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ThermoField Dynamics(TFD) [1] is a real time approachto dealwith systemsat finite tem-
perature.Its basicelementsarethedoublingof degreesof freedomof thesystemunderstudyand
a (thermal)Bogoliubov transformationfor entanglesucha duplicateddegrees.With thedoubling,
oneobtainsanenlargedHilbert spacecomposedby theoriginal andan auxiliary space,identical
to the first andrelatedto the so calledtilde system. The enlargedHilbert spaceis denotedby a
hatandis givenby

��������
	�
. Theoriginal andtilde systemsarerelatedby a mappingcalled

tilde conjugationrules. Theserulesarerelatedwith theTomita-Takesakimodularoperatorof the
statisticalmechanicsalgebraicapproach[2, 3].

ThethermalBogoliubov transformationis obtainedusinga generatorin sucha way that,in a
finite volumelimit, thetransformationis unitaryandpreservesthetilde conjugationrules.Thether-
mal effectsarisefrom thevacuumcorrelationintroducedby the transformationover theenlarged
systemvacuum.

Theconstructionabove outlinedwasthefirst onefor theTFD. However, onecanfind a setof
generatorthatmaintainsthe thermalnatureof the transformation.Thesetof generatorsis shown
to be a linear combinationof operatorsthat forms an oscillatorrepresentationof SU � 1 � 1
 group
for bosonsandSU � 2
 for fermions[4, 5]. Thesesetsfor fermionic andbosonicsystemscanbe
constructedin two differentmanner, providing two possiblegeneralizationsof theTFD approach.
In onecasethetilde conjugationrulesarepreservedbut thetransformation,in afinite volumelimit,
is non-unitary. This constructionwaslargely developedasonecansee,for examplein Ref. [4].
In thesecondcasethetransformationis unitary, in a finite volumelimit, but the tilde conjugation
rulesarenotpreserved.

Theunitarycasewasappliedto bosonicstringandDp-branein Ref. [6]. In a recentpaper[7]
thegeneralunitarySU � 1 � 1
 TFD formulationwasproposedfor bosonicsystems.Sucha formula-
tion considersatransformedTomita-Takesakimodularoperator, oncethatit doesnotcommutewith
the generalgeneratorof the thermaltransformation[8]. As a consequence,the tilde conjugation
ruleswereredefined,in thetransformedspace,andcalledbreveconjugationrules.Thegeneralized
SU � 1 � 1
 thermalvacuumis invariantunderbreve conjugation.

Theobjective of this work is to extendsucha unitaryTFD formulationto includefermionic
degreesof freedom,usingastargetsystemthetypeIIB Green-Schwarzsuperstring.Here,a TFD
constructiontaking into accountexplicitly the level-matchingcondition is applied[9, 10]. We
considerthelight-conecoordinatesX � � 1�

2

�
X9 � X0 � andwe write theremaining8 components

of thespinors(afterKappasymmetryfixing) asSa, S̄a, composingthe8s representationof SO � 8
 .
Thechiral representationof SO � 8
 gammamatricesis used.

Thesolutionsof theequationof motionfor thesystemcanbeexpandedin stringmodes.After
the quantizationwe choosethe oscillatordescriptionof sucha modesin order to dealwith the
standardcommutationandanti-commutationrelationsof theharmonicoscillator. Theleft-moving
bosonicandfermionicoscillatorsaredenotedby aI

n, a†I
n andSa

n, S†a
n . Theright-moving modeswill

bedenotedby a “bar” over theoperators.In generalthevacuumof thefermioniczeromodesare
chosento bea setof statesdenotedby � I ����� ȧ� , satisfying:Sa

0 � I � � γI
aȧ � ȧ� andSa

0 � ȧ� � γI
aȧ � I � [11].

In orderto apply theTFD algorithmit is necessaryto usea differentfermionicvacuumthanthe
usualone.Thevacuumis chosento beastate � 0 � p��� suchthat

Sa �� 0 � p��� � 0 �
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Sa
n
�� 0 � p� � � S̄a

n
�� 0 � p� � � 0 � n � 0 �

aI
n
�� 0 � p� � � āI

n
�� 0 � p� � � 0 � n � 0 � (1)

with thefollowing definitionfor thefermioniczeromodescreation-annihilation operators:

Sa � 1�
2

�
Sa

0 � iS̄b
0  � S†a � 1�

2

�
Sa

0 ! iS̄a
0
� � (2)

whichsatisfies "
Sa � S†b # � δab � "

