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1. Introduction

Consider the following model problem:

Ut —Au+p(ur) =00n (0,40) x Q,
u=0o0n (0,4) xT,
u(0,.) =u%(.), u(0,.) =ul()on Q,

Here, we assume that Q is a non-empty bounded open set in RN having a boundary I of class C2.
If p isassumed to have alinear growth close to zero (and linear growth at infi nity but for different
reasons), it iswell-known that the energy decays exponentially astimes goesto infi nity. Resultsfor
nonlinear dissipative equations with polynomia growth of the feedback at the origin, can be found
in[21], [15], [8] and the references therein. These results, in fi nal form, state that if p satisfi es for
some p > 1

calvIP < p(v)] < calv|¥/P for v <1,

then the energy of solutions has the decay rate
E(t) <C(E(0)t=?(PY vt>0,

where C(E (0)) stands for a constant which depends continuously on E (0).

For decay rates in the case where no growth condition on the dissipation term at the origin is
assigned a priori, we refer to [9], [13], ( see dso [5], [12]) and to [1] ([2]) for adiscussion on the
subject. For afurther large list of references on this question, we also refer the interested reader to
[10].

Many other results for dissipative hyperbolic equations are available, so the above list has no
pretention to be exhaustive, but it is limited for size restrictions. Let us now consider a specifi ¢
example, toillustrate our purpose. For this, we consider a function p asfollows

p isastrictly increasing odd function € ¢*(R) such that
Example ¢ [V[ <[p(V)[ <Clv[, if V[ =1,
p(V) =e " v < ro,

where 1 < p < 2 and where rg isagiven suffi ciently small positive number.
The energy E of asolution u isgiven by

E(t) = %/Q(U’ZHDU]Z).

The dissipation term p(ut) induces a dissipation of the energy. This means that one can prove
that the energy of strong solutions satisfi es the following dissipation relation

E'(t) :—/Qutp(ut)dx. (11)

For this example, one can remark that the function p goes to zero faster than any polynomial
as its argument goes to zero. So, the dissipation is very weak close to the origin. Several questions
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arise. Isthis weak dissipation suffi cient to induce decay of the energy as times goes to infi nity?
If so, isit possible to obtain precise decay rates of the energy for arbitrary growth assumptions of
the dissipation term close to the origin? Can one prove that these decay rates are optimal? And
fi naly, isit possible to fi nd ageneral method, valid for abstract hyperbolic equations and applicable
for elasticity, Petrowsky equations, Timoshenko beams..., valid for localized as well as boundary
damping, and for arbitrary dissipation terms?

A positive general answer can be given to the above questions, with limitations to the one-
dimensional wave equation with boundary damping for the proof of optimality. Let usfi rst give an
idea of the possible results for the above model example. We prove

Theorem 1. Assume that Q, I', and p are given as above. Then the energy of solution of (1.1)
satisfies for the above example, the estimate

)?, (1.2)

E(t) < Beo) (0 (3

for t sufficiently large and for all (uo,u;) € H3(Q) x L2(Q), where Be(0) is a constant which de-
pends continuously on E (0) and is of the form:

Be(o) = max(n1,Nn2E(0)), (1.3

where n1, N, and D are three positive constants which do not depend on E(0), and where the
function @ is defined by:

O(x) = x—l(ln(%))p—le—“”(%))p x e (0,1).
Similar results can be proved for more general hyperbolic equations, localy distributed dis-
sipation (with localisation conditions), boundary dissipation. The purpose of this paper is to give

some ideas of the important properties for the abstract equations and then of how one can apply
these results to concrete examples.

Our method is based on weighted integral inequalities for the energy. The choice of the weight
iscrucia. Indeed, let us denote by O the active region on which the dissipation is effective. Then,
the linear kinetic energy of the solution is given by:

e

whereas the nonlinear kinetic energy of the solution is given by:

[ ptuax,
Q

To choose the weight, we point out the link that exists between dissipation of the energy and the
linear and nonlinear kinetic energy. This link is made through convexity of an explicit function
connected to the growth of the feedback at the origin, and requires the use of Jensen, and Young's
inequalities for convex proper functions and their convex conjugate.
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2. Main results

For size constraints and the clarity of the exposition, we will only state the main results con-
cerning the locally distributed case. We refer to [1] for complete results.

