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1. Intr oduction

In the lattice QCD, most propeties of hadons are extracied from the hadonic correlation
functions Thespedral function (SPF)haspatticular importarce,since it maycontaininformation
beyond the stableground stat anda few excited states which canbe extraded by stardardfitting
techhigues. Recemn development of analsis techrnquessud asthe maximumentrqy methal
(MEM) [1] have enabl@ direa extraction of SPF from numeri@l dataof lattice QCD simulation.
At zerotempeature, MEM hasbeensuce@ssfuly reproducel correct featuesof the SPF[1, 2].

At finite temperatire, we cancalcuate the SPFfrom the thermal green functionsin prindple
usingthesameprocalureasatzerotemperatre[3, 4]. In paricular, chamoniumstates have drawvn
much attertion, since they probethe QCD plasmastatethrough the changesof their propeties
[5, 6], and hene are potential sigral of the formation of quark gluon plasmain the heary ion
collision expeliments[7]. Severalgroups have studiedthe SPFof chamoniumin finite temper#ure
lattice QCD usingMEM [8, 9, 10] andtheir result indicae persstentJ/y stateeven above T.
MEM hasalsobea extensvely applied to variousareaof lattice field theoies[11].

While MEM is a powerful tool to extract SPF, it hasintrinsic subtety whenappied to lattice
QCD dataof correlatas. In this paperwe point outhow eachingredent of MEM analysis causs
suc subtety, focusing on an apgication to the correlatoss at finite temperatire. In the next sec-
tion, we consder geneal problemsof MEM, andthen in Sect.3 descibe particular problem at
finite temperéure causd by shot extentin the tempora direcion. Detailsof theseanalysiswere
presentedn Ref.[8].

2. Maximum entropy method

2.1 Outline of MEM

Firstwe briefly summariz theoutline of MEM basicdly following Ref.[1], which reviewsin
detail MEM applied to dataof lattice QCD simulaton. We obtan the SPE A(w), from the given
lattice resut for the correltor, C(t), by solving theinverseprobdem,

Ct) = /O " dwK (t, w)A(w), 2.1)

wherethe (cortinuum type) kernd K (t, w) is givenby

g @ e @Y

K(t,w) = = (2.2)

To extractthe SPFA(w), MEM maximizes afunctional Q(A;a) = aSA] — L[A]. LA is theusual
likelihood function, and minimized in the standard x? fit. The Shanna-Jayesentopy SA| is

defined as Aw)
o W
A:/ dw |A(w) —mM(w) —Alw)log | ——
Al = [ d | A(@) - m(@) ~ Aw)log )
Thefunction m(w) is calledthedefault modelfunction, andshoud begivenasaplausble form of
A(w). At thelaststage of calcuation theparanetera canbeintegratedoutby aweighted average

of prior probability for a.

(2.3)
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Figure 1: Left parel: Samplef eigenfinctionfor thekerrel, Eq. (2.2). The eigenfunctionexp(u;) corre
spondgo a partof Eq. (2.5). Centerandright pands: Theresultsof mock dataanalysis.The dottedline is
anoriginal SPFandthesolid line is reconstratedresultby MEM.

2.2 Singular Value Decompositiin

In the maximizaton stepof Q(A; a) the singuar value decanpositon of the kernd K(t, w)
is usudly used[1].} Thenthe SPFis representd asa linearcombinaion of the eigenfundions of
K(t, w):

A(w) = m(w) exp{ibiui(w)} , (2.4)

whereNs is the numbe of eigerfunctions,b, areparametrs,andu,(w) the eigenfundion of the
kemel K(t, w). The numberof degreesof freedom of A(w) is accordngly reducedto the numkber
of datapointsof the correltor Although b; canin principle be detemineduniquely from the data
without introducing anentrqy term,thesmalleigervalues of K(t, w) leadto asinguar behavior of
the SPE hene truncationof thetermsis pradically requred, i.e. Ns may belessthanthe numker
of datapoints [13]. In MEM, the entrqoy term stabiizesthe problem and guaranteesan unique
solution for the coeficients of the eigentinctions[1].

An outsaindirg featue of Eq.(2.4)is thatit canbefitted to geneic shap without restridion
to specfic formssuchasa sumof poles.However, theresoltion of coursedependson the number
of degreeof freecomin Eg. (2.4),andalsoon w. An exampleof eigenfurctionsis displayedin the
left panelof Fig. 1. Thisfigureindicateshattheresdution of thefunction becomesvorsein large
w region, beausethe supeposedunctionsdo not have enaughvariation.

This feature of the eigenfundion is also shownin the mock dataanalysis. Centerpané of
Figure 1 shaws the original (inputf) SPFandthe recongructed SPFfrom the correlatorwhich is
construckedby theoriginal SPFwith arandan Gaussiamoise Theoriginal SPFhasthreepeds of
the samewidth andhight ateachw. Whenthenoiseof correlata is not sosmall,therecastructed
SPFdoes not agreewith the original one;there is a tendancy thatthe peakbemmesbroackr than
theoriginal oneathigh enegy region. The peakpostions arecorrectly repraucedin this case

The right panelof Figure 1 shavs more interestirg example. Whenthe width of a pe& is
narow, MEM reproduces the shaperatherwell. However, for a caseof largewidth, MEM failsto
reproduce the shge of the original peak

LAnalysisof MEM without singularvaluedecommsitionwasexaminedin Ref.[12].
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2.3 Default model function

As mentioredin secton 2.1, MEM need a default modelfunction to definethe entrgpy term
Q. Sincesmalldifferencebetwveenatrial SPFanddefault modelfunction makesthe entrqoy term
large, thedefaut modelfunction strongly affects theresut of MEM whenthequalty of datais not
sufiicient. Therebrethe defaut modelfunction shoutl includeonly reliableinformationwe know
beforehanl. If notso,thereis arisk theresultmight be contmolled by hand.

