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Large time convergence in Hamilton-Jacobi equations Jean-Michel Roquejoffre

1. Introduction

Consider the Cauchy Problem
U +H(x,Du) =0 in(0,+%)x R", (1.1)

u(x,0) =up(x) inR" (1.2)

Typically, H € C(R" x R") and up € W1 (R") are assumed to be periodic in x, while H(x, p) is
also assumed to be convex, smooth and coercive in p, i.e.

H(Xx,p) — 4o as|p| — +o uniformly w.r.t. x € R". (1.3)

As a consequence of these assumptions, the solutions are global in time, Lipschitz continuous and
periodic in x. See [J] for a very complete account of what can be expected.

The first step in the study of large time behaviour in (L.3-L.2) consists in solving a so-called
ergodic problem, namely a stationary Hamilton-Jacobi Equation of the type

H(x,D@) =A inR". (1.4)

where both the function @ and the constant A are unknown. The key result here is due to Lions-
Papanicolaou-Varadhan [RF] , and was intended to homogenisation: there exists a unique constant
A such that ([L.4) has a Lipschitz continous, periodic solution. It is worth remarking at this stage
that the actual interest of this result is to provide a bounded solution and this is where periodicity
plays a key role. This property breaks down when periodicity is dropped, and this becomes a major
difficulty. See for instance [[J] for homogenisation results in nonlinear random media.

The connection with large time behaviour is then as follows: one first proves that the solution

u of (L.1)-([L.2) satisfies

u(t,x : :
({) — —\ ast— 4o uniformly in R", (1.5)

then one may examine whether a property of the form
U(t,X) +At — Uo(X) ast — +oo, uniformly in R", (1.6)

where U, is a solution of (L.4), is true. It is worth pointing out that, if a property like ([.5) can
be obtained rather easily as a consequence of the standard maximum principle for ([L.1), the more
precise asymptotic behavior ([L.6) is, on the contrary, a far more difficult result ; in fact, the asymp-
totic behavior of solutions of ([L.Z)-([[.2) remained an open problem for a long time - all the more
as ({L.§) may not be true.

This might explain why large time behaviour received very little attention before the last 8 to
10 years. Namah and Roquejoffre [R6] were the first to break the difficulty under the following
additional assumptions

H(x,p) >H(x,0) inR"xR" and rT%xH(x,O) =0. (1.7)

This assumption, which can be slightly generalized by replacing H(x,0) by H(x,D$(x)) where
¢ : R"— R isa C!, Lipschitz continuous function, seems to be a bit restrictive. However, it
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covers several interesting cases - such as reversible hamiltonians: H(x, p) = H(x,—p) and, on the
other hand, does not require strict convexity assumptions on H in p.

An important general result is due to Fathi [[Lg], who proved ([..6) with dynamical systems
type arguments, and in particular giving to the Aubry-Mather set - roughly speaking, an attractor
for the geodesics associated to the representation formula of u- a central role. Contrarily to Namah
and Roquejoffre, Fathi uses strict convexity assumptions on H (and also far more regularity) but he
does not need (fL.7) and his proof can indeed handle cases where ([L.7) is not satisfied. In fact, (L.7)
can be interpreted as a case where the Mather set has a particular form. Fathi’s proof was revisited
by Roquejoffre, who managed to drop the use of the conservation of the Hamiltonian along the
geodesics. This allowed him to prove partial results in the 1D time dependent case [R9]. This result
was completed by Bernard [H], and a much simplified proof, relying on some ideas in [R9], was
issued in [fId].

A paper of Barles and Souganidis [[q]], which generalizes both Namah-Roquejoffre and Fathi’s
results and which can even handle some cases where H is not convex in p. The key assumption is
on the quantity Hp(x, p) - p— H(x, p) which, in some sense, measures the attractivity of the Mather
set. A dynamical systems approach is given for less smooth hamiltonians - essentially keeping only
the strict convexity - in an interesting preprint of Davini and Siconolfi [[4].

Although the question can be considered as settled in the time independent, space periodic
case, important open problems remain, especially when the hamiltonian H is allowed to depend on
time, for instance in a periodic fashion. We will also see that ([L.)) is not be true in certain cases.
The paper is organised as follows: first, we shall give the main lines of a proof for ([L.6) in the
periodic, strictly convex case; this will be the object of Section 2. Then we will examine where the
proof breaks down, and give an account of some cases when it can be mended, and some cases hen
the result is simply not true: to this end we will examine the time-periodic and non strictly convex
cases in Section 3, and the non spatially periodic case in Section 4.

