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Superspacelow-energy effective actionsplay an importantrole in thestudyof string theory.
They provide importantpiecesof evidencefor theexistenceof variousdualdescriptionsof string
theoriesandpermitanoff-shell descriptionof thesupergravity selectedby string theory. Also, in
thepointof view of supergravity theories,thestudyof stringcorrectionsto thesuperspaceequations
of motionprovidesanew arenato developfuthersuperspacetechniques,thatcanbevery important
to thedevelopmentof supersymmetrictheories[1].

One way to constructlow-energy effective actionsin string theory is looking for the low-
energy equationsof motion. This is achieved by defining the sigma-modelfor the string in a
curvedbackgroundandrequestingconformalinvariance[2].

To derive thesuperspaceequationsof motionof theN=2 supergravity theorythatcomesfrom
TypeII superstring,we needto formulatethesigma-modeldirectly in termsof a targetsuperspace
andwhich canbequantizedcovariantly. This is not thecaseof sigmamodelsbuilt whith Green-
Schwarzor RNSformalism.An alternative formalismfor superstringswasdiscoveredby Berkovits
with localN=2 worldsheetsuperconformalinvariance.

This formalismis known ashybrid formalismandis relatedto theRNSformalismby a field-
redefinition[3]; it isespeciallywell-suitedfor compactificationsto fourdimensions,whereit allows
manifestly4D super-Poincarécovariantquantization[3]. Thecouplingof thetheoryto background
fieldswasdiscussedin [4]. In [7], thelow-energy effective equationsof motionof heteroticsuper-
stringwerederiveddirectly in superspaceby meansof this formalism. It wasthefirst time thata
kind of betafunctioncalculationwasmadein acomplete4D supersymmetricway.

In [5] Berkovits startedthedevelopmentof anotherformalismbasedonpurespinors;it allows
manifestly10D super-Poincarécovariantquantization.In ref [6] thepurespinor’s formalismwas
usedto constructa sigmamodeldirectly in 10D curved superspaceandby meansof a treelevel
analysisof thissigmamodel,thestructureof 10D superspacetypeII supergravity wasderived.For
the4D case,thehybridformalismwasexploredin [8] andthecompletesetof typeII torsion’s con-
straintswasderivedfrom thehybrid typeII sigmamodel. In addition,a field redefinitionenabled
to get informationof thedilatonat treelevel. It wasshown thatthis informationis consistentwith
thecompensator’s superspacetypeII equationsof motion.

In this paper, a one loop analysisof the Type II hybrid sigmamodel is carriedout and the
superspaceequationsof motionfor TypeII supergravity arederived. Themethodspresentedhere
areageneralizationof themethodsdevelopedfor theheteroticsuperstringin [7].

Thecoreof thehybrid formalismlies in the fact thata critical N=1 stringcanbeformulated
asa critical N=2 string, without changingthe physicalcontent. This is achieved by twisting the
ghostsectorof the critical N=1 string . After performingthis embeddingfor the critical RNS
superstring,a field redefinitionallows the resultingN=2 string to be mademanifestlyspacetime
supersymmetricfor compactificationsto four dimensions.In this case,the critical c � 6 matter
sectorsplitsinto ac �	� 3 four-dimensionalpartandac � 9 compactification-dependent part.The
actionfor this superstringcanbewritten as: S � S4D 
 α � SFT 
 Sc, wherethefirst termdescribes
the classicalfour dimensionalpart, the secondone is the Fradkin-Tseytlin term which hasthe
dilatoncouplingandSc is theactionfor thecompactification-dependent c � 9 theory. This work
doesnot concernaboutthefields thatdependon compactification,so it is enoughto concentrate
just in theN �
� 2 � 2� c �
� 3 sector. TheN=(2,2) superconformalcurrentsaredefinedby the left
andright energy-momentumtensors,T and �T; theleft andright fermionicgenerators,G � G � �G and
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�G; andtheU � 1��� U � 1� currents,J and �J. They satisfythealgebra:

T � z� T � w��� c� 2� z � w� 4 
 2T � w�� z � w� 2 
 ∂T � w�� z � w� �
T � z� G � w��� 3

2G � w�� z � w� 2 
 ∂G � w�� z � w� � T � z� G � w��� 3
2G � w�� z � w� 2 
 ∂G � w�� z � w� �

J � z� G � w��� G � w�� z � w� � J � z� G � w��� G � w�� z � w� �
J � z� J � w��� c� 3� z � w� 2 � G � z� G � w��� 2

3c� z � w� 3 
 2J � w�� z � w� 2 
 2T � w� 
 ∂J � w�� z � w� � (1)

The anti-holomorphic(or right-moving) generatorssatisfythe samealgebrachanging � z� w�
for � z̄� w̄� . In order to write a closedstring action in target curved spaceone needsthe vertex
operatorsfor the masslessfields. For the type II superstringdescribedin the hybrid formalism
thereis no distinctionbetweenRamondandNeveu-Schwarzvertex operatorsandbothsectorsare
componentsof a superfieldU [4]. Fromtheworldsheetpoint of view U is anN ��� 2 � 2� primary
field of conformalweightzeroandU � 1��� U � 1� chargezero.

TheN=(2,2)primaryfield conditionsandthegaugeconditionsimply thatU is a prepotential
for anN=2 conformalsupergravity coupledto a hyper-tensorialmultiplet. Thegaugefieldsof su-
pergravity sit in a Weyl multiplet with 24 bosonicand24 fermionic off-shell components,while
the matterfields aredescribedby a hypertensorialmultiplet with 8 bosonicand8 fermionic off-
shell components.This prepotentialrepresentsthe masslesscompactification-independent fields
of theType II superstring,without thedilaton. The dilatondoesnot coupleclassicallyin theac-
tion; it is part of the compensatorfields andnot part of the hypertensorialmultiplet. To know
the preciseform of the off-shell N=2 Poincarèsupergravity that describesthe low-energy effec-
tive actionfor Type II superstrings,oneneedsto know thecompensatorsandthecompletesetof
supergravity constraints,in particularthe torsionconstraintsthatbreaktheconformalinvariance.
In general,for N � 2 supergravity it is necessarytwo compensatorsto passfrom conformalto
Poincaré[10],[11]. From the N ��� 2 � 2� worldsheetpoint of view the compensatorsareselected
by the 2D supersymmetryof the Fradkin-Tseytlin term, that requiresthe following ones: target
chiral(anti-chiral)superfieldsφc � φc � , thatarerelatedto avectormultiplet,andtargettwisted-chiral
(anti-twisted-chiral)superfieldsφtc � φtc � , thatarerelatedto ahypertensorialmultiplet.

In an N=2 4d curved background, the type II superstringaction is written in termsof the
vielbeinEM

A. In theN ��� 2 � 2� superconformalgaugetheactionis [4]:

S � 1
α � � d2z � 1

2
ΠaΠa 
 dαΠα � 
 dα̇Πα̇ � 
 �dαΠα �


 �dα̇Πα̇ � 
 1
2

ΠAΠBBAB 
 dαPαβd̂β 
 dα̇Pα̇β̇d̂β̇ 
 dαQαβ̇d̂β̇ 
 dα̇Q̄α̇βd̂β� α �
2 � ∂ρ 
 i∂ � φc � φc 
 φtc � φtc  "! �#� ∂ρ 
 i∂ � φc � φc 
 φtc � φtc  
 az � α �
2
� ∂�ρ 
 i∂ � φc � φc � φtc 
 φtc  " � � ∂�ρ 
 i∂ � φc � φc � φtc 
 φtc  
 �az!%$ � (2)
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whereΠA � ∂ZMEM
A andΠA � ∂ZMEM

A. Thecoordinatesof theN=2targettangentsuperspaceare
ZA & � xa � θα � � θα̇ � � θα � � θα̇ �  and ' is anSU � 2� -index. Pαβ̇ andQαβ̇ arechiral andtwisted-chiral
field strengthsof N=2 conformalsupergravity whoselowestcomponentsaretheTypeII Ramond-
Ramondfield strengths.The left andright-moving fermionicfieldsaredα andd̂α

1; ρ,ρ̂ areleft-
moving (chiral) andright-moving (anti-chiral)bosons.Thefieldsaz, âz̄ aretheworldsheetU � 1���
U � 1� gaugefields(eiρ carriesU(1) charge). Definingφ � φ � φc � φc 
 φtc � φtc, theholomorphic
generatorsare:

T � 1
α � � � 1

2
ΠaΠa � dαΠα � � dα̇Πα̇ � 
 α �

2 ( ∂ � ρ 
 φ � φ  *) 2 $ � 1
2

∂2 � φc 
 φc 
 φtc 
 φtc  �
J � ∂ � � iρ 
 φ � φ  � G � 1

iα �,+ 8α � exp � iρ � dαdα � ∂ - 1

i + 2α � eiρdα∇α � � φc 
 φtc �/.0�
G � 1

iα �,+ 8α � exp �1� iρ � dα̇dα̇ � ∂ - 1

i + 2α � e2 iρdα̇∇α̇ � � φc 
 φtc  . � (3)

The anti-holomorphiconesareobtainedfrom � 3� by usinghattedvariablesandreplacing∂ by ∂
andφc by φtc. TheN ��� 2 � 2� algebraderived in (1) for TypeII superstringcoupledto flat super-
spacemustbe satisfiedin the curved sigma-model.However, in curved spaceoneno longerhas
worldsheetfieldssatisfyingfreeOPE’s anda perturbative approachto checktheN ��� 2 � 2� alge-
bra is necessary. As usualin string theory, α � countsthenumberof loopsin thetwo-dimensional
quantumtheory, but in thehybrid formalismthekinetic termof thebosonsρ andρ̂ doesnot have
anexplicit factorof 1

α 3 in front of, andthereforetheα � -perturbationtheorydoesnotmakesensefor
thesefields.Thisproblemis solvedby makingthefield redefinition:ρ & ρ � i � φc � φc 
 φtc � φtc  
and �ρ & �ρ � i � φc � φc � φtc 
 φtc  . After that,ρ andρ̂ obey thesamefreefield OPE’sthatwehave
usedto derivethealgebraN=2 in (1); for theotherfieldsperturbationtheorywill beused.Although
thisfield redefinitionpermitsawell definedα � perturbationtheory, thedependenceof thefermionic
currentson ρ andρ̂ resultsin a new treelevel dependenceof thegeneratorson φc andφtc. Owing
to this dependencethesigmamodel � 2� is only consistentat treelevel if thedilatonfieldssatisfy
thefollowing equations[8]:

∇4γ � φc � φc 
 φtc � φtc  � 0 � ∇a � φc � φc 
 φtc � φtc  � 0 �
∇5γ � φc � φc � φtc 
 φtc  � 0 � ∇a � φc � φc � φtc 
 φtc  � 0 � (4)

wherewasused: T
5α � � T α̇ � � Tα �  andT

4α � � T α̇ � � Tα �  . Surprisingly, theseequationsare the
TypeII compensator’s equationsthataregoingto bederivedherefrom oneloopanalysis.In � 4� it
wasusedthecovariantderivative in thetangentsuperspacedefinedas:

∇A � EA
M∂M 
 ωAβ � γ � Mγ � β � 
 ωAβ̇ � γ̇Mγ̇ � β̇ � 
 ωAβ � γ � Mγ � β � 
 ωAβ̇ � γ̇ � Mγ̇ � β̇ � 
 ΓAY 
 �ΓA �Y � (5)

whereω � Γ � �Γ are the Lorentz andU � 1�6� U � 1� connections,M are the Lorentz generatorsand
Y �7�Y theU � 1�8� U � 1� generators.It mustbe observed that thereare two independentspacetime
spinorsin theTypeII sigma-model,soonehastwo independentfermionicstructuregroups.Thus,

1Actually, they carryindices 9 and : , respectively, which is omitted.
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just like the two independentU(1) connectionsonehastwo independentsetsof irreduciblespin
connections:ωAα � β � , ωAα̇ � β̇ � andωAα � β � , ωAα̇ � β̇ � .Thecovariantderivative satisfiesthealgebra;

∇C <∇A = � TCA
B∇B 
 RCAE

DMD
E 
 FCAY 
 �FCA �Y � (6)

where
; = meanscommutation(anti-commutation),F and �F arethesuperU � 1�>� U � 1� fieldstrengths

andT, R arethesupertorsionsandsupercurvatures;It wasshown in [8] that theN=(2,2)structure
of the hybrid formalismselectsa differentversionof the N=2 PoincaréSupergravities described
in [11]. For the type II superstringthe SU � 2�?� U � 1� is fixed by the matter(hypermultiplet)and
the compensatorsaredynamical(string gauge).Part of the hypermultipletthat is not fixed goes
to thesupergravity multiplet which, after imposingtheconventionalconstraints,presents32 
 32
off-shell degreesof freedom.At theendwehave anN � 2U � 1�@� U � 1� Poincarèsupergravity.