In the caseof QCD, prior knowvledgefor SPFs is not somary, e.g. postivity andpertubative
behavior athigh energyregion. In thecaseof point corrdators anatuil choiceof thedefault model
functionis the asymptadic behaior of the mesoncorreltorsat large w in perurbation theor. We
shauld remembe however, thatsuchanasymjpotic behaior is notobsewedin pracical simulaion
beauseof thefinite lattice cutoff.

Therisk caugd by lack of reliabledefault modelfunction is redu@d by the quaity of data.
In fact, this perurbative form hasbeensuccesfully appliedto problemsat zerotempeature[1, 2].
Whenwe do not have goad qualty of dataandreliade default modelfunction, we have to check,
atleast,a default modelfunction depadene to estimatean systemdt uncetainty for therestts.

3. Application to finite temperature lattice QCD

Sincea temporé lattice extent, N,, is restrided to 1/Ta, on finite tempeaturelattices, it is
usuwally difficult to keepgoodquaity of dataascompaed with zerotempeature. Therebre we
have to ched thereliahlity of theresuts.

Oneof goad cheds is to apply the methal to the zerotemperaure datain the samecondition
asat finite tempergure. To extractthe SPFat finite temperatre, at least,we shoud succasfully
reproduce the zerotemperatire SPFfrom the zerotemper#ure correlator but the numbe of data
pointsrestrictedto 1/Ta,. We shav thes checls with our lattice data,which wasobtainedon an
anisotropc lattice with 3 = 6.10 andthe renamalizedanisdropy & = 4 having the spatid cutdf
agl=2.030(13) GeVI8].

We apdy MEM to the correlatorwith restrcted numbersof degreeof freecom. Theresuts
with two types of sudh restictions aredisplayedin Fig. 2. Theleft pané showsthe dependene
of theresut ontnay the maximumt of the correltorusedin the analysis. This casecorrespond
to thesitugtion at T > 0. MEM fails to reproduceeventhe lowestpeakfor tmax < 16. Thecenter
parel showsthe resuls whenonealtematively skips severaltime slicesin the andysis. This case
comespoumls to the coarsaing of the tempoal lattice spacing. Even for tsg, = 8 for which the
numker of dat pointis 6, MEM at leag repralucesthe correct lowest peak position while the
resdution is not enowgh. Theseresultindicate that the physica region of the correlatoraswell
asthe numberof the degreesof freecbm is important for MEM to work correctly. The requred
region of C(t) in theabove analysisis tmax > O(0.5fm), whichis notfulfill edarourd T ~ T¢. This
situationmaybeimproved by smeard opemtors.Theleft parel shaws theresuts of MEM for the
correlata with smearecbpeator It is stable under the above two kinds of restriction for tyax Of
interest;atleag thelowestpe posiion is correctly repraluced

Next we shav the defaut modelfunction dependene for a corrdator with the smearedp-
erabr at finite tempersure in Fig. 3. In this analyss we adop the defaut model function of

154/ 4



Remarkon the MaximumEntropy Methodappliedto finite tempeature lattice QCD TakashiUmeda

40

fit range t=1-12 fit range t=1-12

150 - 150 fit range t=1-48 30 [ #of data point = 12
#of data point = 12 #of data point = 12
100 100 20
50 /\—/\ 50 /\/\/\_ 10 F
0 et A ot + 0 ot I ot + 40 f f

‘ . o fit range t=1-24
fit range t=1-24 fit range t=1-48
150 150 30 | =
#of data point = 24 #of data point = 24 #of data point = 24

100 100 20
0 t + + + f ; t } + 0 t + Y t + T T 40 t t —y

n fit range t=1-48 fit range t=1-48
150 | fit range t=1-48 150 t 9
#of data point = 48 #of data point = 48 30 ot data point = 48

100 100 20 -

50 50 10 +

A

L L L L L f n n 0 L L L n L f n n 0 L L L L A TR S L

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
® ® ®

Figure 2: Testsof MEM for restrictingnumter of degreeof freedomin the zerotemperatte corrdator. The
first two panelsshow theresultswith a point opertor, andthe lastis with a smearedaperdor.
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Figure 3: Thedefaut mocel function deperenceof SPFfor a correlatorwith the smeareapemtoratfinite
temperatee.

m(w) = My, w?, Wheremy,, is detemined by the perturbative asymyotic behaior of large w
region. As menticnedin Sect.2.3since the default modelfunction is not justifiedfor lattice QCD
simulation,we obsewe thedefault modelfunction depemlencen orderto estimde a systeméc un-
certainty of the MEM resuts. In Figure3 we changethem,, by facta 10, 1 and0.1respetively.
Thepeakpositon is stablewhile thewidth is rathe sengtive to suchchangeof the paranetermy,,.
Theseresuls indicatethat it is difficult to discus width of SPFsquantitatively basedon MEM
andysis.

4. Conclusion

In our previous paper [8] we have condudedthe MEM is not sufficient for quartitative study
of the SPFfrom our lattice dataevenif somesmearedpeatorsareadoped. If we rougHy know
thesha of SPFs, standird x? fit (or corstrairedcurvefitting [14]) is rather apprriatefor quant-
tative studes. Therebrewe usedMEM to find aroughimage(fit-form) of SPFs andperfamedx?
fit (or condrained curvefitting) with thisfunctionalform, suc asmulti Breit-Wignartypefunction,
for morequantitative estimateof thewidth of the peak.In condusion, although MEM is powerful
toal to extractthe SPFdrom corrdators we have to useit cardully taking its sultlety into account.
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The simuldion hasbeendore on NEC SX-5 at Researh Centerfor NuclearPhysics,Osaka
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