Acknowledgement. This paper is based on a talk that | was invited to give at the INDAM
conference *Control and Numerics’, held by Profs. Cannarsa, Capuzzo-Dolcetta, Garavello and
Piccoli. It is my pleasure to thank them for this very interesting meeting, and for their hospitality.

2. Convergencein the smooth, spatially periodic, strictly convex case

Let T" be the n-dimensional unit torus. The main result of this section is the following.

Theorem 1. ([[L8],[R91.[[]) Assume the hamiltonian H (x, p) to be smooth, 1-periodic in X, super-
linear and strictly convex in p - uniformly with respect to x. Let ug(x) be a continuous, 1-periodic
Cauchy datum. Then there is a solution @(x) of (fL.4) such that the solution u(t,x) of (L.I-[.2)
satisfies

lim (u(t,x) —¢@) =0.

t—+4o0

The general scheme is as follows: first, one identifies a uniqueness set for ([.4), i.e. a closed subset
of T", called a1, such that, if A is the only constant for which (@) has solutions, then the Dirichlet
problem

H(x,Du) =0 in T™\%y, uimposed on 2/ (2.1)
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has at most one solution. It is the main contribution of Fathi [[L7], [[§] to have identified such a
class of sets - Aubry-Mather sets. Once this is done, the main task is to prove that the solution of the
Cauchy Problem converges, on 94, to a solution of (f..4). We then conclude by a Barles-Perthame
type argument.

From now on the constant A in (fL.4) will be, without loss of generality, set to 0.

2.1 General properties of viscosity solutions

We recall in this section some well understood properties of viscosity solutions without proof,
see [24], [A], or [L7]. Let us denote 7 (t) : C(T", R) — C(T", R) the mapping which associates to
each function ug € C(T", R) the function u(t,.), where u(t,x) € C([0,4+[xT", R) is the viscosity
solution of (B.J) such that u(0,.) = uo.

We have the semigroup property

Tt —t)T(t) =7 (t)
for 0 <t <t’. Moreover the mappings 7 (t) are contractions,
HT (t)u -7 (t)VHoo S HU _VHoo'

Finally, the mappings 7 (t) are compact. More precisely, given a bounded set B C C(T", R),
there exists a positive nondecreasing function K(€) :]0, o[—]0, o[ such that 7 (t)u is K(g)-Lipschitz
forallu e Bandallt >s+e¢. See [P4]

The mappings 7 (t) are nondecreasing and satisfy 7 (t)(u+c) = c+ 7 (t)(u) for all real c.

2.2 Lax-Oleinik formula, calibrated curves and Aubry-Mather set

In this section, we recall some consequences of the "explicit" Lax-Oleinik formula, culminat-
ing with the construction of the Aubry-Mather set as a uniqueness set for ([L.4). Almost no proofs
will be given here; we refer to [[L7],[[L8],[R9] for the proofs.

The Lax-Oleinik formula is

7 (Quo = igf(uo<y<0>> + [y do) (22)

where the infimum is taken on the set of piecewise C* curves with values in T", such that y(t) = x.
In the above, the Lagrangian L(x,V) is defined as the Legendre transform of H:

L(x,v) = max <p.v —H(x, p)) .

peiR

It is a classical result from the calculus of variations that, under our assumptions, the infimum in
is reached by C? curves. The Lipschitz constant of these curves only depends on L.

Let u: [0,+c[xT" — R be a viscosity solution of (L.I). A curve y: [0,+oo[D [t,t'] — T"
is said calibrated by u on the interval (t,t’) if

Ut ¥(t)) = utvD) + | L) do.
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From [[L7], if y: [t,t'] — T" is calibrated by u, then uy exists at each point (s,y(s)),s € [t,t'[ and
satisfies
Ux(s, Y(s)) = Lu(Y(s), Y(5)) <= ¥(s) = Hp(¥(), Ux(s, ¥(8))-

More precisely, there exists a positive nondecreasing function K(g) :]0,00[—]0, o[ such that any

minimizing curve y: [t,t +¢&] — T" satisfies ||(Y,¥)|l» < K(€).
Such a result was already lurking in [2§], but was not made that systematic.

Let us now consider a solution @(x) of (.4). The Lax-Oleinik formula applies to ¢, and a
classical compactness argument gives the existence of curves y: R — T" which are calibrated by
@ on all compact interval.