Next, wearegoingtoanalysethesigmamodelatoneloop. Thestrategy is thesameasin [7]. A
typical beta-functioncalculationdoesnotguaranteethefull N ��� 2 � 2� superconformalinvariance.
Thelatterwouldonly follow from astandardsupersymmetricbetafunctioncalculationif themodel
could be formulatedin N �A� 2 � 2� superspaceon the worldsheet,which doesnot seempossible.
So,we needto checktheN �B� 2 � 2� algebraby calculatingtheOPE’sperturbatively. At tree-level,
therearenodoublecontractionsandit is necessaryjust to verify thepartof theN=(2,2)algebrathat
dependson simplecontractions.At oneloop onehasdoublecontractions.However, asthepartof
thegeneratorsthatcomesfrom theFradkin-Tseytlin termhasalreadyanα � dependence,oneneeds
just to evaluatetreelevel OPE’s whenthesegeneratorsareinvolved. To performtheperturbative
checkof theOPE’s � 1� in a covariantway, we aregoingto usea backgroundcovariantexpansion
thatpreservesmanifestlyall thelocal symmetriesof thetargetsuperspace.Thetraditionalway to
achievesuchanexpansionis to useatangentvectorthatrelatestwo pointsin targetsuperspace,the
classicalfield andthequantumfluctuations,thenexpandall thetensorsin powersof thisvectorand
useRiemannnormalcoordinatesto covariantizetheexpansion[9]. EachtensorT of theactionis
expandedasfollows: ∆T � ( yA∇A � T ) , whereyA is thequantumflutuation.By applyingiteratively
theoperator∆ we getapower seriesin yA andclassicalfields.For example:

∆ � ΠB∇ByA  �C� YDΠByCRCBD
A � ω � A� yAΠByCFCB � �ω � A� yAΠByC �FCB � (7)

HereΠA is aclassicalfield andω � A� , �ω � A� aretheU � 1��� U � 1� weightsof theindex A. Theonly
onesdifferentfrom zeroare:ω � α DE�F� ω̂ � α D@�F� 1

2,ω � α̇ 2 �G� ω̂ � α̇ D��G�H� 1
2. For thefermionicfields

we choosetheexpansion:dα � dα 
 Dα ( Dα beinga classicalfield) andthesamefor d̂α. Now,
we candescribethekind of calculationwe intendto do. Weneedto expandtheactionup to order
threein thequantumfieldsandtwo for theclassicalfields.Thekineticpartof theexpandedaction
providestheworldsheetpropagators.In momentumspacethey are:I

ya � p� yb � l �KJL� α � ηabδ � p 
 l � 1M
p
M 2 I

dα � p� yβ D � l �*JN� α � δβ
αδ � p 
 l � � i pM

p
M 2I �dα � p� yβ 2 � l � J � α � δβ

αδ � p 
 l � � i pM
p
M 2 � (8)

p̄ beingthe complex conjugateof p. The otherpart of the actionprovides the vertices. By ex-
pandingthegeneratorsusingthesamebackgroundcovariantexpansion,theOPE’s arecalculated
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contractingthefieldswith theverticesin theaction. By demandingthat theN ��� 2 � 2� algebrais
satisfiedat oneloop, theequationsof motionarederivedfor thebackgroundfields.

In orderto avoid theproblemswith coordinatespaceregularizations,theOPE’sarecalculated
in momentumspaceusingthefollowing dimensionalregularization:�

dd p
papb;OM

P
M 2 P α ;OMP � K

M P β � kaD 1 2 α 2 βk
bD 12 α 2 β QQQQ K2

µ2
QQQQ 2 ε � i R a

∑
i R 0 S a

i T ; Γ � 2 � α � β 
 b 
 i � ε �
Γ � 2 � 2ε � α � β 
 i 
 b�� Γ � α 
 β � 1 � i 
 ε �

Γ � 1 
 ε � µ2 2ε Γ � 1 � ε � β 
 i � P �
After thatwegobackto coordinatespaceby meansof aninverseFouriertransform.As wearecal-
culatingexpectationvaluesof conservedcurrents,all thedivergencesarecanceled.Thechecking
of all OPE’s of theN ��� 2 � 2� algebrais a tediousandhardwork. Let’s put just someresults.For
theG � z� G � w� OPEthereis no informationat oneloop. All thetermsareproportionalto thecon-
straintsderivedin [8]. Also, we canshow thatthereis no informationcomingfrom theG � z� �G � w�
OPE.For G � z� G � w� theresultis:U

