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1. Introduction

One of the main problems of mathematical physics for the gravity theory is thepnoof
exact integration of the field equations or equations of motion of matter. Te sois problem
one can use the class of Riemannian metrics for which the simplest equationgioh can be
integrated by the complete separation of variables method. Apparently in thistbka Stackel
metrics are of the same interest. Recall that metric is called the Stéckel one dnhiédh—Jacobi
equation

¢'siSj=m*  ij,kl=1.n (1.1)

can be integrated by the complete separation of variables method. In thithegsgvileged co-
ordinate se{u'} exists for which complete integral of eq. (1.1) can be shown in the form

S:igwﬁ) (1.2)

wherel; — is the essential parameter.

It appears that the other important equations of motion (Klein—Gordoik-Ficac, Weyl)
can be integrated by complete separation of variables method only for thesnkegionging to the
class of Stackel spaces. That is why the research of this class @fsspalongs to the one of the
important problems of the mathematical physics. In the present report nsideo the following
parts of this problem:

e The problem of complete separation of variables for the Hamilton—Jacahtieq.
¢ Integration of Einstein equations for the Stackel spaces.
e Conformally Stackel spaces.

¢ Homogeneous Stackel spacetimes.

2. Stackel spaces

The theory of Stackel spaces has been developed by many authdras terall the main
statements and enumerate the main theorems of the Stackel spaces theory.

Definition 1. Let \, be a n—dimensional Riemannian space with metric tengorTgne Hamilton
— Jacobi equation can be integrated by complete separation of varialddsoohif co-ordinate set
{u'} exists for which complete integral can be presented in the form (1.2).

Definition 2. V; is called the Stackel space if the Hamilton—Jacobi equation (1.1) can beateelg
by complete separation of variables method.

The following theorem was proved by V.N. Shapovalov [1]-[2].
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Theorem 1. Let \, be the Stéackel space. Thej m privileged co-ordinate set can be shown in
the form

¢ =@ hie).  el=alw) 9= (21)
Gy = 8,8)e,(U”) + (8,3} + 8,3,) GuP + 8,8, GH, p,g=1,.N, v,u=N+1,..,n.
where®dy (u*) —is called the Stackel matrix.

It is assumed that summation is performed over repeated superscriptsteodgts provided the
symbolng(i, j,...) (no summation over the indices given in the brackets) does not occur dglthe
of the formula. One can show that the geodesic equations of Stackelspdimit the first integral
that commutes pairwise with respect to the Poisson bracket

X = (@ HiHy,  Hy=&upd+2Gypppy + hfpppg, Y= \p(‘ pi. (2.2)

Thus for a covariant characterization of Stackel spaces it is sufficidimd determining properties
of the integrals (2.1) in an arbitrary co-ordinate systpfi},. Let us write the functions, Ypin
the form

X=x"Tpp;, Y=Y'p, then X =VYj=0 (2.3)
v v p p \Y p
(the semicolon denotes the covariant derivative and the brackets dgnateetrization). Therefore

Yp', X1 are the components of vector and tensor Killing fields respectively.

Definition 3. Pairwais commuting vector,', where p=1,...N and tensoix, 1, wherev = N +
1,...n Killing fields form a complete set of the ty@¢.Np) if

BPYY) +B'X1=0 = BPI=B'=0 (2.4)
pq v
rank||\p(i\q(iH:N—No (2.5)
x*xhe=chiy'y i+l x', (2.6)
v U pp T

x'y;=chy'. (2.7)
v p q

Theorem 2. A necessary and sufficient geometrical criterion of a Stackel spabe igresence of
a complete set of the type (Nb).

In other words the Hamilton - Jacobi equation can be integrated by the conspledeation of
variables method if and only if the complete set of the first integrals exists.
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3. Stackel spaces and field equations of the theories of grayi

The metrics of the Stéckel spaces can be used for integrating the fielibegua General Rel-
ativity and other theories of Gravity. Note that such famous solutions asa®cbhild, Kerr, NUT,
Friedman and others belong to the class of Stackel spaces. Apparerihgtipapers devoted to
the problem of classification of the Stackel spaces satisfying the Einstatieas were published
by B.Carter [3]. Later in our paper [4] it has been found the completssifieation of the spe-
cial Stackel electrovac spaces. In other words all Stackel spatisfyisg the Einstein—Maxwell
equations for the case when potentidlsadmit complete separation of variables for Hamilton—
Jacobi equation (2.8) have been found. In our paper [7] the clagsificproblem has been solved
for the case whery are arbitrary functions and spaces are null (types (N.1)). In ouerpdpd
all electrovac spacetimes admitting diagonalization and complete separatioriatifies for the
Dirac—Fock—Ivanenko equation were found.

