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Superspactow-enegy effective actionsplay animportantrole in the studyof stringtheory
They provide importantpiecesof evidencefor the existenceof variousdual descriptionsof string
theoriesandpermitan off-shell descriptionof the supegravity selectedoy stringtheory Also, in
thepointof view of supegravity theoriesthestudyof stringcorrectiongo thesuperspacequations
of motionprovidesanew arenao developfuthersuperspactechniquesthatcanbeveryimportant
to the developmentof supersymmetritheorieq1].

Oneway to constructlow-enepgy effective actionsin string theory is looking for the low-
enegy equationsof motion. This is achieved by defining the sigma-modefor the string in a
curved backgroundandrequestingconformalinvariance2].

To derive the superspacequation®f motion of the N=2 supegravity theorythatcomesfrom
Typell superstringwe needto formulatethe sigma-modetirectly in termsof atametsuperspace
andwhich canbe quantizedcovariantly This is not the caseof sigmamodelsbuilt whith Green-
Schwarzor RNSformalism.An alternatve formalismfor superstringsvasdiscoreredby Berkovits
with local N=2 worldsheesuperconformahvariance.

This formalismis known ashybrid formalismandis relatedto the RNS formalismby afield-
redefinition[3]; it is especiallywell-suitedfor compactificationso four dimensionsywhereit allows
manifestly4D supefrPoincaréovariantquantizatior{3]. Thecouplingof thetheoryto background
fieldswasdiscussedh [4]. In [7], thelow-enegy effective equation®f motionof heteroticsuper
stringwerederived directly in superspacey meansof this formalism. It wasthefirst time thata
kind of betafunction calculationwasmadein acompletedD supersymmetrigvay.

In [5] Berkovits startedhe developmentbof anotherformalismbasedn purespinors;it allows
manifestlyl0D supefPoincarécovariantquantization.In ref [6] the purespinors formalismwas
usedto constructa sigmamodeldirectly in 10D curved superspacandby meansof a treelevel
analysisof this sigmamodel,the structureof 10D superspactypell supegravity wasderived. For
the4D casethehybrid formalismwasexploredin [8] andthe completesetof typell torsions con-
straintswasderived from the hybrid type Il sigmamodel. In addition,a field redefinitionenabled
to getinformationof thedilatonattreelevel. It wasshawvn thatthis informationis consistentvith
the compensatos'superspactypell equationsf motion.

In this paper a oneloop analysisof the Type Il hybrid sigmamodelis carriedout andthe
superspacequationsof motionfor Typell supegravity arederived. The methodspresentedere
area generalizatiorof the methodslevelopedfor the heteroticsuperstringn [7].

The coreof the hybrid formalismlies in the factthata critical N=1 string canbe formulated
asa critical N=2 string, without changingthe physicalcontent. This is achiered by twisting the
ghostsectorof the critical N=1 string . After performingthis embeddingfor the critical RNS
superstringa field redefinitionallows the resultingN=2 string to be mademanifestlyspacetime
supersymmetriéor compactificationgo four dimensions.In this case,the critical c = 6 matter
sectorsplitsinto ac = —3 four-dimensionapartanda c = 9 compactification-depelert part. The
actionfor this superstringcanbewrittenas: S= Sip + a’'St + S, wherethefirst termdescribes
the classicalfour dimensionalpart, the secondone is the Fradkin-Tsgtlin term which hasthe
dilaton couplingand & is the actionfor the compactification-depeiert ¢ = 9 theory This work
doesnot concernaboutthe fields that dependon compactificationsoit is enoughto concentrate
justin theN = (2,2) c = —3 sector The N=(2,2) superconformaturrentsaredefinedby the left
andright enegy-momentuntensors;T andT; theleft andright fermionicgeneratorsG,@,G and
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é; andtheU (1) x U (1) currents, andJ. They satisfythealgebra:

c/2 2T (w) 0T (w)

TATM = mw? =W

T<z)e<w):(%’zf<WW)>2 o), T(Z>G<W)=(%f_(ww))z R}

J@6w - S 3BW - 2

1w = L G(Z)G(W)=(Z_:%$V)3+é‘]_(:/’vv;2 T g

The anti-holomorphic(or right-moving) generatorsatisfy the samealgebrachanging(z w)
for (zw). In orderto write a closedstring actionin target curved spaceone needsthe vertex
operatorsfor the masslesdields. For the type Il superstringdescribedn the hybrid formalism
thereis no distinctionbetweerRamondandNeveu-Schvarz vertex operatorandboth sectorsare
component®f a superfieldJ [4]. Fromtheworldsheefpoint of view U is anN = (2,2) primary
field of conformalweightzeroandU (1) x U (1) chage zero.

