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ThermoField Dynamics(TFD) [1] is arealtime approacho dealwith systemsat finite tem-
perature lts basicelementsarethe doublingof degreesof freedomof the systemunderstudyand
a (thermal)Bogoliubor transformatiorfor entanglesucha duplicateddegrees.With the doubling,
oneobtainsan enlaged Hilbert spacecomposedy the original andan auxiliary spacejdentical
to the first andrelatedto the so calledtilde system. The enlaged Hilbert spaceis denotedby a
hatandis givenby # = #H ® H. Theoriginal andtilde systemsarerelatedby a mappingcalled
tilde conjugationrules. Theserulesarerelatedwith the Tomita-Takesakimodularoperatorof the
statisticalmechanicslgebraicapproacti2, 3].

ThethermalBogoliubor transformatioris obtainedusinga generatoin suchaway that,in a
finite volumelimit, thetransformations unitaryandpreseresthetilde conjugatiorrules. Thether
mal effectsarisefrom the vacuumcorrelationintroducedby the transformatiorover the enlaged
systemvacuum.

The constructiomabore outlinedwasthefirst onefor the TFD. However, onecanfind a setof
generatothat maintainsthe thermalnatureof the transformation.The setof generatorss shavn
to be a linear combinationof operatorghat forms an oscillator representatiof SUJ(1,1) group
for bosonsand U (2) for fermions[4, 5]. Thesesetsfor fermionic andbosonicsystemscanbe
constructedn two differentmanney providing two possiblegeneralizationsf the TFD approach.
In onecasehetilde conjugatiorrulesarepreseredbut thetransformationin afinite volumelimit,
is non-unitary This constructionwaslargely developedasone cansee,for examplein Ref. [4].
In the secondcasethe transformatioris unitary in afinite volumelimit, but thetilde conjugation
rulesarenot presered.

Theunitary casewasappliedto bosonicstringandD ,-branein Ref. [6]. In arecentpaper{7]
thegeneralunitary U (1,1) TFD formulationwasproposedor bosonicsystems Sucha formula-
tion consideratransformedomita-Takesakimodularoperatoroncethatit doesnotcommutewith
the generalgeneratorof the thermaltransformatior{8]. As a consequencehetilde conjugation
ruleswereredefinedjn thetransformedspaceandcalledbreve conjugatiorrules. Thegeneralized
U (1,1) thermalvacuumis invariantunderbreve conjugation.

The objective of this work is to extendsucha unitary TFD formulationto includefermionic
degreesof freedom,usingastamet systemthetype lIB Green-Schwarz superstring.Here,a TFD
constructiontaking into accountexplicitly the level-matchingconditionis applied[9, 10]. We
considerthelight-conecoordinatesX* = % (X9 +X0) andwe write theremainingd components
of the spinors(after Kappasymmetryfixing) as &, S, composinghe 8s representationf SO(8).
Thechiralrepresentatioof SO(8) gammamatricess used.

Thesolutionsof the equationof motionfor the systemcanbe expandedn stringmodes After
the quantizationwe choosethe oscillator descriptionof sucha modesin orderto dealwith the
standarccommutatiorandanti-commutatiomrelationsof the harmonicoscillator Theleft-maoving
bosonicandfermionicoscillatorsaredenotedby a),, al' and, St2. Theright-moving modeswill
be denotedby a “bar” over the operators.In generalthe vacuumof the fermionic zeromodesare
choserto be a setof statesdenotedby |1),|a), satisfying: 1) = v, |8) and|a) = yi,|1) [11].
In orderto applythe TFD algorithmit is necessaryo usea differentfermionic vacuumthanthe
usualone. Thevacuumis choserto beastate|0, p*) suchthat

s'|o,p*) =0,
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$[0,p") = S[0,p")=0, n>0,
a[0,p") =& |0,p")=0, n>0, (1)

with thefollowing definitionfor the fermionic zeromodescreation-annihilatio operators:

— _E_ i ta _
= 5(s+ig).  sh= ($-19). )
which satisfies
{s’v‘, s*b} iy {sa,sb} _ {s*a, s*b} —0. 3)
Thelight-coneHamiltonianis calculatedn a standardvay andit is written as
i _
p+H=% + 3 naan+a'an+ S+ S°S) - @)

n=1

The 32 supersymmetriearedivided in a setof 16 kinematicalsuperchayes, that belongto
8s of SO(8), and16 dynamicalsuperchages,thattransformthe fields of the samesupermultiplet
and belongto 8. of S0(8). The kinematicalanddynamicalsuperchayescanbe written asQt =
Qat |Qa anan Qat |Qa, respectrely, where

VP =S,
VPQa =R (YS),+ 3 [Vaun (&' VS +ays),] (5)

n=1
andQx canbe obtainedfrom Qx replacing‘bar” variablesby non-barvariablesandi by —i. It can
be seenthatthesesuperchageannihilatethe vacuum(1).