One of the complicated problems of the modern mathematical physics is the integnatin
lem of the Einstein—Dirac equations. Using the Newman—Penrose formalsigaompresent these
eqguations in the form

1
Rj — 50ijR=41GT;j,
Oap€® =mony,  Dayn® = mo&y (3.1)

where
-r” = ZiaZ?O-QB/O-gDITAB’CD’; Zla = (Ilvnhm)ﬁ)

Tasco = K(EpUagéc + EsUcoéa — Ecapén — Ealcoés —NoUasNc —

NeUcona+NclasNo +Nalcone)

andUag - spinor derivativeg{aw - Infeld-Wan der Varden symbols.

Using spaces for which equation (3.1) can be integrated by the compleragep of variables
and separated solutions of the Dirac equation one can transform Eimditgio-equations to the
set of functional equations. The first papers devoted to the classifigatidlem for the Einstein—
Dirac equations were done by Bagrov, Obukhov, Sakhapov [8] Stéekel spaces of type (3.1) for
Einstein—Dirac and Einstein—Weyl equations have been studied. Apgiepolutions have been
obtained. They contain arbitrary functions depending on null varialdie on

The problem of classification of Stackel spaces for other theoriesagftgifor the first time
was considered in papers [9]-[10]. The following theories have bensidered

1. Brans—Dicke theory. The field equations have the form

1 8n w 1 : 1
Rj—5gjR= ETij - @(Qitﬂj - Egiij@k) - (_p((P,iJ —gij0) (3.2)
. 8n
342w
The case of Einstein—Maxwell equations and the metric has type (N.1) bas<basidered
in paper [9]. All appropriate solutions have been obtained.

ml) T, 0=¢'00;, w=const
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2. The problem for the multiscalar—tensor theory for which field equatiemes the form
* * 1 * * *
Ruu=2< Qu@y > +8MG(T vy — 5 G T), 56"+ Vecd ¢, 0" “—4nG\/*B el

was considered in paper [10]. Heé¥g,,,, R* v, are metric tensor and Ricci tensor of the space
which conformal to space-time,

Qo= azg\)ua a= a(qﬁ)a <GP >= VAB(Q?;CPEU

where@” - are scalar fieldsyag = yas(¢) can be considered as a metric tensor ofrihe
dimensional space of scalars,

o= PP+ e G O = (11016 V10

3. The classification problem for the Einstein—Vaidya equations. Let thesstenergy tensor
have the form

Ti =T rail;, =0 (3.4)

then Einstein equations can by written in the following way
1 (©
Rij_igin:A'T[G(Tij +alilj). (3.5)

If T”(e) has the form for electrovac, afff satisfies the Maxwell equations (2.12) the solutions
of the equations (3.5) are electrovac ones. For these equations thiéicelasa problem
was solved in paper [7] for the case when the complete set has type (MllLEdse). In
other words all metrics and electromagnetic potentials satisfying equationsp(8wded
that Hamilton—Jacobi equation (1.1) can be integrated by the completets@pafaariables
method for null Stackel spaces have been found.

4. Conformally Stackel spaces
Let us consider the Hamilton—Jacobi equation for a massless particle
disisj=0 (4.1)

Obviously this equation admits complete separation of variables for a Stjaad.sYet one can
verify that if gl has the form

Gij = Gij (x) exp 2o(x) (4.2)

wheregjj is a metric tensor of the Stéckel space, then eq.(4.1) can be solved by tosggaration
of variables method too. In paper [2] it was proved that (4.2) is nepeasa additional condition
of the complete separation of variables. Note that conformally Stacketsmday important role
when massless quantum equations are considered (f.e. conformahmv@hernikov—Penrose
equation, Weyl's equation etc.). That is why the problem of investigatiorirst&n spaces which
admits complete separation of variables in eq.(4.1) is exceptionally interestipparéntly the
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first attempt to consider this problem was taken in paper [12]. The ngxiwse done in paper
[13], where some of metrics belonging to conformal Stéckel spacesef{lf) was studied. The
problem of classification of conformally Stackel spaces satisfying thedimsquation

Rj = Ngij, N\ = const (4.3)

is more difficult than appropriate problem for the Stackel spaces. Tanothta functional equa-
tions from eq. (4.3) one has to use the integrability conditions. These carglittas found by
Brinkman [11]. Let us denoté, the Riemannian space with metric tenggg, Vi, be an Einstein’s
space with metric tens@yg. ﬁag,fx’am,ﬁare components of Ricci tensor , Riemann tensor and
scalar curvature respectively for the sp&geand Rop, Rapys; R are those tensors for the spage
Moreover we denote:

Togg = —— — W= = (Ow)"— o)
ap n—2<R“B 2(n—1)>’ 2B = 5=y &P
wherew.q = Oyw are the covariant derivatives .
We can write (4.3) in the form
Weo:p —WaWpg +WQJB+TGB =0. (4.4)

Brinkman has shown that integrability conditions of eq. (4.4) have the form

wsCoupy = Supy: ~ Where Supy = Tayp — Tapy (4.5)

whereCqp,s are the components of Weyl tensor. In our paper [13] egs.(4.5) reem iresented in
a more simple form. To simplify them we use the consequence from Bianchitiden

RGGBV;G = Rapyy — Rayp- (4.6)

One can take out the following correlation
1
Coysa = Ropysia + Spys — =1 (9syR5 — gpsRy)- (4.7)

That is why

Coupys = —(N—3)Supy (4.8)
and Brinkman'’s conditions can be presented in the form

1
5 5
W 5C py = —mc By

finally

Os <C50[3yexp(n - 3)0)) =0. (4.9)
Using (4.9) we have proved the following theorem [13]

Theorem 3. Let g; be the metric tensor of the Stackel space of type (N.1). Then Einsteia spac
conformal toV; admits the same Killing vectors ag.V

Moreover one can prove the following statement.

Theorem 4. LetV, is conformally Stéckel space of type (N.1)%NP) satisfying the Einstein equa-
tion (4.3). Then Hamilton—Jacobi equation (1.1) admits the complete simaua variables.

In other words all null conformally Stéckel Einstein spaces belong to ttes cdfthe null ones.
Nontrivial null conformally Stackel solutions of the Einstein equations tgetamly to (1.1)-type.
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5. Homogeneous Stackel spacetimes

One of the problems of cosmology is the problem of finding exact realistic imodehe
most interesting for cosmology are space-homogeneous models, whikhaava to admit a 3-
parametrical transitive group of motions with space-like orbits.

On the other hand, it is known that geodesic equations in the form of Handittoobi can be
integrated by the complete separation of variables method if they admit a fiigtalstevhich are
linear and quadratic with respect to the momeyga= Yp'pi, X» = X'/ pipj, whereY' - Killing
vectors an'l - Killing tensors.

Thus there is a problem of finding a subclass of homogeneous spaceatimétng complete
sets of integrals of motion. In other words, a space-time with a complete setadhmit a 3-
parametrical transitive group of motions with space-like orbits.

There are 7 types of complete sets for space-times with the signatuse +,+). In our
papers [14]-[15] we find a complete classification of homogeneous&su#ce-times (3.1) type.

Let us consider space-times with a complete set of type (2.1). The condrsvaetric tensor
of the Stackel space of type (2.1) in a privileged coordinate system eavritien as (signature
(—+,+,+))

1 0 0 0
. 10 o f(xb) 1
ij_ =
T=alo tod) cxt) b G
0o 1 b(x%)  a(x9)
where A = do(x%) +di(x}), c¢=co(x0) +c1(xb)
. D
detg”:—F, D=af?—2bf+c>0
The complete set of type (2.1) includes the following Killing vectors:
X1=(0,0,0,1), X =(0,0,1,0) (5.2)

The vectorX; is space-like becaude > 0; however, the restriction of the metric to the orbits of
subgroupXy, X, is degenerated. It is a general property of Stackel spacesNyith 0, which
are called null spaces. The breaking of space-likeness of the orlitie cbmplete set subgroup
demands the introduction of an additional Killing vector&z-andX,.

The commutation relations are

(X1, Xo] =
[Xl Xa} —Gaxl+Ba ) a'ab:374
5 b (5.3)
[X2, Xa] = Va™ X2+ Ya* Xb
[X3,Xa] = Y5 X3+ Y6 X4 + Y7 X2
To find algebraic classes, the vectors of this subgroup can be subjectedlinear transformation
Xa=SPXs, a,p=2.4 (5.4)
Also, one can use a coordinate transformation keep the form of the mesarten
P = aPxP =
xP = aPx p,g=0,1 (5.5)
XV =a¥ 4 B (xP) x# pv =23
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Applying the admissible transformations and the Jacobi identities to the commutalibions,
integrating them and Killing equations we obtain complete classification of thiedpaes (all
metrics and Killing vectors) and establish the following result.

Theorem 5. Homogeneous Stackel space of type (2.1) have only Petrov’s typeye N metrics
with constant scalar curvature. This spacetimes can not be BianchMifper IX.

This work partially supported by RFBR, grant N 03-01-00105.
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