Let Q be a bounded open subset of RN with a smooth boundary denoted by I and w be an
open subset of Q of positive measure.

We set H = L?(Q) and denotes by |- |y the L2-norm on Q in al what follows. Let A be
a coercive selfadjoint densely defi ned linear unbounded operator in H, with domain D(A). The
above abstract equation can as well represent Petrowsky equation or the system of linear elasticity.
We set V = D(AY/?). The operator B is the operator defi ned from Q x H on H, by

B(,v) =p(.,V). (2.1)
We assume that the dissipation term p satisfi es the following hypotheses:

p € C(Q x R) and is monotone increasing with respect to the second variable
Jac C(Q),a>00onQ and astrictly increasing odd function g € C*(R) such that
aX)v| < lp(x,v)| <Ca(x)lv|], vxeQ,if|v|>1,

(HF) S a()g(v) <lp(x,v)| <Ca(x)g t(v]), WxeQ,if v <1,

ax)>a- >0, Vxew,

3rg € (0,1),9(ro) < 1 such that the function , /-g(,/~) is strictly convex on [0, r§]
andg € C?(]0,ro]),g’(0) = 0.

where g~ denotes the inverse function of g and where C is a positive constant. Then, thanks to
hypothesis (HF), B is a monotone continuous operator defi ned from Q x H on H.

Remark: If g’(0) # O, then g has alinear growth at the origin. In this case, it is well-known
that the energy of the system decays exponentially.

We consider the following second order equation:

(1) () +Au) () +B(,U'(1)(.) =0 t>0, 2.2)
u(0)(.) =u°(), u'(.) =ut(),

where We recall the following existence and regularity result (see e.g. [6] for the proof) using the
theory of maximal nonlinear monotone operator:

Proposition 2. Assume hypothesis (HF). Then for all (u°,u) €V x H, the problem (2.2) has a
unique solution u € C([0,+);V) x C1([0,+o);H). Moreover, for all (u° ut) € D(A) x V, the
solution of (2.2) is in L®([0,4-);D(A)) x W1*(]0, +00);V) x W2 ([0,4);H) and its energy
defined by:

1
Et) = 5 (WO + A 2ulR)., (23
satisfies the following dissipation relation:
E/(t) = — / U (1) (X)p(x, U (£)(X) dx < 0. (2.4)
Q
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We need to introduce some preliminary defi nitions.

Assume hypothesis (HF). We fi rst defi ne afunction H by

H(x) = vXg(v/x) (2.5)

We then defi ne afunctionH by

~ . JHX ifxe0or],
H(X)_{+oo ,ifxeR\[O(:rg],, (28

We consider the function F given by:

2.7)

Hy)
F(y){ y ,ify € (0,+),

0 ,ify=0,
where H* stands for the convex conjugate function of H, that is

H*(y) = sup{xy —H(x)}.

XeR

Then F isastrictly increasing continuous onto function from [0, +0) on [0, r%) (see [1] for more
details). We now defi ne afunction f from [0,2B12) onto [0, +) by

f(s):Fl(ziB) Vs e [0,28r2). 2.9)
where B = Bg (o) is given by
Be(o) = max(n1,N2E(0)) (2.9)

wheren; and ), do not depend on E (0). Then, one can easily show that f isanonnegative ¢* and
strictly increasing function defi ned from [0,2B12) onto [0, +) (see [1] for the proof). For rg asin
hypothesis (HF) and B = Bg(o) defi ned as above, we set

F = Foeoiz = {f c cl([o, e 0)13), [o,oo)) :
f strictly increasing, nonnegative and onto} . (2.10)
We prove the following key result for obtention of energy decay rates:

Theorem 3. Assume hypothesis (HF). Let & > Ofori=1, 2, 3and (u° ul) €V x H, satisfying
0 < |ut|? +]AY2u0 2 be given and f be defined as in (2.8) We assume that the energy E defined by
(2.3) associated to the solution of (2.2) satisfies

/ F(E(6)E(t)dt < 51E(S) +62/ f(E /|pxu (9)/2x) dt +
/ /|u (Pdx) dt. (211)
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Then E satisfies the estimate:

2y 29" (2(t)) —g(z(t)) To
=20 7O g voet) T T W) @12
where ¢
z2(t) =9 (=) (2.13)
To
Here, @is the strictly decreasing and onto function defined from (0, rg] on [ H 2 ,+00) by
2v
(p(V) = W +4a (V) , (2.14)
where o is defined on (0O, ro] by the following integral expression
o g(u)(u*g”(u) +ug'(u) —g(u))
= d .
)= | g+ s P W -y @)

Remarks. Estimates such as (2.11) are obtained using the multiplier method combined even-
tually with the sharp trace regularity method [10].
The terms

/|pxu x))|? dxdt and/|u (x)|? dxdt,

are respectively the nonlinear and linear kinetic energy of the corresponding solution. Hence, the
previous theorem tells that if one can control aweighted L1-norm of the energy in terms of weighted
norms of the linear and nonlinear kinetic energy, then one can deduce the rate at which the energy
decays.

We did not consider in the previous results the trivial case for which E(0) = 0. Indeed, if
(up,us) = (0,0), then E(t) = Ofor al t > 0, thanks to the decay of E.

3. Applicationsto hyperbolic equations

To prove the desired decay of the energy, we will apply Theorem 3. For this, we need to prove
an estimate of the form (2.11). We choose to apply this result to the wave equation. But any other
equation for which a multiplier method works for the linear case could be treated in asimilar way.
The estimate (2.11) will be obtained by the piecewise multiplier method. This method has been
initiated by K. Liu [11] (for observability results). Then, Martinez [ 13] has developped this method
for stabilization results for the wave eguation.

Let Q be a bounded open subset of RN with a smooth boundary denoted by I'. We assume
that w is an open subset of Q of positive measure. We consider the following wave equation with
nonlinear damping p(., ut):

Ottu—Au+p(x,ut):O in QxR,
U=0 on I=TxR, 3.1)
(u,0,u)(0) = (U ul) on Q,
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Hence, u isasolution of an equation of theform (2.2), where A isgiven by D(A) = H2(Q) NH(Q),
A= —AandB(.,v) =p(.,V). Here D(AY?) = H}(Q).
We defi ne the energy of a solution by

E(t):%(/§2|ut|z+\Du]2) dx.

We make the assumption (HF) on the feedback. With further geometric assumptions on the
active region w, stabilization (eveninthe linear case) holds (see[3]). We consider here the geomet-
ric assumptions which guarantee that a multiplier type method works. We refer the readers to [3]
for amicrolocal analysisin the linear case and to [9] for sharp trace regularity results which in both
cases lead to much sharper and more general geometric conditions than the multiplier method.

We use the following notations. If Q; C Q isaLipschitz domain, we denote by I ; its boundary
and by v; the outward unit normal to I"'j. Moreover, if U is a subset of RN and x € RN, we set
d(x,U) =infyey [x—y|, and Af(U) = {x e RN ,d(x,U) <e}.