Sa � Sb # � "
S†a � S†b # � 0 $ (3)

Thelight-coneHamiltonianis calculatedin astandardway andit is written as

p� H
� pi pi

2 � ∑
n% 1

n
�
a†I

n aI
n � ā†I

n ān � S†a
n Sa

n � S̄†a
n S̄a

n
� $ (4)

The 32 supersymmetriesaredivided in a setof 16 kinematicalsupercharges,that belongto
8s of SO � 8
 , and16 dynamicalsupercharges,that transformthefieldsof thesamesupermultiplet
andbelongto 8c of SO � 8
 . Thekinematicalanddynamicalsuperchargescanbewritten asQ�a �
Qa

� iQ̄a andQ�ȧ �
Qȧ

� iQ̄ȧ, respectively, where&
p� Qa

�
Sa

0 �&
p� Qȧ

�
PI

0

�
γI S0

�
ȧ � ∑

n% 1 ' & 2ωn

�
a†I

n γI Sn � aI
nγI S†

n
�

ȧ ( � (5)

andQ̄ȧ canbeobtainedfrom Qȧ replacing“bar” variablesby non-barvariablesandi by ! i. It can
beseenthatthesesuperchagesannihilatethevacuum � 1
 .

To constructthephysicalFockspaceit is necessaryto fix theresidualgaugesymmetrygener-
atedby theworld sheetmomentumP. Thisgaugefixing improvesthelevel matchingconditionon
a physicalstate �Φ � :

P �Φ � � ∞

∑
n% 1

n
�
NB

n � NF
n ! N̄B

n ! N̄F
n
� �Φ � � 0 � (6)

wheretheNB, NF , arethebosonsandfermionsnumberoperatorsfor left-moving modesandthe
“bar” onesthesamefor theright-moving modes.

Let us now apply the TFD approachto constructthe thermalFock spacefor the type IIB
superstring.We have first to duplicatethedegreesof freedom.To this endwe considera copy of
theoriginal Hilbert space,denotedby

	
H. Thetilde Hilbert spaceis built with thesetof oscillators

operators,	a0,
	
Sa, 	aI

n, 	āI
n,
	
Sa

n,
	
S̄

a

n thathave thesame(anti-) commutationpropertiesof theoriginal
onesandtheoperatorsof thetwo systems(anti-) commuteamongthemselves.

Wecannow constructthethermalsystem.Thisis achievedby implementingathermalBogoli-
ubov transformationin thetotal (enlarged)Hilbert space.Thetransformationgeneratorconsidered
in ourgeneralizationis givenby

G
�

GB � GF � (7)

for
GB � ∑

n% 1

�
GB

n � ḠB
n
� � GF � GF

0 � ∑
n% 1

�
GF

n � ḠF
n
� � (8)
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where

GF
0
�

γ10

	
S† ) S† ! γ20S

) 	S � γ30

�
S† ) S ! 	S ) 	S†  � (9)

GB �
∑
n% 1 * λ1n

	a†
n
) a†

n ! λ2nan
) 	an � λ3n

�
a†

n
) an � 	an

) 	a†
n
�,+ � (10)

GF �
∑
n% 1 ' γ1n

	
S†

n
) S†

n ! γ2nSn
) 	Sn � γ3n

�
S†

n
) Sn ! 	Sn

) 	S†
n  ( � (11)

with theλ andγ coefficientsgivenby

λ1n

�
θB

1n ! iθB
2n
� λ2n

� ! λ
�
1n
� λ3n

�
θB

3n
�

γ1n

�
θF

1n ! iθF
2n
� γ2n

� ! γ
�
1n
� γ3n

�
θF

3n
�

γ10

�
θF

10 ! iθF
20
� γ20

� ! γ
�
10
� γ30

�
θF

30
$ (12)

ThelabelsB andF specifyfermionsandbosons,thedotsrepresenttheinnerproductsandθ, θ̄ are
realparameters.In thethermalequilibriumthey arerelatedto theBose-EinsteinandFermi-Dirac
distributions of the oscillatorn aswe will see. The expression(10)-(12)arethe samefor “bar”
sector, but replacingoperatorsandparametersby “bar” ones.