It is a consequence of [[L7], or Mather’s shortening lemma, see [BJ] that two such curves
cannnot intersect. More precisely if y; and y» : R — T" are calibrated by @, and if there exists a
t such that y1 (t) = y2(t), then y; = y». It interested to see that some forms of this non-intersection
propery holds for higher dimensional objects, such as hypersurfaces; see a spectacular example in
Caffarelli-de la Llave [[L].

Let Dy, C T" be the set of points y(0), where y: R — T" is calibrated by ¢ on the whole
interval (—oo, 4-00). This is a nonempty compact set. For each t, we define the mapping Sﬁp D —
T" which associates to each x € D, the value y(t), where y: R — T" is the unique calibrated
curve satisfying y(0) = x. It is a bi-Lipschitz homeomorphism onto its image. Let us note 4/ its
global attractor: this is the closure in T" the set of points x € D¢ which are the limit of a sequence
S%(y) with y € D¢ and (t)x an indefinitely increasing sequence. The set a4, is non-empty and
compact. We call a7 the union, in R x T", of the graphs of curves Sﬁp(x),x € M.

Al the objects constructed so far: the sets D and 944, as well as the mapping St, depend on
the steady solution @ that was chosen in the beginning. Let us therefore define the sets

Apg = ﬂi)(p, Mo = m@(p,
9 ®
where the intersection is taken on the set of steady solutions. This last set is usually called the
Aubry-Mather set. We will see in the next paragraph that a1 is non void, and will play the unique-
ness role that we expect.
Example. Assume that the hamiltonian H(x, p) has the form |p|2 — f(x), where f is a smooth,
nonnegative function. Then a7 is exactly the zero set Z of f: indeed, we have

1
L v) = Z V4 £ (0).
It is then easily seen from the Lax-Oleinik formula that a curve y, calibrated by ¢on R, should have

lim f(y(t))=0:

t—+o0

if not, then we have - taking into account that |y| is bounded: tEr_an(t)(p(y(O)) = 400, Hence
Mo C Z. Conversely, if xo € Z, we have Sﬁp(xo) = Xo.

One may prove directly, by a trivial adaptation of the uniqueness proof in [B], that a/¢ is a
uniqueness set in this case. A complete study of the equation |Du|? — f(x) = 0 in a bounded open
subset of R" - the study in T" is completely equivalent - is presented in [P4].
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2.3 The Aubry-Mather set isa uniqueness set; convergence

The following remark, made in [R9], is the key point to the convergence proof:

Lemmal. Letu(t,x):[s,o[xT" — R be a viscosity solution of ([L.1), let ¢(x) be a steady solu-
tion. Let x € Dg. Then the function t — u(t, S,(x)) — @(Sy,(x)) is non-increasing.

The w-limit set of up with respect to the semigroup 7 is then classically defined as
W(Uo) ={WeC(T") 1 3(tn)n — Foor liM |7 (tn) — Y]l = 0}.

From Section 2.1, w(up) is a nonvoid compact, connected subset of C(T").
The important consequence of Lemma [l is also proved in [R9]:

Corollary 1. Let g be in w(uo), and choose x € 4/4. Then the functiont € R — 7 (t)qJ(SEP(x)) -
@(S},(x)) is constant.

It follows that the curve Sﬁp(x) is calibrated by 7 (t). But notice that this fact has nothing to
do with the particular choice of ug: it just follows from the fact that 7 (t)y is a time-global solution
of (L.7). The consequence is then the following, originally due to Fathi [[L7]:

Theorem 2. a1y is a unigueness set.

With the aid of Corollary fI}, the proof is easy: let indeed ¢ and @, be two steady solutions of ([L.1));
assume that @ = @ on #. Take x € T" and consider

y € oy, (x), z€ g (y);

the subscript S, indicating that we are taking w-limit sets with respect to the dynamics of Szpl.
Corollary fll implies that, if y(t) = Sﬁpl(y), then vy is also calibrated by ¢,. Lemma [l implies that
@1(Y) < @(y), and the same argument with, this time, SEPZ implies @(y) < @u(y). Hence the theo-
rem.

Coming back to our w-limit solution u(t,.) := 7 (t)y, we deduce that u, 7 (t)¢ and @ are
differentiable on 24,. Consider (t,x) € R x #; a Taylor expansion of the equation

S0t =0
at order 2 in u — @, together with the strict convexity of H, yields the
Coroallary 2. For (t,x) € R x #o we have

o (u—9)(t,%) = D(u—@)(t.x) =0.
This implies the convergence of 7 (t)ug on a1p.

