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Figure1: The lowest order hadronic contribution to the mupn2. The blob represents all QCD diagrams.

Currently, experimental measurements of the mgio8 have reached a level of high precision
[1]. As acheck on the current standard model of particle fgsys competitively precise theoretical
estimate for this quantity is needed. The current theaketalculations come from dispersion
relations relating the photon vacuum polarization to tlessfsection for eitheae~ —hadrons or,
by using isospin symmetry,decay to hadrons. The agreement between the theoreticalaiédns
coming fromete  data to experiment is within 2.7 standard deviations, amlithlowered to
1.4 standard deviations if one includes the results incattp@ 7 decay [2, 3]. The need for
a determination completely from first principleise( using the lattice) is desirable to check the
current discrepancy between theory and experiment.

We can extract the muon anomalous magnetic moment by ctitauide full muon-photon
vertex, where the correction to the tree-level result iegiaya, = (g— 2)/2 = F»(¢? = 0), where
F»>(g?) is the form factor proportional tf/#, "] in the full vertex, andy is the momentum trans-
ferred to the photon. This can be calculated in perturbdtieory in the electroweak theory, with
the first contribution coming in @(a), wherea = € /4 is the fine-structure constant.

The first effects from QCD come in &(a?) and are shown in Fig. 1. The hadronic contri-
butions are % 10~° smaller than the leading corrections and account for mottetliscrepancy
with experiment. Due to the strength of the strong couplimigstant, these terms cannot be reliably
calculated in perturbation theory at the relevant energiesother methods must be employed to
calculate them, and this is precisely where the lattice @andeful. Currently, the next hadronic
contribution, coming from light-by-light scattering &(a?), is also being studied using lattice
techniques [4].

Lattice QCD provides a first principles method to calculdte hadronic contribution to the
muong—2. We can calculate the QCD contribution to the mgpn2 coming from the vacuum
polarization of the photon using Refs. [5, 6, 7],

2 00
aPhed _ <%) /0 dK2f (K2)M(K?) 1)

wherell(K?) is the vacuum polarization of the photon, which we calcutet¢he lattice, and (K?)
is a kernel given in Ref. [5]. Sincé(K?) diverges a&? — 0, we must be able to calculate the low
momentum region of the vacuum polarization very precisatg thus large lattices will be needed
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Figure 2: The two diagrams that contribute to the photon vacuum patian at one loop in BPT.

here. This is also why perturbation theory is not reliabie¢es the largest contribution laf,ahad

comes from the low-energy regime.

A detailed discussion of the lattice calculation can be tbimRefs. [5, 6]. We used lattices
generated by the MILC collaboration using-2 flavors of light dynamical improved staggered
qguarks. The results shown here are those coming from thrdeedfine” lattices & ~ 0.086 fm)
with a lattice strange sea quark mass @f31. The light sea quark mass in lattice units .i80®2
on the lattice volume of 28<96 and 00031 on the 48x 96 volume.

In order to fit to the low-momentum region, we use StaggereidtaCRerturbation Theory
(SXPT) [8] coupled to photons. The generalization of the steshdéaggered chiral Lagrangian
to include external photons amounts to changing the darm/aperator to a covariant derivative:
0yZ — DyZ = 9> +ieA,[Q, 2], whereX is the 12<12 matrix of pseudo-Goldstone bosofsis
the light quark charge matrix in units elandA,, is the photon field. Recall the chiral symmetry of
SXPT is anSU(12), x SU(12)g symmetry for 3 flavors of staggered quarks, and under thisresam
try = transforms a& — LXR" with L € SU(12), andR € SU(12)g. Our (Euclidean) Lagrangian in
this case is given by

o h_ M2 t 2
= gTr[DuZDuZ |- TTr[///Z+Z M +aV 2
where? is the taste-symmetry breaking potential for multiple flavof staggered quarks [8] and
A is the light quark mass matrix. No additional terms arisénst drder in the Lagrangian which
violate the taste symmetry while being coupled to the eslgohotons. Additionally, we drop the
additional singlet mass term from Ref. [8] as it will not béekant for the current calculation.
Using this, we can calculate the one-loop contribution (B)gwhich is given by

n(p?) = %Tl—l(ag{%(lml)i‘/zln <7V1M‘+1> _Z 8 L, <ﬁ>}+A 3)

1+x,—1 3 9 3

wherex = 4n?/p?, i € {r",K*}, and the sum overis over the 16 tastes of mesons. The masses
for these mesons in terms of the Lagrangian parameters\ae bfi Ref. [8] and their measured
values on the lattice can be found in Ref. [9]. This is the quipce where the effects of taste
violations are seen. There are no neutral mesons in the,lsopse do not get effects from the
two-point hairpin insertions [8]. Additionally, aside froan overall constanf, there are no free
parameters in this expression, as all the meson masses éawelbtermined in lattice simulations

[9].
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Figure 3: The diagrams that contribute to the photon vacuum polaoizatith thep in SXPT at (a) tree
level and (b) one loop. The double line is the vector mesodglamsingle line is a pion or kaon as before.

