PROCEEDINGS

OF SCIENCE

Casimir Scaling of domain wall tensions in the
deconfined phase of D=3+1 SU(N) gaug e theories.

Francis Bursa*
University of Oxford
E-mail: bur sa@ hphys. ox. ac. uk

Michael Teper
University of Oxford
E-mail: t eper @ hphys. ox. ac. uk

We perform lattice calculationsof the spatial’t Hooft k-string tensions,s, in the deconfined
phaseof SU(NV) gaugetheoriesfor N = 2,3,4,6. Theseequal(up to a factorof T') the surface
tensionsof the domainwalls betweenthe corresponding Euclidean)deconfinedohases. For
T > T, our resultsmatchon to the known perturbatve result, which exhibits Casimir Scaling,
ar < k(N — k). At lowerT thecouplingbecomestrongerand,not surprisingly our calculations
shaw largedeviationsfromtheperturbatve T-dependenceDespitethiswefind thatthebehaiour
061 /0T x k(N — k) persistsvery accuratelydown to temperaturesery closeto 7,. Thusthe
CasimirScalingof the 't Hooft tensionappeardo be a ‘universal’ featurethatis moregeneral
thanits origin in thelow orderhigh-T" perturbatve calculation.We obsere the ‘wetting’ of these
k-wallsat 7'~ T,. Our calculationsshav thatas7 — 7. the magnitudeof &, (7") decreases
rapidly.
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1. Intr oduction

In the Euclidearformulationof SU(N) gaugetheoriesatfinite 7', deconfinemeris associated
with thespontaneoubreakingof a Zx centresymmetry Theolviousorderparameteis thetrace
of thePolyakw loop, /,,. In thedeconfinephaseheeffective potentialfor the Polyakor looptrace
averagedover thevolume,/,,, hasits minimumat/,#0, sothe symmetryis spontaneousliroken
andthereare N possibledeconfinecphases If [, o« 2z, = 2% we labelthe phaseby k. When
two of thesephasesk, andk, say co-eist they will be separatethy a domainwall whosesurface
tensiona{;"V will dependn k = k1 — ko, aswell ason N andT’. Thetensionof thesedomainwalls
is equal,up to afactorof T, to the spatial't Hooft stringtensionwhichis in principlerelatedto
confinement.

At high7' onecancalculates; in perturbatiortheory To two loopsonefinds|[2, 3]:

4? T3
aév:k(N—k)ﬁWﬂ—@g?(T)N} (1.1)
whereé; ~ 0.09.

Thefactor k(N — k) is the k dependencef the Casimit TrzT*T*, whereR is the totally
antisymmetriagepresentationf aproductof £ fundamentalef SU(V). It is thefactoroneobtains
when calculatingthe Coulombinteractionbetweensourcesn sucha representationln D=1+1
SU(N) gaugeheoriesthetensionof theconfiningk-stringthatconnectsuchsourcediasprecisely
this dependenceThereareold speculationg5] thatthis ‘Casimir Scaling’ holdsin D=3+1and
numericalcalculationshaow thatit is agood(but not exact)approximatior{6]. A questionve will
try to answerin this paperis whetherthe CasimirScalingin eqn(1.1)survivesat very muchlower
T'. This questionconnectgo therole of CasimirScalingin confinementsincethesedomainwalls
arecloselyrelatedto the centrevorticesthatprovide a possiblemechanisnior confinement[89].

2. Preliminaries

We discretiseEuclidearspace-timeo a periodichypercubidattice. The . = 0 directionis the
temperaturelirectionandthedomainwall spanghe I; x L, torus.

Ourorderparametewill bebasedonthe Polyakw loop/,,. Above 7', thereare N degenerate
phases$n which (1) = z,¢(8) wheree(3) is areal-\aluedrenormalisatiorfiactor. They canco-exist
atary 7" > 1. andwill beseparatetby domainwalls. If /, in thetwo phasedliffersby afactor z;,
we referto thedomainwall asa k-wall.