The bosonicand fermionic transformedoperatorscanbe obtainedas follows: Consideran
oscillator-like operator, A, thatcanbecommutingor anti-commuting.For this operatoronehave-

Ai
n � θ 


Ăi†
n � θ 
/. �

e0 iG

-
Ai

n	
Ai†

n . eiG ��1
n

-
Ai

n	
Ai†

n . � (13)�
Ai†

n � θ 
 ! σĂi
n � θ 
  � �

Ai†
n ! σ 	Ai

n  1 0 1
n � (14)

wherethematrix transformationis givenby1
n
� -

un vn

σv
�
n u

�
n . � � un � 2 ! σ � vn � 2 � 1 � (15)

with σ
�

1 for bosonsandσ
� ! 1 for fermions.Thematrix elementsfor fermionsare

un 2 UF
n

�
cosh� iΓn 
 � γ3n

Γn
sinh � iΓn 
3� vn 2 VF

n

� ! γ1n

Γn
sinh � iΓn 
3� (16)

andΓn is definedby thefollowing relation

Γ2
n
� ! γ1nγ2n � γ2

3n
$ (17)

For bosonsonehas

un 2 UB
n
�

cosh� iΛn 
 � λ3n

Λn
sinh � iΛn 
3� vn 2 VB

n
� λ1n

Λn
sinh � iΛn 
3� (18)

andΛn is definedby thefollowing relation

Λ2
n
�

λ1nλ2n � λ2
3n
$ (19)
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The expression(13)-(19) for the “bar” sectorcan be obtainedreplacingthe operatorsand
parametersby “bar” ones.Thenew conjugationrulesin thetransformedspace,calledbreve,canbe
presentedasfollows: considerany operatorsA � θ 
 , B � θ 
 in thetransformedspace.Theseoperators
canbefermionicor bosonic.Associatedwith theseoperatorsonehastheirbrevecounterparts̆A � θ 
 ,
B̆ � θ 
 . Themapbetweenbothspacesis givenby thefollowing breve conjugationrules4

A � θ 
 B � θ 
65 ˘ � Ă � θ 
 B̆ � θ 
7� (20)4
c1A � θ 
 � c2B � θ 
65 ˘ � * c�1Ă � θ 
 � c

�
2B̆ � θ 
 + � (21)* A† � θ 
 + ˘ � Ă† � θ 
�� (22)* Ă � θ 
 + ˘ � σA � θ 
�� (23)4 � 0 � θ 
8�65 ˘ � � 0 � θ 
9��� (24)4;:

0 � θ 
<� 5 ˘ � :
0 � θ 
,�=� (25)

with c1, c2 >@? . Theexpressions(24) and(25) inform that thethermalvacuumobtainedfrom the
thermalBogoliubov transformationwith thegeneratorpresentedat (7) andgivenby� 0 � θ 
8� � e0 iG � 0�;�� �

UF
0
� 8

e0 VF
0

UF
0

S†
0 A BS†

0 ∏
n% 1 C�D UF

n

UB
n E 8 D ŪF

n

ŪB
n E 8

e0 VB
n

UB
n

a†
n A Ba†

n 0 V̄B
n

ŪB
n

ā†
n A Bā†

n 0 VF
n

UF
n

S†
n A BS†

n 0 V̄F
n

ŪF
n

S̄†
n A BS̄†

n F � 0�G�H� (26)

is invariantunderbreve conjugationrules. The thermalFock spaceis constructedfrom theabove
vacuumby applyingthethermalcreationoperators.As theBogoliubov transformationis canonical,
thethermaloperatorsobey thesame(anti-) commutatorsrelationsastheoperatorsatT

�
0.

According to the TFD formulation the hamiltonianof the total (duplicated)systemin con-
structedin orderto keepuntouchedtheoriginal dynamicsof thesuperstring.This operatorcanbe
written as �

H
�

H ! 	
H � (27)

in sucha way that
�
H playsthe rôle of the hamiltoniangeneratingthe temporaltranslationin the

thermalFock space.Usingthecommutationrelationswe canprove that theHeisenberg equations
aresatisfiedreplacingH and

	
H by

�
H.

The TFD approachwill be now usedto computethermodynamicalquantitiesby evaluating
operatorsfrom theoriginal systemin thethermalFock space.It wasappointedout by Polchinski
[14] that, in theone-stringsector, thetoruspathintegral computationof thefreeenergy coincides
with whatwewouldobtainby addingthecontributionsfrom differentstatesof thespectrumto the
freeenergy. In a recentwork [15] it wasshown how theclosedstringthermaltoruscanbeviewed
in TFD approach.