The problem, however, is that this is two orders of magnitiodesmall compared with the lat-
tice data. This indicates that there must be other effecishndominate the low energy physics of
the hadronic contribution to the vacuum polarization. Weta lesson from quenched simulations
[7, 10], where the vacuum polarization can be completelgiitesd by thep. In that case, there is a
term coming from the vector bound state and an additional tsmming from the two-particle con-
tinuum. This implies that perhaps in the dynamical caseetheay be large effects coming from
vector mesons, despite their large masses, which are dated in standard chiral perturbation
theory.

The model we use here is that of the resonance formalism of[REf where the relevant
interaction Lagrangian is

v
2V/2

fy is the tree-level vector decay constay)f, is the 12<12 matrix of the 9 vector mesong? =73,
andFy, = eQ(d, A, — dyA,). Although we denote the vector fields using an antisymmeétrisor
field, it can be shown that there are still the correct numibeegrees of freedom for each particle
[11].

Under the chiraBU(12), x SU(12)gr symmetry, we have

Liec= Tr [Vuv(UvaO'T-i-UTFuVO')] . 4)

Vyy = UV Ut o — LouT=UoR' (5)

whereU is a spacetime-depende®t)(12) matrix defined by this equation.
The leading order contribution here is the tree-level diagshown in Fig. 3(a), and is given
by
a (47va)2
C4m 3

3 1
p? + T
We have not included the taste index on the vectors, sincerieally the taste-breaking for the
vectors is negligible [9]. Again, we see that if we measufgdnd the vector masses on the lattice,
there are no free parameters in this expression. Also,#tihthe masses of the vectors are much
heavier than the pion, there is the enhancement fact(3¢rdfv)2 in the numerator here, which we
can see makes this the dominating factor in the overall teRdf. [12] estimatedy to be about
200 MeV, so this term is roughi®(1) in the chiral power counting scheme, and thus will dominate
over the one-loop pion term.

My (p?) = . (6)
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Figure 4. Fits to the lattice data using the tree-level vector fornfatahe three different quark masses for
the low-g? region.

Since we worked to one-loop order in the pion sector, we shdol so in thep sector, as
these should be roughly the same order. The only contritsitiwe tadpole corrections to the- y
vertex, Fig. 3(b). We get

1 a [4f2\ 1
ny °(p?) = E‘[(f—;/> EZ

We can see again that the taste violations here enter guvitallyr as they did in the pure pion
sector.

Figure 4 shows the data for the three different masses ugidtid results from fitting to
Eq. (6). Although these fits only include the tree-lepelesults for now, the inclusion of the one-
loop formulae changes the fit only slightly. We can see tha(&dits quite well, except for lighter
quark masses and the smallest valug®fwhere the fit function undershoots the data. There are
several reasons for why this may occur. We do not include #ik térm when calculating the quark
propagators, though it is hard to see how this would affeztdiv g2, long-distance, behavior. It is
possible the effect is due to finite volume, though in the fremry the vacuum polarization turns
over the other way from smaif. Finally, it may simply be due to poor statistics.

Using the results of these fits, we find when extrapolatindnéopghysical values of the quark
masses that the hadronic contribution to the mgie2 (from theg? < 1 GeV regime) il2dvVP —
657(20)x 1019, The perturbative contribution coming from the> 1 GeV regime isaﬂadvp’pe” <
10x 10719, and the final result is the sum of these two terms. The erroteguhere is statis-

minma  m2 Inm2 M Inmd
2Tk i Kt K Ke K, 7
p?+mj - p?+mj TR ")
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tical only. This is somewhat lower than the results from efisipn relations, which ig) 2" —

6934(5.3)(3.5)x10 19, The difference with the previous lattice resule§ff*'” = 54565)x 1010
[7] comes mainly from the inclusion of the@31 light quark mass result which allows an extrap-
olation, using Egs. (3) and (6), to the physical quark magss accentuates the fact that a theo-
retically motivated fitting function is necessary to obtamaccurate determination of the laf-
region. We also note that the final value of the lowest orddrdrac correction may increase fur-
ther if the observed overshoot of the fit function by the ¢attilata turns out to be physical. Finally,
we caution that the disconnected diagrams (connected byg)lthat contribute to the lowest order
vacuum polarization have not been included yet. These amgZsuppressed in general and vanish
exactly in theSU(3) flavor limit, but may contribute on the one-to-few percentele
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