j;,, j andj’ are defined by

o= 08(i-2-08(xi—2),

k
o= 5 8(i—-2-8(x—2),
i=(NT+1
IN|
j=5S0(yi—-2+d(x—2
k
i'= O3(Yi—2)—d(x—2),
i=[N[+1

with ( ) representing integration over
There is still a last integration over the scalar fighdsnd in terms of which the gauge field
is written. So we write the effective acti@in terms of these fields

S= % <(<p+ 10 (D— éa(N)) (o+ f)> SO o),

T 21T

and do the following change of variables using the soujgeg,, j andj”:

o=p+ (e (lo+1p)) (3.3)
and
o=@+ fre&Amx—y) (i+])) (3.4)
where
BF (x—y) =07t (x—y) = %TlnmIX—yl
and

Amx—y) = [0(T-1P)] ™ (x-y) = — 51 (Ko [mpx—y[] + Inmpx—y[}
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(Ko is the zeroth-order modified Bessel function) and we have defireda(N) — 1) /tandn? =
(e?a(N)) /. Now we have foiSplus the sources the expression

S 5 (00 (O-1)8) = S (1 ) A(m) (+1) —
3 070) 55 ((io i) 2 (i + 1))

As we have already said, the scalar fighdsnd@ are such thaay, does not carry a topological
charge in the limitjx] — . So it is desirable that the new fieldsand ¢ behave like the old
ones, going to zero at infinity. If this would not be the case, it would bevatant to perform
transformations that change the topological sector, which would lead asipute jacobians over
noncompact spaces, what is very difficult to obtain [19][20]. So, glokeeping in mind the
general case, we will restrict ourselves to transformations which deaheoige the topological
sector.

In the case of the field we have

lim o(x) = lim p(X)+i— lim <AF (X—Z)<jp+j5>>

|X|—o0 [X|—oo A |X|—o0

i k
— ﬁl‘Tw{i;(lnm!X—x.l —Inm]x_yl‘)}

given that limy_., p (X) = 0, in agreement with the conditions imposed.
For the fieldp, we have

lim ¢(x) = lim f(x)+ lim @(X)F lim €(A(mx—2)(j+]j'))

[X| e x| —e x| —e [X| e

e o
- —Nln\x\im‘i‘lTw<(K0[m|x—z|]+Inm|x_z|)(H_J/)>

1
= —NIn|x| £ =————2|N]|In|x
X gy 2Nl

= —<N¢%>IHXI,

oncekKg is well behaved in the limit considered and jim... @(x) = 0. Here, ther sign corresponds
to sectors with topological chargé¢and—N, respectivelly. The assymptotic behaviordois then

—(N=2N)In|x, N >0,
lim ¢ (x) = Ay .
x| —e —(N—aw In|x|, N <O.

which is singular unless we have
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4. Final remarks

As we have seen, there is, in principle, an infinite amount of ambiguity in theythewae to
arbitrary choices o&(N) for eachN. A simple criterium to choosa(N) seems to be that of not
allowing changes of topological sector when we change integration \esialh gives a value for
a(N) which coincides with the one obtained through the requirement of gaugeainga. The
connection between gauge invariance and preservation of topology ompletely clear, as it
sugests the existence of some relation between short and long distapegipeoof the theory, and
perhaps can only be clarified if one could compute the correlation funatittheut these criteria.
Itis our aim to explore also this direction in the near future.
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