We make the following geometric assumptions on Q and wasin [11] and [13] (for use of the
piecewise multiplier method):

J&>0, domains Q; C Q with Lipschitz boundary I for 1 < j <J and points x;j in RN
(HG) suchthat Qi N Q; =0 ifi#j,
Qn %[ijj()(j) U (Q\Uj Qj)| C w,

where yj(xj) = {x € I'j,(x—xj) -vj(x) > 0}. One can remark that these assumptions are a gen-
erdization of Zuazuad's assumptions in [20], where he proved stabilization of a semilinear wave
equation by a damping locally distributed on a set w provided that this set contains a neighbour-
hood of {x € 0Q, (X —Xo) -V > 0}, Xo being afi xed point in RN, In this latter case, one has asingle
domain Q; = Q and v isthe unit outward normal to I'. Then, we prove:

Theorem 4. Assume the above hypotheses (HF), (HG) and that Q is of class C?. Let (ug,u;) €
H3 (Q) x L2(Q) be given, and let f be an arbitrary function in the set ’[FBE(O)J(Z) defined by (2.10).
Then, there exist positive contants d; for i = 1,...,4, independent on f and on (up,us ) such that the
energy of the solutions of (3.1) satisfies the estimate (2.11).

Using this result with Theorem 3, we deduce the following corollary.

Corollary 5. Assume the above hypotheses of Theorem 4. Let (ug,u;) € H}(Q) x L2(Q) be given.
Then the energy of the solutions of (3.1) satisfies the decay estimate (2.12) for all (up,u;) €
H3 (Q) x L%(Q), where z is given by (2.13), @ and o are respectively given by (2.14) and (2.15),
and where Ty does not depend on (up,us).

4. Examples of energy decay rates

We consider fi ve representative examples of different behavior of the dissipation term closeto
zero, from polynomial up to exponential. We show, how the general formula (2.12)-(2.15) leads to

023/7



Energy decay rates for hyperbolic equations Fatiha Alabau-Boussouira

precise decay ratesin a unifi ed way. We refer to [1] for comparison with the decay rates obtained
in the literature.

In al what follows, we just give the expression of the function g on an interval of the form
(0,ro] where rp > 0 is chosen suffi ciently small so that the hypotheses of Theorem 4 hold. The
function g is then suitably extended to R.

Theorem 6. We assume the above geometric hypotheses and that the function g is given by the
expressions below on an interval (0,ro] where ro > 0 is chosen sufficiently small so that the hy-
potheses of Theorem 4 hold. The function g is then suitably extended to R (as a strictly increasing,
odd, C?* function with linear growth at o). Then, we have the following results:

Example 1: let g be given by g(x) = xP where p > 1 on (0, ro).

Then the energy of solution of (3.1) satisfies the estimate
;2
E(t) <Bgo) tP?, 4.1
for t sufficiently large and for all (up,u;) € H3(Q) x L?(Q) and where Be(o) is defined as in (2.9).

Example 2: let g be given by g(x) = e % on (0,ro].

Then the energy of solution of (3.1) satisfies the estimate

E(t) < Be)(© ()% (42)

for t sufficiently large and for all (ug,u;) € H3(Q) x L?(Q), where Be(o) is defined as in (2.9) and
the function © is defined by

O(x) = ex_z x>0
Moreover the following property holds
011
lim 1(;)) ~1.
t—o\g(g)

so that the energy satisfies the estimate

E(t) < Beo)(In(t)) 2,
Example 3: let g be given by g(x) = xP(In(%))% where p > 2 and q > 1 on (0, o).

Then the energy of solution of (3.1) satisfies the estimate

E(t) < BE(O)(@_l(T))Z,

for t sufficiently large and for all (ug,u;) € H}(Q) x L%(Q), where Be(o) Is defined as in (2.9) and
the function © is defined by
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O(x) :x"’*l(ln(%))q x € (0,1).

Example4: let g be given by g(x) = e~("G)” where 1 < p < 20n (0, ro].

Then the energy of solution of (3.1) satisfies the estimate

E(t) < BE(O)(@_l(T))Za

for t sufficiently large and for all (ug,u;) € H}(Q) x L%(Q), where Be(o) Is defined as in (2.9) and
the function © is defined by

O(x) =x1(In(=))P e~ NG)®  x e (0,1).

X |

Example 5: let g be given by g(x) = x(ln(%))*p where p > 0.

Then the energy of solution of (3.1) satisfies the estimate

E(t) < pege 28" (D)0 @3

for t sufficiently large and for all (up,u;) € H3(Q) x L?(Q) and where Be(o) Is defined as in (2.9).

