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1. Introduction

The motivation to consider an extra U(1)’ symmetry in gauge theories comes from the super-
string approach [1], grand unified theories [2] and models of dynamical symmetry breaking [3].
In the context of supersymmetry (SUSY), the breaking of the extra U(1) symmetry is important to
give us an expectation value to the singlet field of the Standard Model [4-7]. In superstring inspired
models, the motivation for eletroweak and U(1)’ symmetry breakings can be driven by soft super-
symmetry breaking parameters and yield a Z’ mass of the order of the eletroweak scale [1]. The
other motivation for extra Abelian factor is to find potentials without flat directions. Flat directions
in scalar potentials appear in SUSY theories: Abelian theories where the gauge symmetry is broken
with a Fayet-Iliopoulos (FI) D-term [8]. Some consequences of the SUSY teories with a D-term
are cosmic string formation [9-15]; another consequence is the hybrid inflation [16]. In the first
case, there is the possibility that the cosmic string has not been formated in these U(1) models with
the flat directions [17]. For this, we propose other possibilities to build up a U(1) potential that,
with the specific choice of parameters in the F-term and considering the gauge-field mixing or a
Lorentz-breaking couplings [18], gives us a potential without flat-direction.

The importance of the Lorentz breaking effects was proposed, a few years ago, in the context
of a Maxwell-Chern-Simons (MCS) gauge theory, as an additional magnetic moment interaction
[19] for which Bogomol’nyi-type self-dual equations [20]. In the context of supersymmetry, it is
important in the N=2 supersymmetric extension of the self-duality model that relates the central
charge, the extended model with the existence of the topological quantum numbers [21] and also
appear naturaly in noncommutative framework [22].

In this work, we consider the general action that exhibits these two aspects, the gauge-field
mixing and the Maxwell-Chern-Simons effects in an N=1 supersymmetric theory. We study the
potential generated by these two contributions and analyse the advantages of the use each terms.

The letter is organized as folows. In Section 2, we discuss the generalized model with these
two contributions, the gauge-field mixing and Maxwell-Chern-Simons contribution. In Section 3,
we build up the potential and discuss its validity. Section 4 is devoted to the discussion of the
supersymmetry an gauge symmetry breakings in connection with a superconducting cosmic string
configuration.

2. The general supersymmetric model

In this section, we study the general N=1 supersymmetric version of theU(1)×U(1)′ model
with gauge mixing and Maxwell-Chern-Simons terms. For the whole set up of superspace and
superspace, the component-field version of theU(1)×U(1)′-gauge theory and the algebraic ma-
nipulations with the Grassmann-valued spinorial coordinates and fields, we refer to the conventions
adopted in the work of Ref. [23]. In our approach, we can split the Lagrangian into five pieces

L = LSF+LGFM +LMCS+LD +LF , (2.1)

whereLSF is the part of the Lagrangian that contains the scalar field couplings, given by

LSF = Φ̄ie
2qQiVxΦi |θθθ̄θ̄ + Σ̄ie

2qQiVyΣi|θθθ̄θ̄ , (2.2)
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TheLGFM contains the gauge-field mixing and is given by

LGFM = α1X αXα |θθ+α2Y αYα |θθ+α3X αYα |θθ+h.c. , (2.3)

the Maxwell-Chern-Simons sectorLMCS reads as

LMCS= β1X a(DaVx)S|θθ̄ +β2Y a(DaVy)S|θθ̄ +β3X a(DaVy)S|θθ̄ +h.c. , (2.4)

the Fayet-Iliopoullos term piece, the D-term, is

LD = k1D1 +k2D2, (2.5)

and the superpotential part,LF , is proposed as below

LF = mΦ+Φ− + m̃Σ+Σ−. (2.6)

The α’s, β’s, k1, k2, m andm̃ are real parameters of the model. The ingredient superfields of
the model are chiral scalars supermultiplets,Φ andΣ, the gauge superpotentials,Vx, Vy and the
dimensionless fieldS ; the latter carries the background fields responsible for the Lorentz symmetry
violation. Theθ-component expansions, whereVx andVy are already assumed to be in the Wess-
Zumino gauge, take the forms as below

Φ = e−iθσµθ̄∂µ[φ(x)+θaξa(x)+θθG(x)] , (2.7)

ΣI (x,θ) = σI (y)+
√

2θαχI α(y)+θθHI (y) , (2.8)

Vx = θσµ θ̄Hµ(x)+θθθ̄λ̄(x)+ θ̄θ̄θλ(x)+θθθ̄θ̄D1(x) , (2.9)

Vy = θσµ θ̄Aµ(x)+θθθ̄χ̄(x)+ θ̄θ̄θχ(x)+θθθ̄θ̄D2(x) , (2.10)

S = e−iθσµθ̄∂µ[S(x)+θaψa(x)+θθF(x)] , (2.11)

with the superfield-strengthsXa andYa written as

Xa = −1
4D̄2DaVx ,

Ya = −1
4D̄2DaVy .