To constructthe physicalFock spacdt is necessaryo fix theresidualgaugesymmetrygener
atedby theworld sheetmomentunP. This gaugefixing improvesthelevel matchingconditionon
aphysicalstate|®):

P[®) = % n(NP+Nf — NP —Nf) [®) =0, (6)
n=1
wherethe NB, NF, arethe bosonsandfermionsnumberoperatorgor left-moving modesandthe
“bar” onesthe samefor theright-maving modes.

Let us nowv apply the TFD approachto constructthe thermal Fock spacefor the type 11B
superstring.We have first to duplicatethe degreesof freedom.To this endwe considera copy of
theoriginal Hilbert spacedenotedoy H. Thetilde Hilbert spacis built with the setof oscillators
operatorsay, S, a, an Sﬁ‘ Sh that have the same(anti-) commutationpropertiesof the original
onesandthe operatorof thetwo systemganti-) commuteamongthemseles.

We cannow constructhethermalsystem.Thisis achievedby implementingathermalBogoli-
ubov transformatiorin thetotal (enlaged)Hilbert space Thetransformatiorgeneratoconsidered
in our generalizations givenby

G=GP+GF, (7)

for

G®=Y (GR+GR), G'=GH+ 3 (Gh+Gh), 8)
n=1 n=1

032/ 3



Geneal Unitary TFD Formulationfor Supestrings A. L. Gadelha

where
GF = S-S 2SSty (81-5-5.9), 9
G = 3 [A,8h-a]—Aga0 8+ s, () an+80-41)] (10)
n=1
=3 [nIS s S (€s-59) (11)
n=1

with the A andy coeficientsgivenby

Aln = ei - iegrﬂ )\Zn = - La )\3n = egm
Yi, = ei - iegna Y2, = _YZT.na Y3, = egnv
le = 950 - iego’ y20 = _yj_o’ y30 = ego (12)

ThelabelsB andF specifyfermionsandbosonsthedotsrepresentheinnerproductsand®, 0 are
real parametersln the thermalequilibriumthey arerelatedto the Bose-EinsteirandFermi-Dirac
distributions of the oscillatorn aswe will see. The expression(10)-(12) are the samefor “bar”
sector but replacingoperatorandparameterdy “bar” ones.

The bosonicand fermionic transformedoperatorscan be obtainedas follows: Consideran
oscillatorlike operatorA, thatcanbe commutingor anti-commuting For this operatoronehave

i _ i _ i
() (2)on(a)
(AT(®) —oh6) ) = (AT —oA, ) By, (14)
wherethe matrix transformatioris givenby
Un V,
B, = (0\;‘; u:) . |un?=ojvn2=1, (15)
with o = 1 for bosonsandc = —1 for fermions.The matrix elementgor fermionsare
Uh=UF = cosh(ily) + %sinh(irn), Vo=V = —%sinh(irn), (16)
n n
andrl , is definedby thefollowing relation
o= —YiY2, +Y3,- (17)
For bosonsonehas
B . )\3n . . B )\]_n . .
up = Uy = cosh(iA,) + — sinh(iAy) , Vh =V, = —tsinh(iA,), (18)
/\n /\n
and/\, is definedby thefollowing relation
Na=Nhg, + 23, (19)

032/ 4



Geneal Unitary TFD Formulationfor Supestrings A. L. Gadelha

The expression(13)-(19) for the “bar” sectorcan be obtainedreplacingthe operatorsand
parameterby “bar” ones.Thenew conjugatiorrulesin thetransformedpacecalledbreve, canbe
presentedsfollows: considerary operatordA(6), B(0) in thetransformedspace Theseoperators
canbefermionicor bosonic.Associatedvith theseoperatoronehastheir breve counterparts\ (6),
B (6). Themapbetweerbothspacess givenby thefollowing breve conjugatiorrules

[A(0)B(8)] = A(6)B(8), (20)

[C1A () +c2B(B)] = [cIA(8) +C5B(8)] (21)
[AT(8)]" = AT(8), (22)

[A(6)]" = 0A(e), (23)
[10(6))]" = [0(8)), (24)

[(0(®)[]" = (0(8)], (25)

with ¢;, ¢; € C. Theexpressiong24) and(25) inform thatthe thermalvacuumobtainedfrom the
thermalBogoliubor transformatiorwith the generatopresentedt (7) andgivenby

0(8)) = &7 |0))