Remark: Only very few results are available on optimality. We refer to [6], [18] and [17]
and the references therein for such results. Using Vancostenoble and Martinez results [17], we can
show that the results for the four fi rst above examples for a one-dimensional wave equation with a
boundary dissipation term, give optimal energy decay rates.

5. Links between convexity and dissipation: some main ideas

Two main different steps in nature are required for suitable energy estimates which can lead
to energy decay rates. One is concerned with the estimate of a suitable weighted L*-norm of the
energy in terms of the linear and nonlinear kinetic energies. This step is proved in general using
multiplier types methods eventually together with sharp trace regularity techniques. At the end
of this step, an estimate of the form (2.11) is in general obtained. And that is for this step that
geometric assumptions on the active region are required. The next step is to deduce from such an
inequality, energy decay rates. Thisrequiresto obtain suitable "control” of the linear and nonlinear
kinetic energies. Thisiswhere the link between convexity properties of the function H introduced
in (2.5) and the dissipation relation (2.4) is essential. The understanding of this link alows us
to choose the "optimal” weight function, optimal in the sense that it leads to precise decay rates
(shown to be optimal for several examples).

Step 1. Estimate of the nonlinear kinetic energy:

The nonlinear kinetic energy is given by:
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/ / lp(x, U (t)(x))|? dxdt.

To estimate this energy, we introduce for all fi xed t > 0, apartition {Q;, Q\Q} }, of Q, where
={xe Q,|u(t)(x)] <&} and gy = g(rp). One can prove, that there exists a known constant
Cg > 0 such that

l !
o] [, clpbxu0)Fdxe 0.13),
1

which is the domain of convexity of H, and thanks to Jensen’s inequality, we have
|Qt|/ cElp(U (0 dx) < o ‘/ Colp(x,' (1) (0lg(cglp(x. 0’ O (X)) dx. (5.2)
But, thanksto (HF) and (5.1), one can prove
|/ c2lp(x,u' () ()2 dx) < |Qt|/ U (PU D)X, (52)
On the other hand, one can aso prove that
—1(i / cqU’ (1) (X)p(X u’(t)(x))dx) c[0,r3]. (5.3)
|Qt1| Q& g 9 510

Let now f be an arbitrary function in the set ’[FBE 2 defi ned by (2.10) where 3 = ¥ () will be
specifi ed later. Then, thanksto (5.2), we obtalnthat

/ / Ip(x, U (£)(x))[2 dxdt < (5.4)

T Q 1 / /
/S |cé| (E(t)H™ 1(|Q—t1| Qtlcgu (t)(x)p(x,u(t)(x))dx) dt

We defi ne now H as in (2.6). Then, H is a convex and proper function. Hence, we can apply
Young's inequality (see[19],[16]) to any numbers A and B in R, that is

AB < H*(A)+H(B). (5.5)
We apply the above inequality to A= A(t) = f(E(t)) and
B—B(t) — H_1<IQ—1&| /Q‘l cql (£)(p(x, U’ (£)(x)) dx)

Since B(t) € [0,rZ], and thanks to the dissipation relation (2.4), we deduce that

FHEOH (g / cauf ¢ (1)09)dx < (56
'fé‘H*u(E( W+ g [, VOMPE 00 8 <
GAUED) + L (-E©)
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We use (5.6) in (5.4).