(2.12)

Our conventions for the SUSY covariant derivatives are given as follows

Da = ∂a− iσµ
aȧθ̄ȧ∂µ ,

D̄ȧ = −∂ȧ+ iθaσµ
ȧa∂µ ,

(2.13)

where theσµ-matrices read asσµ ≡ (1;σi), theσi ’s being the Pauli matrices. As it can be readily
checked, this action is invariant under two independent sets of Abelian gauge transformations, with
superfield parametersΛ1 andΛ2

φ(x) → φ′(x) = φ(x)eiξ1(x) ,

σ(x) → σ′(x) = σ(x)eiξ2(x) ,

Hµ(x) → H ′
µ(x) = Hµ(x)−∂µξ1(x) ,

Aµ(x) → A′
µ(x) = Aµ(x)−∂µξ2(x) ,

(2.14)
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whereξ1 andξ2 are real parameters that appear as theθ-independent components ofΛ1 andΛ2,
respectively.

The Lagrangian takes now the form

L = LB +LF +LY −U . (2.15)

We shall from now on focus on the potentialU , since our main effort is to discuss the pattern of the
internal symmetry and SUSY breakdowns.

3. The general potential with Chern-Simons U(1)×U(1)′-mixing

In this first analysis, let us consider the main aspects of the potential for the general component
Lagrangian (2.6). The potential U is given by

U =
A1

2
D2

1 +
A2

2
D2

2+
A3

2
D1D2 +∑

I

F̄IFI +∑
i

ḠiGi , (3.1)

with A1 = α1 + 8β1(S+ S∗), A2 = α2 + 8β2(S+ S∗) andA3 = α3 + 8β3(S+ S∗). The solutions to
the auxiliary fields appearing in (3.1) are given below

D1 = 1
Γ

[
A3
4A2

∑I eEI |σI |2− 1
2 ∑i qQi |φi |2 + A3

4A2
k2−k1

]
,

D2 = 1
Γ

[
A3
4A1

∑i qQi|φi |2− 1
2 ∑I eEI |σI |2 + A3

4A1
k1−k2

]
,

Ḡi = − ∂W
∂φ̄i

= −mφi ,

F̄I = − ∂W
∂σ̄I

= −m̃σI ,

(3.2)

consideringA1 = 1, A2 = 1 andA3 = 2A, we haveΓ = 1−A2. The constant A depends on the
mixing parameters and the Lorentz breaking effects, it reads as

A = α +8β(S+S∗) . (3.3)

The Fayet-Illiopoulos D-term provides a possible way of spontaneously breaking SUSY [8].
The potential (3.1), in turn, can be split as follows

UCS= Uφ+Uσ +Uφ−σ, (3.4)

whereUφ is the self-coupling potential for the charged scalars,φ+ andφ−

Uφ = 1
Γ

[
q2

8 (|φ+|2−|φ−|2)2 +
(

βm2− qp
2 − Aqk

2

)
|φ+|2+

+
(

βm2 + qp
2 + Aqk

2

)
|φ−|2 + k2

2 + p2

2 +Apk
]

,
(3.5)

with k1 = −p andk2 = k. Uσ is the part that contains theσ-field self-interactions with ˜m= 0

Uσ = 1
Γ

[
e2

8 (|σ+|2−|σ−|2)2−
(

Aep
2 + ek

2

)
|σ+|2 +

(
Aep

2 + ek
2

)
|σ−|2

]
, (3.6)
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Figure 1: The potential of the superconducting cosmic string for some mixing paramenterA. The mixing
parameters are in agreement with the cosmic string particle generation presented in [11].

andUφ−σ is the mixedφ−σ self-interaction part, given by

Uφ−σ = −Aqe
4Γ

(
|φ+|2−|φ−|2

)(
|σ+|2−|σ−|2

)
. (3.7)

In the next section, let us analyse this potential in connection with the cosmic string configuration.
We also plot the region of validity of the potential. We analyse the symmetry and supersymmetry
breakdowns and discuss the induced supersymmetry breakings given by Lorentz breaking effects.