Once convergence on M is secured, the convergence of the semigroup everywhere is granted
by (by now) classical viscosity solutions arguments.
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Proposition 1. The function
QX) = Itiminffr(t)uo(x)

— 400

is a steady viscosity solution of (fL.1)).

It is a steady super-solution by the Barles-Perthame lemma [f]]. That it is a sub-solution results
from simple operations on the Lax-Oleinik formula. Also, because of the convergence of 7 (t)ug
on 9, it coincides with any element Y of w(ug) on a4. This is therefore the perfect candidate for
convergence. To prove that it is indeed the goal of our quest, we need the last

Proposition 2. Letu(t,x) : R x T" — R be a global and bounded viscosity solution of (B.T)) such
that u = @on a7y, thenu=@on T".

The proof of this result is a simple extension of Theorem P, and concludes the proof of Theo-
rem fl.

Particular cases. 1. Let us come back to the hamiltonian H(x, p) = |p|? — f(x), where f is non-
negative with nontrivial zero set - that we have already identified with 47. Here the convergence
on My is not difficult to prove: for every x € a4y, the function t — 7 (t)ug is nonincreasing. The
convergence proof of 7 (t)ug to a steady solution may then proceed by a Kruzhkov transform; see
[R6]. The idea of using the Kruzhkov transform - in a rather elaborate way - is also the basis of the
purely PDE proof of Barles and Souganidis [g].

2. The case n = 1. Here the dynamics of the extremals is known: they either converge to
critical points of the hamiltonian, or cover the whole circle. In the latter case, the steady solutions
are smooth. This fact was noted in [B{], which may be considered as an embryo of the proof of
Theorem [l
Remark. A striking fact of Theorem [l is that its proof does not necessitate any knowledge of the
dynamics of the Lagrangian semigroup St, which might be extremely complicated. Unfortunately,
this situation is not going to prevail in the non-strictly convex, or time-dependent case. The only
examples - to this date - where one can say something about the large time dynamics of ([L.1)) are -
except the strictly convex, autonomous case - the ones where a good knowledge of the underlying
Lagrangian dynamics is available.

3. When convergence breaks down

In this section we review two - very similar, as a matter of fact - cases where relatively complete
information on the large-time dynamics of (L)) is known: time-dependent Hamiltonians on the
circle, and eikonal equations in the plane.

3.1 Time-periodic hamiltonians
This time, (L.T]) becomes
ur+H(t,x,ux) =0, xeT (3.1)

where T := T1 is the unit circle. The Hamiltonian H(t,x,p) : R x T x R+ R is C?, 1-periodic
in t, strictly convex in p, super-linear, and satisfies the following completeness assumption: the
Hamiltonian vector-field

X(t,X, p) = (Hp(tvxv p)7 _HX(taXa p))
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is complete, i.e. for all (to,Xo.po), there exists a C? curve y(t) = (x(t),p(t)) : R — T x R such
that (x(to), p(to)) = (X0, Po) and y(t) = X (t,y(t)) for all t € R. Note that this hypothesis is satisfied
if there exists a constant C such that |H;| < C(1+H).

Once again, the Cauchy Problem for (B.1) is well posed in the viscosity sense: given a time
s € R and a continuous function up : T — R, equation (B.1)) has a unique viscosity solution u(t,x) :
[s,+0o[xT — R, such that u(s,.) = up. It will be denoted by 7 (s,t)ug. Also - and this is not
specific to the one-dimensional setting, there exists, as in the autonomous setting, a real number A
such that u(t,x) — At is bounded for all viscosity solution u : [s, +-o[xT — R of (B.1)). Once again
we may assume, without loss of generality, that A = 0.

The main result that we are going to comment on in this section is the following.

Theorem 3. ([R9]1, [B], [[Ld]) Let u(t,x) : [s,+oo[xT — R be a viscosity solution of (B.1). There
exist an integer T and a T-periodic in t viscosity solution: ¢(t,x) such that

lim |u(t,.) —@(t,.)]|, =0.

t—o

Remarks. 1. Strictly speaking, convergence here does not break down, since we still recover some
asymptotic time-periodicity. What breaks down anyway is the convergence to 1-periodic solutions
in time: there are indeed viscosity solutions of equations of the form (B.T) which do not converge to
1-periodic solutions, see [B] and [Rd]. More precisely, one can build solutions which are periodic
in time, but of minimal period greater than one.

