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1. Intr oduction

In the lattice QCD, most properties of hadronsare extracted from the hadronic correlation
functions. Thespectral function (SPF)hasparticular importance,since it maycontain information
beyond thestableground state anda few excitedstates which canbeextractedby standardfitting
techniques. Recent development of analysis techniquessuch as the maximumentropy method
(MEM) [1] haveenabled direct extractionof SPFs from numerical dataof latticeQCD simulation.
At zerotemperature,MEM hasbeensuccessfully reproduced correct featuresof theSPFs [1, 2].

At finite temperature,we cancalculatetheSPFfrom thethermal green functionsin principle
usingthesameprocedureasatzerotemperature[3, 4]. In particular, charmoniumstateshavedrawn
much attention, since they probethe QCD plasmastatethrough the changesof their properties
[5, 6], and hence are potential signal of the formation of quark gluon plasmain the heavy ion
collision experiments[7]. SeveralgroupshavestudiedtheSPFof charmoniumin finite temperature
lattice QCD usingMEM [8, 9, 10] andtheir results indicate persistentJ

�
ψ stateeven above Tc.

MEM hasalsobeen extensively applied to variousareasof latticefield theories[11].
While MEM is a powerful tool to extract SPF, it hasintrinsicsubtlety whenapplied to lattice

QCD dataof correlators. In this paper, we point out how eachingredient of MEM analysiscauses
such subtlety, focusingon an application to thecorrelators at finite temperature. In the next sec-
tion, we consider general problemsof MEM, andthen in Sect.3 describe particular problem at
finite temperaturecaused by short extent in thetemporal direction. Detailsof theseanalysiswere
presentedin Ref. [8].

2. Maximum entropy method

2.1 Outline of MEM

Firstwebriefly summarize theoutlineof MEM basically following Ref. [1], which reviewsin
detail MEM applied to dataof lattice QCD simulation. We obtain theSPF, A� ω � , from thegiven
lattice result for thecorrelator, C � t � , by solving theinverseproblem,

C � t ���
∞

0
dωK � t � ω � A� ω �	� (2.1)

wherethe(continuum type) kernel K � t � ω � is givenby

K � t � ω �
� e� ωt � e� ω 
 Nt � t �
1 � e� Ntω � (2.2)

To extracttheSPFA� ω � , MEM maximizes a functionalQ� A;α �
� αS�A��� L �A� . L �A� is theusual
likelihood function, andminimized in the standard χ2 fit. The Shannon-Jaynesentropy S�A� is
defined as

S�A���
∞

0
dω A� ω ��� m� ω ��� A� ω � log

A� ω �
m� ω � � (2.3)

Thefunction m� ω � is calledthedefault modelfunction, andshould begivenasaplausible form of
A� ω � . At thelaststageof calculation theparameterα canbeintegratedoutby aweighted average
of prior probability for α .
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Figure 1: Left panel: Samplesof eigenfunctionfor thekernel, Eq. (2.2). Theeigenfunctionexp � ui  corre-
spondsto a partof Eq. (2.5). Centerandright panels: Theresultsof mockdataanalysis.Thedottedline is
anoriginal SPFandthesolid line is reconstructedresultby MEM.

2.2 Singular ValueDecomposition

In the maximization stepof Q� A;α � the singular valuedecomposition of the kernel K � t � ω �
is usually used[1].1 ThentheSPFis represented asa linearcombination of theeigenfunctionsof
K � t � ω � :

A� ω �
� m� ω � exp
Ns

∑
i ! 1

biui � ω � � (2.4)

whereNs is the number of eigenfunctions,bi areparameters,andui � ω � the eigenfunction of the
kernel K � t � ω � . Thenumberof degreesof freedomof A� ω � is accordingly reducedto thenumber
of datapointsof thecorrelator. Although bi canin principle bedetermineduniquely from thedata
without introducing anentropy term,thesmalleigenvaluesof K � t � ω � leadto asingular behavior of
theSPF; hence truncationof thetermsis practically required, i.e. Ns maybelessthanthenumber
of datapoints [13]. In MEM, the entropy term stabilizesthe problem andguaranteesan unique
solution for thecoefficientsof theeigenfunctions[1].

An outstanding feature of Eq.(2.4)is that it canbefitted to generic shape without restriction
to specific formssuchasasumof poles.However, theresolutionof coursedependson thenumber
of degreeof freedomin Eq.(2.4),andalsoonω . An exampleof eigenfunctionsis displayedin the
left panelof Fig. 1. Thisfigureindicatesthattheresolution of thefunctionbecomesworsein large
ω region, becausethesuperposedfunctionsdonothaveenoughvariation.

This feature of the eigenfunction is alsoshownin the mock dataanalysis. Centerpanel of
Figure1 shows the original (input) SPFandthe reconstructed SPFfrom the correlatorwhich is
constructedby theoriginal SPFwith arandom Gaussiannoise. Theoriginal SPFhasthreepeaksof
thesamewidth andhight ateachω . Whenthenoiseof correlator is notsosmall,thereconstructed
SPFdoes not agreewith theoriginal one;there is a tendency that thepeakbecomesbroader than
theoriginal oneathigh energy region. Thepeakpositionsarecorrectly reproducedin thiscase.