:( e

ocqoa

8 ,1TEA\8 v S_Vh &3
UEY (OE Y dfeta-faa-eg- 493
|_| ug) \UB e ) " ’ 00, (26)

is invariantunderbreve conjugationrules. The thermalFock spaceis constructedrom the above
vacuumby applyingthethermalcreationoperators As theBogoliubor transformations canonical,
thethermaloperatorobey the same(anti-) commutatorselationsasthe operatorsat T = 0.
Accordingto the TFD formulationthe hamiltonianof the total (duplicated)systemin con-
structedin orderto keepuntouchedhe original dynamicsof the superstring.This operatorcanbe
written as
H=H-H, (27)

in sucha way that H playsthe rdle of the hamiltoniangeneratinghe temporaltranslationin the
thermalFock space.Usingthe commutatiorrelationswe canprove thatthe Heisenbeg equations
aresatisfiedreplacingH andH by H.

The TFD approachwill be now usedto computethermodynamicafiuantitiesby evaluating
operatordrom the original systemin the thermalFock space.lt wasappointedout by Polchinski
[14] that,in the one-stringsectoy the toruspathintegral computationof the free enegy coincides
with whatwe would obtainby addingthe contritutionsfrom differentstatesof the spectrunto the
freeenegy. In arecentwork [15] it wasshavn how the closedstringthermaltoruscanbe viewed
in TFD approach.

Thefreeenegy is obtainedfrom the knowledgeof thethermalenegy andentrofy operators.
The enegy operatoris suchthatthe level matchingcondition mustbe implemented.In the TFD
approacht canbe doneby consideringhe shiftedhamiltonian:

2miA
b

Hs:H‘I‘T ) (28)
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whereH, the original hamiltonian,is definedat (4), A is a lagrangemultiplier andP is given at
(6). Thedependencef thethermalvacuumon thelagrangemultiplier comesrom the Bogoliubos
transformatiorparametersThisis achieved definingfirst the free enepy like potential

1

F=E-3

S, (29)

with
£=(0(8)|Hs|0(8)),  5=(0(8)[K[0(8)), (30)

where £ is relatedwith thermalenegy of the system,and.$ with its entropy obtainedfrom the
entrofy operatorK, definedasfollows

K =KB+KF, (31)

wherethebosonicentrofy operatolis givenby

KE=-7% {ai-anln (% sian(i/\n)> —an-ayln <1+ }‘1“22” sinh?(i/\n)>}
n=1 N AN

n

-3 {an‘r.gnm (%sinﬁ(iﬂn)) —an-a'ln (1+%sinl‘?(iﬂn)>},
n=1

n n

andthefermioniconeby

KF = —{%-S)In (%sinl‘?(i%)) +S-Sn (1— %sinl‘?(il’d)}

0 0
-3 {s{’g.&ln (%sinl’?(iﬁ)) +S-Shin (1—%3inl’?(irn)>}
n=1 n n
-5 {§.§1In (%sinl’?(iﬂ)) +S-SIn (1—%3inl’?(ir_n)>}-
n=1 n n

Performingthe abore expectationvaluesand minimizing the free enegy like potentialwith
respecto the parameterd will bea minimumfor

Y1oY2o i 12 i 1
|VOF|2 = r% Sth(WO) = 2
. . 1
T
: e\pr +1
i VY2 o 12 i 1
V|2 = ¥ iy (iTn) = ————~—,
r2 en(p%fizm) i1
1,72, 1
IVB|? = =252 sinkP (iAg) = : :
n % : en(p%+|2rr)\) 1
/B2 1n}\2n A 1
VP[P = =222 sinl? (iAn) = = (32)
n e \pf -1

Theabove expressionsnanifesthedependencef thetransformatiorparametersvith thelagrange
multiplier A, pt andp, andfix thethermalvacuum(26) asthosethatreproducehetraceover the
trans\ersesector
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Replacinghe above resultsin thefreeenengy like potential(29), onefinds, following [9, 10],
Bun 8
1 2 — =1 +iAkn
F :—'—S/dp+/ dA 8" n 28 Parr j ite w7
B 0 =

1 b
This expressionis the TFD answerfor thetype lIB Green-Schwarz superstringree enegy. The
above resultis the sameof that obtainedby using other methodsas for examplethe statistical
mechanicsoperatorapproachand functional integration, when the world sheetis definedon a
torus.

Thefactor28 comesfrom the zeromodesof theentrofy operator In fact, it is thedegenerag
of the groundstateand correspondgo the contritution of the 256 masslesstatesof the type
IIB superstringo the free enegy. With this the TFD generalizatiorpresentechereseemso be
consistenttleastfor the systemstudiedin this work.
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