2. The case n > 1 is essentially open.

Let us denote 7 (s,t) : C(T,R) — C(T, R) the mapping which associates to each function
Up € C(T,R) the function u(t,.), where u(t,x) € C([s,+[x T, R) is the viscosity solution of (B.T)
such that u(s,.) = up.

We have the Markov property

T (t,t)7 (s,t) = 7 (s,t)

for s <t <t’, hence the mappings 7 (0,n) = 7(0,1)", n € IN form a discrete semi-group. We
will note 7 for 7 (0,1) for simplicity. All the properties listed in Sections 2.1 are true, as well as
the regularity results emanating from the Lax-Oleinik formula - which is of course also true here.
Things begin to change when we look at the calibrated curves: one may not define a continuous
dynamical system with them, only a discrete one. This rather innocent looking change causes a lot
of trouble in Section 2.3.

More precisely, let @(t,x) be a 1-periodic solution of (B.2). Mather’s shortening lemma still
implies that that two curves calibrated by ¢ cannnot intersect. Let

DYCRxT

be the union of the graphs of these curves, and @g’ C T be the set of points y(0), wherey: R — T
is calibrated. This is a nonempty compact set. For each t, we define the mapping S': » — T
which associates to each x € D, the value y(t), where y: R — T is the unique calibrated curve
satisfying y(0) = x. It is a bi-Lipschitz homeomorphism onto its image.
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Clearly, St is a homeomorphism of Dg. Call it S® - to emphasise its dependence on @. Let
us note s/, its w-limit. This is the closure in T the set of points x € ©¢ which are the limit of
a sequence (S®)™(y) with y € Do and ny an increasing sequence of integers. The set a¢,’ is non-
empty and compact. As in the preceding section, the objects constructed in this section depend on
the periodic solution @ that was chosen in the beginning.

Now, what is left from Section 2 are Lemma I, Corollary il and Corollary B Suffice it to say
that their non-autonomous analogues hold; we are not going to re-state them here. Consequently,
if P is another 1-periodic viscosity solution, Lemma [l implies that the orbits of a7, are calibrated
by @. It follows that the sets

a=()De, Mo=()Me
® @
are not empty, where the intersection is taken on the set of 1-periodic viscosity solutions.
Let us denote by 7 the map 7 (0,1). As in Section 2 we have the

Theorem 4. a4y is a uniqueness set in the following sense: the Dirichlet problem with unknown ¢:
Te=@ on T\Mp, @imposed on M
has at most one solution.

The problem is that, as opposed to Section 2, we do not have 7 (0,t)ao = 2, for t € [0,1]
- otherwise the question would be now settled. However, we may take advantage of the low di-
mension, and make use of Poincaré theory of homeomorphisms of the circle, see [R2] for example.
Recall that the map S is a homeomorphism of the closed set 41; hence it has a well defined rotation
number p € R. Recall that this rotation number can be defined by lifting 2/ to the universal cover
R of T, as well as the map S into a map S. We set

for any x € a1¢. This number does not depend on the chosen point x, hence it only depends on the
hamiltonian H.

Now, the proof of Theorem B goes as follows. Let u(t,x) be an w-limit viscosity solution, and
set
@(t,x) = liminfu(t +n,x)

N—--o00
It all amouts to proving that u = @ in the two cases p = 0 and p irrational. Also, it is enough to
prove equality on #/g.

Case 1. p=0. In this case, # is a union of fixed points of S, and Lemma [l finishes the proof.
Notice that the case p rational # 0 follows immediately: if p = g with p A g =1 the change of

variable X — x — Et brings us back to a g-time peridodic Hamiltonian whose global minimizing

curves have zero rotation number.

Case 2. p is irrational. This time one has to use Corollary [, in conjunction with the fact that there
is a dense orbit of S in 47¢. This last fact implies the uniqueness - up to the addition of constants -
of 1-periodic solutions; see [[[3], where this seems to have been first noticed.
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3.2 Eikonal equations

In the preceding section, we still had convergence respecting the structure and periodicity of
the hamiltonian, but this is because strict convexity was still there. We are going to see in this
section that the absence of strict convexity can have dramatic effets, and an instance is not to be
sought for very far: consider the equation

U +Jux+1| =1, u(0,x)=sinx.