G � z� G � w�WVX� 1� z � w� ; 2T � w�>� 1
8α � � DαRβ̇α

β̇γ̇Dγ̇ 
 Dα̇Rβα̇
βγDγ � 1

2
DαDγ̇Fγ̇α $ P � (9)

In thisequationall thespinorshave index αi � α D andα̇ j � α̇ 2 . Thefirst termis theright termfor
thispartof theN �C� 2 � 2� algebra.Thesecondonecanberemovedby redefiningtheexpansionfor
Dα. In generaltheanomaliesthat result in theequationsof motioncomefrom anti-holomorphic
termsin theholomorphicOPE’sandholomorphictermsin theanti-holomorphicOPE’s. Theresult
above shows that thereis no information from fermionic currents. So, the equationsof motion
comefrom theOPE‘sthatinvolve theenergy-momentumtensor. Theresultfor T � z� G � w� is:Y

T � z� G � w�?Z�� � z � w�� z � w� 3 ;Πd - Rdβ � γ � β � 
 1
2

Fdγ �[
 1
2

Rγ � bd
b � iTdγ � β̇ � β̇ � 
 2∇d∇γ � � φ � φ  . Dγ �


 Π
4δ - R4δβ � γ � β � 
 1

2
F4δγ � 
 2∇4δ∇γ � � φ � φ  
 iT4δ4β < γ � 4β . Dγ � 
 �,�,� P 
 3G

2 � z � w� 2 � (10)

Herethedotsmeantermsthatarehigherderivativesof thefirst one.Now onehasanti-holomorphic
terms.Thesearetheanomaliesandprovide theequationsof motion. Theholomorphictermis the
right termfor theN �B� 2 � 2� OPE’sandwe gotundesirableholomorphictermsthatwerecancelled
redefiningthe energy-momentumtensorby meansof contra-terms.Also it wasnecessaryto re-
definethe D expansion.The right expansionfor theD field is relatedto a shift symmetryin the
backgroundexpansionand may be interestingto show that the selectedexpansioncomesfrom
Slavnov-Taylor identities.Theresultsfrom T � z� T � w� arenotpresentedbecauseit will take many
pagesandall the informationabouttheequationsof motion canbe readfrom � 10� . Thederived
equationsare:

R4δβ � α � β � 
 1
2

F4δα � 
 iT4δ4β < α � 4β �\� 2∇4δ∇α � � φ � φ  
Rdβ � γ � β � 
 1

2
Fdγ �[
 1

2
Rγ � bd

b � iTdγ � β̇ � β̇ � � 2∇d∇γ � � φ � φ  � (11)
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FromBianchiidentitieswe have (with constraintsderivedin [8]) :

R4δβ � α � β � 
 iT4δ4β < α � 4β �C� 5
2

F4δα � � (12)

Usingthefactthatthecombination:exp � φc � φc 
 φtc � φtc  hasunitaryU � 1� chargewith respect
to generatorY, thefirst equationcanbewrittenas:

∇α � ∇4δ � φc � φc 
 φtc � φtc  � 0 � (13)

Making thesamemanipulationsin theotherequationonegets:

∇α∇b � φc � φc 
 φtc � φtc  � 0 � (14)

Theequationsabove area derivative of thefirst line in � 4� .Thesamederivative of thesecond
line is obtainedfrom �T �G OPE.Although the derivativesof an equationarea strongercondition
thantheequationitself, thereis nophysicalmeaningto take thesestrongerconditionsinto account.
Sotheright equationsof motionfor thetypeII compensatorsderivedfrom thesigmamodelatone
loop aretheequations� 4� . Theseequationsof motiondescribethe16+16degreesof freedomof
a vectoranda hypertensorialmultiplet coupledto N=2 supergravity in thestringgauge.It will be
interestingto take into accountthe compactification-dependent vertex operators.This extension
is straightforward andit will be possibleto seehow the compactificationwill modify the super-
geometryandthe dynamics.The fact that thereareno anomaliesin the fermionic OPE’s means
thata traditionalbetafunctioncalculationcouldprovide thesameequationsof motion.Thereis no
physicalexplanationfor this fact,but it will beinterestingto checkthispoint in atwo loopanalysis.
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