4. The application to cosmic strings

Now, we analyse the crucial issue of gauge symmetry and supersymmetry breakings, and the
consequent formation of a cosmic string configuration. The cosmic string that we have revised in
Ref. [11], is determined in connection of the scalar potentialUCS of the eq.(3.4). The minimum
energy configuration of a static vortex potential forUscs in (3.4) is < φ+ >= η , < φ− >= 0,

< σ+ >= 0 and< σ− >= 0 , where η2 = 2p
q v and v =

√
[1+ k2

p2 +2Ak
p ], with the constraint

given by

m2 =
qp
2Γ

(1+
Ak
p

−v) . (4.1)

036 / 5



P
o
S
(
W
C
2
0
0
4
)
0
3
6

On the Potentials of Supersymmetric Theories with Gauge-Field Mixing TermsCristine Nunes Ferreira

Figure 2: Plot of them2

η2 in function of the k
p to the 0≤ k

p ≤ 10−3.

To analyse the possibility that the parametersmandη give us a positive value, let us investigate
the plot of m2

η2 as a function ofkp, given in Fig (2). We see that there is a region where it is possible

to obtain a range of values for whichm2 andη2 are both positive.

Then, it is possible to find the stable potential to the cosmic string without flat directions.
The vacuum analysis of the potential gives us that it vanishes in its minimum. So, SUSY is not
spontaneously broken in the vacuum. The U(1) symmetry related with the vortex fieldφ+ is broken,
but the extraU(1)′ symmetry related with the fieldσ+ andσ− does not break and gives us an
eletromagnetic propagation. In the core of the string, this scenario changes:< φ+ >=< φ− >= 0

and< σ+ >=
√

2
e(Ap+k). Then, theU(1)′ breaking in the core gives us the bosonic particle

condensate in the core. The potential does not vanish in these extrema, then the SUSY is broken in
the core.

Until now, we have discussed only the spontaneous SUSY breaking. Now, let us explain
in more details how the SUSY breaking appears in connection with the Lorentz breaking. To
discuss this matter, let us recall that conventional Lorentz transformations are implemented as
coordinate changes, and we usually refer to them as observer Lorentz transformations. However,
we can also consider the so-called particle Lorentz transformations, which consist in applying
boosts or rotations on particles and localised fields, but never on the background fields, contrary to
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the observer Lorentz transformations, which act also on ackground fields.

Distinguishing between observer and particle Lorentz transformations is crucial for the kind
of model we are considering here, where the Chern-Simons term described in the Lagrangian of
eq.(2.4) is to be regarded as arising from a constant background field,Sµ = i∂µ(S−S∗), which is
to be seen as a global feature of the model, and is not related to localised experimental conditions,
contrary the electromagnetic field,Aµ, which is a perturbation that propagates in a space-time
dominated bySµ. We note that this part only exists ifShas an imaginary part.

So, in applying particle Lorentz transformations, the gauge invariant Chern-Simons term of
eq.(2.4) does not display Lorentz invariance, sinceSµ is not acted upon by anyΛ-matrix belonging
to Lorentz group, so that theΛ’s acting onF̃µν andAα do not combine to produce thedetΛ = 1-
factor that would appear ifSµ were boosted, as it happens for the class of observer Lorentz trans-
formations. In this particle frame, SUSY is broken. This detail shall be analysed in a forthcoming
work, where we analyse the case of an imaginary part ofSwereS. In this letter, we consider only
the real part ofS. If this is the case (ReS 6= 0, Im S= 0), then the only effect of the background is
to renomalise the gauge field kinetic term and the Lorentz-violation Maxwell-Chern-Simons does
not show up; in such a situation, no violation of Lorentz symmetry is detected.

5. General conclusions

In this work, we study a general supersymmetric action to present a potential without flat di-
rections. In our model, we study two aspects: a gauge-field mixing and the case with a Maxwell
Chern-Simons term. We can compare these two possibilities and we see that in the Maxwell-Chern-
Simons case, the potential has a minimum when the extra scalar field has a constant value. But, we
pay attention to the fact that we only analyse the real part of this field, since its complex part does
not contribute to the analysis of the breaking. Nevertheless, if we consider the complex part, we
have other consequences to the model,such as the possibility of Lorentz symmetry breaking. If we
analyse the Lagrangian (2.6) in components, we see that there appears a gauge-field mixing. A mo-
tivation to the study of these potentials is a cosmic string scenario. This approach is an alternative
to the cosmic stirng potential without flat directions. In forthcoming works, we must analyse the
potentials in connection with cosmic string, bosonic supercondutivity and Lorentz breaking effects
for supersymmetric cosmic strings.
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