Itis readily seen that the solution is u(t,x) = sin(x—t), which has no chance to converge to anything
steady. This beautiful example is due to Barles and Souganidis [[7].

We want here to discuss some 2D generalisations, and explain why - at least in the 2D case
- we may end up with time-periodic solutions. Our motivation here is the large time behaviour of
2D fronts propagating under eikonal equations, namely

V= R(X)v (32)

where Vj, is the normal speed of the front at the point X and R : RN — R is a smooth, ZN-periodic
function which is controlled from below by a positive constant. The underlying physics is a model
of solid combustion in heterogeneous media where the flame front is assumed to propagate in RN
with a periodic, space dependent normal velocity. Although extremely simple, this phenomeno-
logical model gives useful information, due to the lack of a definite burning rate theory in solid
combustion. This type of models was already proposed by Landau in the 40’s, in particular a
simpler example when R is a constant: a weak formulation to study the simple Landau model was
proposed in Barles [B]; it was based on the idea that the moving front can be identified as the 0-level
set of the unique viscosity solution of an eikonal equation. This idea was first used for numerical
computations by Osher and Sethian [R7]] who extended it to more general normal velocities (in
particular curvature dependent ones). The theoretical basis of the so-called “level set approach”
was set by Evans and Spruck [[L6], Chen, Giga and Goto [fL3].
In our case, the level set approach for (B.2) consists in solving the eikonal equation

U +R(X)[Du[=0 in (0,4)x RN, (3.3)

the flame front at time t, denoted by I';, being identified as the O-level set of u(t, ).

Equation (B.3) generates a nonlinear semigroup denoted by 7 (t), and the solution of the
Cauchy problem for (B.3) is given by the following (completely degenerate, in view of the Lax-
Oleinik formula) explicit formula:

t,x)= _ inf 0,y(0 3.4
M0 = o g OO 44

where y is taken among all piecewise C* curves.
Now, consider a vector p € Z2; in order to model a motion whose general direction of propa-
gation is the vector p, we impose an initial data ug to (B.3) which is of the form

Uo(X) = p-X+Vo(X)
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where vp is a bounded, continuous, ZZ2-periodic function. The corresponding solution u(t,x) of
(B.3) has then the form

U(t,X) =pX— H_(p)t —l—V(t,X),
where H (p) is the constant A of Section 2. The function v is Z2-periodic in x and solves
H(p) in(0,e) x R?
vo(x) inR?.

Vi + R(X)|Dv + p|

o0 (3.5)

Once again, Equation (B.5) generates a nonlinear, weakly contracting semigroup that is still denoted
by T (t), in the space of Z? periodic functions. Notice that (B.4) does not give any compactness, but
an initially Lipschitz solution will remain uniformly Lipschitz - this is easily seen by first bounding
W, then Du. Hence we may take w-limit sets in C(T?). Choose a steady Z?-periodic solution
o (B.5); we may trap vo between @—C and @+ C, where C > 0 is a large enough constant: the
maximum principle implies

vt >0, @Xx)—C <v(t,x) <@x)+C.

This last inequality already gives a nontrivial information, i.e: the asymptotic velocity of the front

is H(p); notice that it is valid in any space dimension. More specific to space dimension 2 is the

Theorem 5. ([B]) There exists T (p) > 0 such that, for every vo € Cper, there is a function ve(t,X),
which is T (p) periodic in time, and such that

tEToo ”T (t)VO — Voo(t, )Hoo — 0
Outline of the proof. A steady solution of (B.5) is a steady solution of
H(x,D@) := R*(x)| D@+ p|* — H(p)?,

and the hamiltonian H is strictly convex. Therefore an Aubry-Mather 9/ set can be defined as in
Section 2, and it is sufficient to study 7 (t)vo on .
Next, we have a monotonicity formula similar to Lemma EI:

Lemma 2. Lety: R — a1y be calibrated by ¢. Set

Then the function

t— v(t, §(t) — a(¥(t))

is nonincreasing on R

This lemma - and Corollary [ - is essentially what survives from Sections 2.1, 2.2 and 2.3:
strict convexity is missing here. The only way we have to replace it, is a better knowledge of the
dynamics of the extremals, which is available in 2-D: see Bangert [fl].