/ /\pxu X)) dxdt < ’/ dt+ClE(S), V0<S<T. (57)
¢]

On Q\Q!, we use the fact that p has a linear growth with respect to the second variable. Hence,
one can prove that

T 1
[ TE®) [ IOt 00) Fdxdt < ZE(S)T(E(S)). (59

s Q-a} g

Both estimates (5.7) and (5.8) lead to the following estimate of the nonlinear kinetic energy
foradl0<S<T

/ / Ip(x,U'(t) (X)) |2 dxdt < |Q‘/Tﬁ*(f(E(t)))dt+iE(S)JriE(S)f(E(S)).
Cg S C

C
’ ’ (5.9)

Estimate of thelinear kinetic energy on the active region:

The linear kinetic energy on the active region is defi ned by:

]
/ f(E /|u (x)[2 dxdt.
S

To estimate this energy, we introduce for al fi xedt > 0, a partition {(q,(o\wtl}, of w, where
of = {x € w,|U(t)(x)| <&} and e = min(ro,g(r1)), with r2 = H=1(cia_ cgH(r3)).
Using (HF), the dissipation relation and proceeding in asimilar way than for the nonlinear kinetic
energy, one can prove that

-
/f /|u \dedt<]w|/ A*(F(E(t)))dt+cE(S), YO<S<T. (5.10)
s

On w— o, we use once again the linear growth of p. Thisimplies

/T f(E(t))/ IU'(£)(x)[2 dxdt < cE (S)f(E(S)). (5.10)
S w—o

Using these two last inequalities, we obtain the following estimate of the linear kinetic energy on
the active region

.
/ f(E /|u (x)[2dxdt < yw|/ A*(F(E()))dt +cE(S) +
S
CE(S)f(E(S)), VO<S<T. (5.12)
Inserting now (5.9), and (5.12) in (2.11), we obtain

[ f(E()E(t)dt < (51+@+c63) E(S)f(E(S)) + (& +c&E(S) +
(35 +6s\w!)f H*(f(E(t)))dt. (5.13)
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We defi ne F by (2.7). We recall that F is a strictly increasing function from [0, +o0) onto [0,12).
We also choose areal number 3 = Bg o) asfollows:

%|Q]  E(0)
= bo} 5.14
B max(s\wH 2 ’2F(H’(rg))) (5.14)
Now, we choose the weight function f as announced, that is:
f(s)zpl(ziB) Vs e [0,2prd). (5.15)

Then f isadtrictly increasing function from [0,2BrZ) onto [0, +o0). Moreover f satifi es the rela-
tion: 1
Bﬁ*(f(s)):ésf(s) Vs € [0,2Br3).
Since E is nonincreasing, we have
E(t) <E(0) < E(O)i <2Br¢ Vt>0
- FR(E) —77°
Hence, one hasin particular:

BA*(f(E(1))) = %E(t)f(E(t)) Vt>0. (5.16)

With this choice of 3 and f, the last term on the right hand side of (5.13) is bounded above by

%/STE(t)(f(E(t)))dt. (5.17)
We insert the estimate (5.17) in (5.13). Thisgives
/STE(t)F—l(%))dt < 2(614—?—:+063)E(S)F‘1(%§))+2(S—:+C63E(S).
Hence, the energy E satisfi es the estimate
JHEOF (Gt <ToE(S) vo<s<T, (5.18)

where Ty isindependent of E(0) and, with our choice of 3 is given by
% % ’o2
TO:Z(—+C63+(61+—+C63)H (ro)) (5.19)
Cg Cg

Once, the above weighted integral inequality is obtained for E, we can conclude by a fi nal step
described shortly in the following result.

Theorem 7. Let g be a given odd, strictly increasing C* function from IR to R such that g’(0) = 0.

We assume that there exists ro > 0 such that g is of class €2 on [0, ro] and the function H defined
by (2.5) is strictly convex on [0, rZ]. We define H and F by (2.6) and (2.7) respectively. Moreover,
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let To > O be a fixed real number, E be a given nonincreasing , absolutely continuous, nonnegative
real function defined on [0, +), and 3 > 0 a given real number such that

E(0)
and,
/T _1,E(t)
Et)F " (—==7)dt <TeE(S), VO<S<T. (5.21)
S 2B
Then, E decays at infinity as follows:
(1) < 2p 2(r) 209 20) ~ (V) T 522)

M v t 2 )
z(t)g' (z(t)) +9(z(t)) H'(r§)
where z, @and a are respectively defined as in (2.13), (2.14) and (2.15).
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