The right panelof Figure1 shows more interesting example. Whenthe width of a peak is
narrow, MEM reproduces theshaperatherwell. However, for a caseof largewidth, MEM fails to
reproduce theshapeof theoriginal peak.

1Analysisof MEM without singularvaluedecompositionwasexaminedin Ref. [12].
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2.3 Default model function

As mentionedin section 2.1,MEM needs a default modelfunction to definetheentropy term
Q. Sincesmalldifferencebetweena trial SPFanddefault modelfunction makestheentropy term
large,thedefault modelfunction strongly affects theresult of MEM whenthequality of datais not
sufficient. Thereforethedefault modelfunction should includeonly reliableinformationwe know
beforehand. If notso,thereis a risk theresultmight becontrolledby hand.

In thecaseof QCD,prior knowledgefor SPFs is not somany, e.g.positivity andperturbative
behavior athighenergyregion. In thecaseof point correlators, anatural choiceof thedefault model
function is theasymptotic behavior of themesoncorrelatorsat large ω in perturbation theory. We
should remember, however, thatsuchanasymptotic behavior is notobservedin practical simulation
becauseof thefinite latticecutoff.

The risk caused by lack of reliabledefault modelfunction is reduced by thequality of data.
In fact,thisperturbative form hasbeensuccessfully appliedto problemsatzerotemperature[1, 2].
Whenwe do not have good quality of dataandreliable default modelfunction,we have to check,
at least,adefault modelfunction dependence to estimateansystematic uncertainty for theresults.

3. Application to finite temperature lattice QCD

Sincea temporal lattice extent, Nt , is restricted to 1
�
Tat on finite temperaturelattices, it is

usually difficult to keepgoodquality of dataascompared with zerotemperature. Therefore we
have to check thereliability of theresults.

Oneof good checks is to apply themethod to thezerotemperaturedatain thesamecondition
asat finite temperature. To extract theSPFat finite temperature,at least,we should successfully
reproduce thezerotemperatureSPFfrom thezerotemperaturecorrelatorbut thenumber of data
points restrictedto 1

�
Tat . We show these checks with our lattice data,which wasobtainedon an

anisotropic lattice with β � 6� 10 andtherenormalizedanisotropy ξ � 4 having thespatial cutoff
a� 1

σ � 2� 030� 13� GeV[8].

We apply MEM to the correlatorwith restrictednumbersof degreeof freedom. The results
with two types of such restrictions aredisplayedin Fig. 2. The left panel showsthedependence
of theresult on tmax, themaximumt of thecorrelatorusedin theanalysis. This casecorresponds
to thesituation at T " 0. MEM fails to reproduceeventhe lowestpeakfor tmax # 16. Thecenter
panel showstheresults whenonealternatively skips several time slicesin theanalysis. This case
corresponds to the coarsening of the temporal lattice spacing. Even for tsep � 8 for which the
number of data point is 6, MEM at least reproducesthe correct lowest peakposition while the
resolution is not enough. Theseresult indicatethat the physical region of the correlatoraswell
asthe numberof the degreesof freedom is important for MEM to work correctly. The required
region of C � t � in theabove analysisis tmax " O� 0� 5 f m� , which is not fulfill edaround T $ Tc. This
situationmaybeimprovedby smeared operators.Theleft panel shows theresults of MEM for the
correlator with smearedoperator. It is stable under the above two kinds of restriction for tmax of
interest;at least thelowestpeak position is correctly reproduced.

Next we show the default model function dependence for a correlator with the smearedop-
erator at finite temperature in Fig. 3. In this analysis we adopt the default model function of
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Figure2: Testsof MEM for restrictingnumberof degreeof freedomin thezerotemperaturecorrelator. The
first two panelsshow theresultswith apoint operator, andthelastis with a smearedoperator.
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Figure3: Thedefault model functiondependenceof SPFfor acorrelatorwith thesmearedoperatoratfinite
temperature.

m� ω �2� mDMω2, wheremDM is determinedby the perturbative asymptotic behavior of large ω
region. As mentionedin Sect.2.3,since thedefault modelfunction is not justifiedfor latticeQCD
simulation,weobservethedefault modelfunction dependencein orderto estimateasystematic un-
certainty of theMEM results. In Figure3 we changethemDM by factor 10,1 and0.1respectively.
Thepeakposition is stablewhile thewidth is rather sensitive to suchchangeof theparametermDM.
Theseresults indicatethat it is difficult to discuss width of SPFsquantitatively basedon MEM
analysis.

4. Conclusion

In our previouspaper [8] we have concludedtheMEM is not sufficient for quantitative study
of theSPFfrom our lattice dataevenif somesmearedoperatorsareadopted. If we roughly know
theshapeof SPFs,standardχ2 fit (or constrainedcurvefitting [14]) is ratherappropriatefor quanti-
tativestudies.ThereforeweusedMEM to find arough image(fit-form) of SPFsandperformedχ2

fit (or constrained curvefitting) with thisfunctionalform,such asmulti Breit-Wignartypefunction,
for morequantitative estimateof thewidth of thepeak.In conclusion, although MEM is powerful
tool to extracttheSPFsfrom correlators, wehaveto useit carefully taking its subtlety into account.
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