Remarks. 1. Lemma [ exactly accounts for whan happens in the Barles-Souganidis example: the
dynamics of the globally calibrated curves of 47, dictates the dynamics of 7 (t)vp. in this particular
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1D example, a1 is the whole circle, but is also made up of one orbit; the fact that it travels at
unit speed is then reflected in the periodicity of the initial datum, which eventually produces the
observed time-periodicity.

2. A nontrivial example can be treated as follows: assume the existence of a strip - say,

11 . . . . 11
[—Z, Z} x R where the funtion R is very large - say, 10* times larger than in ([—E, E]\[—g, g]) x R.
The orbits of a1 have zero rotation_number, hence are 1-periodic. The function 7 (t)vg becomes

asymptotically periodic of period 2H (p).
Needless to say, the problem is once again essentially open in 3 space dimensions.

4. Unbounded solutions

A natural question is to ask what is left from Section 2 if the periodicity assumption is removed.
But then there is no real reason why (f[.4) should have bounded solution for any kind of A. The
correct place where to look for solutions is then the space of Lipschitz solutions, as easily seen on
the trivial example

w+u2=0, xeR.

It is seen by inspection that (fL.4) has Lipschitz continuous - but unbounded - solutions as soon
as A > 0; the particular case of A = 0 yielding solutions that are additionally bounded. This phe-
nomenon is general, and our starting point is to find the correct analogue of the Lions-Papanicolaou-
Varadhan Lemma. In this section, we will be interested in the Hamilton-Jacobi equation

U +H(x,Du)=0; xeR" (4.1)

and the corresponding ergodic problem is
H(x,Du)=A; xeR" 4.2)
Proposition 3. ([El,[L9]) Assume that H is bounded, uniformly continuous on R" x B(0,R) for

any R > 0; and assume that it is coercive. Then there exists Amin € R such that for any A > Anin,
there exists a Lipschitz continuous solution of (%.2).

We notice that there is no need of any kind of convexity in this result, which can be proved by a
standard approximation argument.

The trouble is that now, there are a lot of ergodic constants; hence a solution of (@) need
not be ergodic anymore. This fear is confirmed by the following construction, detailed in [B]:
take n = 1, and H(x, p) = p°. Let (an)nen be a strictly increasing sequence of non-negative real
numbers such that

|
lim n+1
N anp
We consider the Lipschitz continuous initial data ug defined in the following way

Uo(y) =0 forYS ao ,

and for any k € N

roov )0 ifye (a1, ak42)
=9 .
1ify e (ax,ax) -
It then occurs that
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Proposition 4. There are two sequences increasing to +oo: (t,), and (t},)n such that

!/
lim Y00 g iy U0) :g.

N— 00 th n—-o0 té

A very interesting open problem is to provide a general description of this loss of ergodicity. We
believe that a mixing phenomenon occurs, as for instance in Hamel-Nadirashvili [2T]] for the Fisher-
KPP equation. As a consequence the theory in that case is far from complete, and some progress is
to be expected. In particular, uniqueness conditions for (f.2) are far from being clear, and it would
be desirable to investigate this question, before significant progress for the general theory of (§.2)
is made.

An perhaps more accessible question is: what set of reasonable assumptions can guarantee
convergence? Here are two results, taken from [f].

Theorem 6. Assume that the assumptions of Proposition #] hold and that H is strictly convex in p.
If the initial data ug satisfies

lim (up(x)—@(x)) =0, (4.3

‘X‘—H—oo

where @: R" — R is a solution of (f.2) for some A > Anin, then we have
u(x,t) +At — @(x) locally uniformly in R"ast — +co.
The proof relies on the fact that the curves y; calibrated by u on the interval [0,1] satisfy
Jim I (0)] = oo,

in obvious contrast with what happens in the periodic case - at least with Hamiltonians of the form
p? — f(x). It would be very interesting to try to relax (§.3).
The next and final result is a Liouville type theorem, about time-global solutions of (£.1).

Theorem 7. Assume the assumptions of Proposition g hold and that H is strictly convex in p.

Consider u(t,x) a time-global - i.e. defined for all t € R - solution of (f.1)), for which there exists

A > Amin and a solution ¢ of (#.2) such that (t,x) — u(t,x) — At — @(x) is bounded on R x R".
Then there is a constant C € R such that u(t,x) = At 4 ¢(x) +C.

The proof relies on PDE arguments of the type [[i]. We do not know a dynamical systems proof of
it.

Once again, it would be interesting to find conditions close to necessary and sufficient such
that Theorem [ holds.
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