TheN=(2,2) primaryfield conditionsandthe gaugeconditionsimply thatU is a prepotential
for anN=2 conformalsupegravity coupledto a hypertensorialmultiplet. The gaugefields of su-
pegravity sitin a Weyl multiplet with 24 bosonicand 24 fermionic off-shell componentswhile
the matterfields are describedoy a hypertensoriamultiplet with 8 bosonicand 8 fermionic off-
shell components.This prepotentialrepresentshe masslessompactification-indepeiant fields
of the Type Il superstringwithout the dilaton. The dilaton doesnhot coupleclassicallyin the ac-
tion; it is part of the compensatofields and not part of the hypertensoriamultiplet. To know
the preciseform of the off-shell N=2 Poincarésupegravity thatdescribeghe low-enegy effec-
tive actionfor Type Il superstringspneneedsto know the compensatorandthe completesetof
supegravity constraintsjn particularthe torsion constraintghat breakthe conformalinvariance.
In general,for N = 2 supegravity it is necessarywo compensator$o passfrom conformalto
Poincaré{10],[11]. Fromthe N = (2,2) worldsheetpoint of view the compensatorare selected
by the 2D supersymmetrpf the Fradkin-Tsgtlin term, that requiresthe following ones: target
chiral(anti-chiral)superfieldsp.(@,), thatarerelatedto a vectormultiplet, andtagettwisted-chiral
(anti-twisted-chiralsuperfieldsp. (@), thatarerelatedto a hypertensoriamultiplet.

In an N=2 4d curved background, the type Il superstringactionis written in termsof the
vielbeinEy”. In theN = (2,2) superconformafjaugethe actionis [4]:

S= %/dZZ[%naﬁa—f—d(}ﬁqu +dg T 4 dyno-
+ dgno + %ﬁAI'IBBAB—F daP*Pdy + daP*Pd; + daQPd) + 05 Q*Pdly
- %I(EPHE((PC—@C-I- cnc—ﬁc)) x (0p+i10 (@ — @+ Qe — @) + )
- L@ acr @) x (PHO(e- - acta)+a)|. @
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wherenA = aZMEyA andT” = 9ZMEyA. Thecoordinate®f theN=2targettangensuperspacare
ZA — (x,09+,0%-,09-,09+) and+ isan U (2)-index. P*® andQ“? arechiral andtwisted-chiral
field strengthof N=2 conformalsupegravity whoselowestcomponentarethe Typell Ramond-
Ramondfield strengths.The left andright-moving fermionicfieldsaredy, anddy *; p,p areleft-
moving (chiral) andright-moving (anti-chiral)bosons.Thefields a;, & aretheworldsheetJ (1) x
U (1) gaugefields (€° carriesU(1) chage). Defining@— @ = @ — @, + @ — @, the holomorphic
generatorsire:

17 1 .o _ 1 _ _
T= —éﬂaﬂa—daﬂ"‘*—daﬂ“w% [6(p+<p—<p)]2] —50% (@t et Rt @),
_ 1 1 .
J=0(-ip+o-9, G= exp(ip) d%dy — @ éPde] :
(~ip+o-9) e P (ip) dd (i\/z_a' q+(<n:+cnc)>
_ . 1 L _
G= exp(—ip)didy — 8 [ ———ePdo; . 3
ary/aa P (P) 4 e (im “(‘P°+‘“°)) ®)

The anti-holomorphiconesare obtainedfrom (3) by usinghattedvariablesandreplacingd by ad
and@. by @c. TheN = (2,2) algebraderivedin (1) for Typell superstringcoupledto flat super
spacemustbe satisfiedin the curved sigma-model.However, in curved spaceone no longerhas
worldsheeffields satisfyingfree OPE's and a perturbatie approacho checktheN = (2,2) alge-
brais necessaryAs usualin stringtheory a’ countsthe numberof loopsin the two-dimensional
guantumtheory but in the hybrid formalismthe kinetic termof the bosonsp andp doesnot have
anexplicit factorof & in front of, andthereforethe a’-perturbatiortheorydoesnot make sensdor
thesefields. This problemis solvedby makingthefield redefinition:p — p—i (@ — Q. + @c — @)
andp—p—i (¢ — @, — Gc+ @) After that,p andp obey thesamefreefield OPEsthatwe have
usedto derivethealgebraN=2in (1); for theotherfieldsperturbatiortheorywill beused.Although
thisfield redefinitionpermitsawell defineda’ perturbatiortheory thedependencef thefermionic
currentson p andp resultsin anew treelevel dependencef the generator®n ¢, and@.. Owing
to this dependencéhe sigmamodel(2) is only consistentt treelevel if the dilaton fields satisfy
thefollowing equationg8:

) Da((Pc_(_Pc+ (RC_(_Rc)Zoa
) Da((Pc—(_Pc— (ﬂc+(_Pcc)=O> (4)

DV((pC_(_pc"" q)ic_mc)

0
O (g — @ — @c+@c) =0

wherewasused: T® = (T%-,T%) and T% = (T%+,T%). Surprisingly theseequationsarethe
Typell compensatos' equationghataregoingto bederived herefrom oneloop analysis.In (4) it
wasusedthe covariantderivative in thetangentsuperspacdefinedas:

Oa = EaMan + 0ong, My, B + a5 WMy B+ aong V- My B~ g WMy, P+ TAY +TAY, (5)

wherew, I, arethe LorentzandU (1) x U (1) connectionsM are the Lorentz generatorsand
Y,Y theU (1) x U(1) generators.It mustbe obsered that thereare two independenspacetime
spinorsin the Typell sigma-modelsoonehastwo independentermionicstructuregroups.Thus,

Lactually, they carryindices+ and—, respectiely, whichis omitted.
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just like the two independentJ(1) connectionsone hastwo independensetsof irreduciblespin
connectionstag, P+, wag P~ andwag P, wag, P+. Thecovariantderivative satisfieghealgebra

[Oc,0a} = TeaB0s + RoaePMpE + FeaY + FeaY, (6)

where[} meansommutatior(anti-commutation)f andF arethesupelU (1) x U (1) field strengths
andT, R arethe supertorsiongndsupercuratures;lt wasshawvn in [8] thatthe N=(2,2) structure
of the hybrid formalism selectsa differentversionof the N=2 PoincaréSupegravities described
in [11]. For thetypell superstringhe SJ(2)/U (1) is fixed by the matter(hypermultiplet)and
the compensatorare dynamical(string gauge). Part of the hypermultipletthatis not fixed goes
to the supegravity multiplet which, afterimposingthe corventionalconstraintspresent832+ 32
off-shell degreesof freedom.At theendwe have anN = 2U (1) x U (1) Poincarésupegravity.

Next, we aregoingto analyse¢hesigmamodelatoneloop. Thestratgy isthesameasin [7]. A
typical beta-functiorcalculationdoesnot guaranteghefull N = (2,2) superconformainvariance.
Thelatterwould only follow from astandardgupersymmetribetafunctioncalculationif themodel
could be formulatedin N = (2,2) superspacen the worldsheetwhich doesnot seempossible.
So,we needto checktheN = (2,2) algebraby calculatingthe OPE's perturbatiely. At tree-level,
therearenodoublecontractionsandit is necessarjustto verify thepartof theN=(2,2)algebrahat
depend®n simplecontractions At oneloop onehasdoublecontractionsHowever, asthe part of
thegeneratorshatcomesfrom the Fradkin-Tsgtlin termhasalreadyana’ dependenceneneeds
just to evaluatetreelevel OPE's whenthesegeneratorsreinvolved. To performthe perturbatie
checkof the OPE’ (1) in a covariantway, we aregoingto usea backgroundcovariantexpansion
that preseresmanifestlyall the local symmetrief thetarget superspaceThetraditionalway to
achieze suchanexpansiornis to useatangentvectorthatrelateswo pointsin targetsuperspacdhe
classicafield andthequantunfluctuationsthenexpandall thetensorsn powersof thisvectorand
useRiemannnormalcoordinatego covariantizethe expansion[9]. EachtensorT of the actionis
expandedasfollows: AT = [y*0a, T], wherey” is thequantunflutuation. By applyingiteratively
the operatorA we geta power seriesin y* andclassicafields. For example:

A (MBOsY") = —YPMBY Reap” — w(A) YAMBY Fes — B(A) yA NPy Fee. ©)
HereMA is aclassicafield andw(A), @ (A) aretheU (1) x U (1) weightsof theindex A. Theonly
onesdifferentfrom zeroare:w(a4) = &(a) = 3,w(d_) = @A) = —3. For thefermionicfields
we choosethe expansion:dy = dy + Dy ( Dy beinga classicalfield) andthe samefor dy. Now,
we candescribethe kind of calculationwe intendto do. We needto expandthe actionup to order
threein the quantunmfieldsandtwo for the classicalffields. Thekinetic partof the expandedaction
providestheworldsheepropagatorsin momentunspacehey are:

I~a 1 o —ip
(Y)Y (1)) = a’ b6<p+l)@ (da (P)YP* (1)) —oeh3(p)
(G ) = aeha(p+n) 5. ®)

p beingthe comple conjugateof p. The otherpart of the actionprovidesthe vertices. By ex-
pandingthe generatorsisingthe samebackgroundcovariantexpansion the OPE's are calculated

037/5



Supespacelypell 4D Supegravity from Typell Supestring DanielNedel

contractingthe fields with the verticesin the action. By demandinghatthe N = (2,2) algebrais
satisfiedat oneloop, the equationf motionarederived for the backgroundields.