Thefreeenergy is obtainedfrom theknowledgeof thethermalenergy andentropy operators.
The energy operatoris suchthat the level matchingconditionmustbe implemented.In theTFD
approachit canbedoneby consideringtheshiftedhamiltonian:

Hs
�

H � 2πiλ
β

P� (28)
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whereH, the original hamiltonian,is definedat (4), λ is a lagrangemultiplier andP is given at
(6). Thedependenceof thethermalvacuumonthelagrangemultiplier comesfrom theBogoliubov
transformationparameters.This is achieveddefiningfirst thefreeenergy like potentialI �KJ ! 1

β L � (29)

with J 2 :
0 � θ 
M� Hs � 0 � θ 
9��� L 2 :

0 � θ 
<� K � 0 � θ 
9��� (30)

where
J

is relatedwith thermalenergy of the system,and L with its entropy obtainedfrom the
entropy operator, K, definedasfollows

K
�

KB � KF � (31)

wherethebosonicentropy operatoris givenby

KB � ! ∑
n% 1 N a†

n
) an ln D λ1nλ2n

Λ2
n

sinh2 � iΛn 
 E ! an
) a†

n ln D 1 � λ1nλ2n

Λ2
n

sinh2 � iΛn 
 EPO! ∑
n% 1 N ā†

n
) ān ln D λ̄1nλ̄2n

Λ̄2
n

sinh2
�
iΛ̄n

� E ! ān
) ā†

n ln D 1 � λ̄1nλ̄2n

Λ̄2
n

sinh2
�
iΛ̄n

� EPO �
andthefermioniconeby

KF � ! N S†
0
) S0 ln D γ10γ20

Γ2
0

sinh2 � iΓ0 
 E � S0
) S†

0 ln D 1 ! γ10γ20

Γ2
0

sinh2 � iΓ0 
 EQO! ∑
n% 1 N S†

n
) Sn ln D γ1nγ2n

Γ2
n

sinh2 � iΓn 
 E � Sn
) S†

n ln D 1 ! γ1nγ2n

Γ2
n

sinh2 � iΓn 
 EPO! ∑
n% 1 N S̄†

n
) S̄n ln D γ̄1n γ̄2n

Γ̄2
n

sinh2
�
iΓ̄n

� E � S̄n
) S̄†

n ln D 1 ! γ̄1n γ̄2n

Γ̄2
n

sinh2
�
iΓ̄n

� EPO $
Performingthe above expectationvaluesandminimizing the free energy like potentialwith

respectto theparametersit will bea minimumfor�VF
0 � 2 � γ10γ20

Γ2
0

sinh2 � iΓ0 
 � 1
2
��VF

n � 2 � γ1nγ2n

Γ2
n

sinh2 � iΓn 
 � 1

e
n R β

pS � i2πλ T � 1
�

� V̄F
n � 2 � γ̄1n γ̄2n

Γ̄2
n

sinh2
�
iΓ̄n

� � 1

e
n R β

pS 0 i2πλ T � 1
�

�VB
n � 2 � λ1nλ2n

Λ2
n

sinh2 � iΛn 
 � 1

e
n R β

pS � i2πλ T ! 1
�

� V̄B
n � 2 � λ̄1nλ̄2n

Λ̄2
n

sinh2
�
iΛ̄n

� � 1

e
n R β

pS 0 i2πλ T ! 1
$ (32)

Theaboveexpressionsmanifestthedependenceof thetransformationparameterswith thelagrange
multiplier λ, p� andβ, andfix thethermalvacuum � 26
 asthosethatreproducethetraceover the
transversesector.
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Replacingtheabove resultsin thefreeenergy like potential(29),onefinds,following [9, 10],

F
� ! ls

β U dp� U 1

0
dλ eβpS ln 28e0 β p2

2pS ∏
n%WV C 1 � e0 βωn

p S � iλkn

1 ! e0 βωn
p S � iλkn

F 8 $ (33)

This expressionis the TFD answerfor the type IIB Green-Schwarz superstringfreeenergy. The
above result is the sameof that obtainedby using other methodsas for examplethe statistical
mechanicsoperatorapproachand functional integration, when the world sheetis definedon a
torus.

Thefactor28 comesfrom thezeromodesof theentropy operator. In fact,it is thedegeneracy
of the groundstateand correspondsto the contribution of the 256 masslessstatesof the type
IIB superstringto the free energy. With this the TFD generalizationpresentedhereseemsto be
consistentat leastfor thesystemstudiedin thiswork.
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waspartiallysupportedby theCNPqGrant302019/2003-0,A. L. G. andD. L. N. aresupportedby
a FAPESPpost-docfellowship.
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