In orderto avoid the problemswith coordinatespaceegularizationsthe OPEs arecalculated
in momenturrspaceusingthefollowing dimensionategularization:

K2|™ i=2fa\ r2-—a—B+b+i—¢g)
Xi;<i>[r(2—2s—a—s+i+b)

+1—-0— Bkb+1 a—p =
v

/ e
(a+B—1—i+¢)
Frl+ep =
After thatwe go backto coordinatespaceby meansof aninverseFouriertransform.As we arecal-
culatingexpectationvaluesof consered currents all the divergencesare canceled.The checking
of all OPEs of theN = (2,2) algebrais atediousandhardwork. Let's put just someresults.For
the G(z) G(w) OPEthereis noinformationatoneloop. All thetermsareproportionalto the con-
straintsderivedin [8]. Also, we canshaw thatthereis noinformationcomingfrom the G (z) G (w)
OPE.For G(2) G(w) theresultis:

1 1 1 -
w2 W)~ g DRy, /Dy + D RgsP'Dy — SD°DYFa |1 (9)

M (1—e—PB+i)l.

(G(@G(w)) =

In this equatiorell thespinorshave index a; = a4 andaj = a_. Thefirsttermis theright termfor

this partof theN = (2, 2) algebra.The secondnecanberemovedby redefiningthe expansiorfor

DY. In generalthe anomalieghatresultin the equationsof motion comefrom anti-holomorphic
termsin theholomorphicOPE's andholomorphictermsin theanti-holomorphidOPE's. Theresult
abore shaws that thereis no information from fermionic currents. So, the equationsof motion

comefrom the OPE'sthatinvolve the enegy-momentuntensor Theresultfor T (z) G (w) is:

2—W 1 1 , ‘ —
(TAGWw) = ((Z_W)) [m (Rdmw +5Fay. + QRv+bdb— Tay, 5 P~ +2040y, (90— q’)) DY+
(R Biy1t R _ - B)\pv S
+ M (RBB v+ SR, 200y, (0—9) +iTgg,, )D L]+ 2w (10)

Herethedotsmeantermsthatarehigherderivativesof thefirst one. Now onehasanti-holomorphic
terms. Thesearethe anomaliesandprovide the equationsf motion. The holomorphictermis the

right termfor theN = (2,2) OPEsandwe got undesirablénolomorphictermsthatwerecancelled
redefiningthe enegy-momentuntensorby meansof contra-terms.Also it wasnecessaryo re-

definethe D expansion. The right expansionfor the D field is relatedto a shift symmetryin the

backgroundexpansionand may be interestingto shav that the selectedexpansioncomesfrom

Slavnov-Taylor identities. Theresultsfrom T (z) T (w) arenot presentedbecauset will take mary

pagesandall the informationaboutthe equationsof motion canbe readfrom (10). The derived

equationsre:

1 _
X B = B_ _or _
Rsg. o, + ZF&x + |T6[3,0(+ = —20:0a, (0— )

1 : -
“Ry,bd”— |TdY+[LB = 2040y, (9—9). (11)

1
RdB+V+B+ + EFdVJr + 2
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From Bianchiidentitieswe have (with constraintgdervedin [8]) :

B__>

% Bt 4 iTer
R5[5+a+++'T

B o (12)

Usingthefactthatthecombination:exp ((pC — @t Gc— (_p(c) hasunitaryU (1) chagewith respect
to generatoly, thefirst equationcanbewritten as:

Oa, g (@ — @+ ®c—@c) =0. (13)

Making the samemanipulationsn the otherequationonegets:

UaOp ((PC - 6c + Qc— ac) =0. (14)

The equationsabove area derivative of thefirst line in (4). The samederivative of the second
line is obtainedfrom TG OPE. Although the derivatives of an equationare a strongercondition
thantheequationitself, thereis no physicalmeaningo take thesestrongerconditionsinto account.
Sotheright equationof motionfor thetypell compensatorderived from thesigmamodelatone
loop arethe equationg4). Theseequationf motion describethe 16+16 degreesof freedomof
avectoranda hypertensoriamultiplet coupledto N=2 supegravity in thestringgauge.It will be
interestingto take into accountthe compactification-depelent vertex operators. This extension
is straightforvard andit will be possibleto seehow the compactificatiorwill modify the super
geometryandthe dynamics. The fact that thereare no anomaliesn the fermionic OPE's means
thatatraditionalbetafunctioncalculationcould provide the sameequation®f motion. Thereis no
physicalexplanationfor thisfact,butit will beinterestingo checkthispointin atwo loop analysis.
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