To studya k-wall we usea ‘twisted’ plaquetteactionto enforcethe presencef asingledomain
wall. Thetwistedactionis definedby

1
Si=3(1- VReTr{z(p)Up}), (2.1)
p
wherez(p) = 1 for all plaquettesxcept

k
dip={uv,z,}) =2 =€"N =03 z9=1a¢, 23 =123, T12=1,..., L1 2. (2.2)
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Thatis to say the plaquettesn the entire(0,3)-planeat zo = z¢’ andz; = =3’ aremultiplied
by z; € Zn. ThePolyakor loopson eithersideof theplanewill differ by afactorof z;.. Periodicity
in 23 thendemandshatat somez; the Polyakos loop mustsuffer a compensatindgactorof z;, " —
adomainwall. Thuswe ensurghateachconfiguratiorpossesseatleastonek-wall.

We calculatetheaverageactionwith andwithout a k-twist asdefinedabove. Thedifferences

_Olnzy Oz, 9 Fy—Fy, 0 of A

ASE = (S) — (S = = 2 2.3
k= (k) = (S0) a3 93 0B T T (2:3)
Whereaé}, is the surfacetensionof thedomainwall andA = a? L L, isits area.
We seefrom egn(1.1)thatwe expect
0 oA 7500 k(N —k) 4r? L1Ly 0 1
AS, = — W2 ' = 2.4
ST LR 33 12 089(T) @4

whenleadingorderperturbatiortheoryis accurate The factor of (L) containsthe O (a?1?) =
O(1/L}) latticecorrectionobtainedby a numericalevaluationof theexpressiorgivenin [4].

3. Results

3.1 Surfacetension

Our mostextensive resultsare for SU(4) with Ly = 4. We shawv the valuesof ASE=! for
thesecalculationsn Fig. 1, comparedo thetwo-loop perturbatve expectationsisingamean-field
improved couplingand the bare coupling. We alsoinclude a ‘good’ coupling evaluatedat low
enegy scales:the Schrodingefunctionalcouplingwhich hasbeencalculatednon-perturbatiely
in [11]. We plottheratiosAS?2 /AS! in Fig. 3.

We obtainedresultsat oneadditionalpoint, notincludedin thegraphsat 3 = 20, correspond-
ingtoT ~ 10007.. Herewe foundexcellentagreementvith perturbatiortheory asexpected.

In Table1 welist ourresultsfor ASE:, for SU(4)with Lo = 5 andfor SU(2),SU(3),andSU(6).
We includeourresultsfor SU(4)with Iy = 4 atthe sameemperaturefor comparison.

For SU(4)with Ly = 4, asT’ — T, wefind AS};, grows muchmorerapidly thantheperturba-
tive prediction,reachinga factorof 18at7 ~ 1.027.. Thistells usthatdot, /91 becomesnuch
largerthanthelow-orderperturbatve expectatioras? — 7., implying thata®, (T') is increasingly
suppressedelative to its perturbatve value aswe approachl,. Theratio of the AS%, satisfies
CasimirScalingto goodaccurag, thoughthereis someevidencefor a discrepang below 1.57..

To investigatethe continuumlimit we compareo I, = 5. Thediscrepang with perturbation
theoryis thesameat 7' ~ 1.887,. andsimilarat 7 ~ 1.02T.. It is clearthata large andgrowing
mismatchwith perturbatiortheoryasT — T. is afeatureof the continuumtheory Theratio of the
A Sk, continuego becloseto CasimirScaling,sothatis alsoa propertyof the continuumtheory

For SU(6) we obsene at both valuesof T' preciselythe samediscrepang with perturbation
theoryaswe saw for SU(4)atthesamevalueof L. In additionthe ASE, ratioscontinueto satisfy
Casimir Scaling. Takentogetherthis tells us that the derivative of the domainwall tensionhas
no factorsof k£ and N exceptfor the Casimirscalingfactor (N — k) andits dependencen the
't Hooft coupling,¢g? N. Our SU(2) and SU(3) calculationsshow a very similar discrepang with
perturbatiortheory Thusthe suppressionf af;, (1) asT — T is largely independenof N.
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To estimatethe suppressionf of, we canin principle calculateit by interpolatingdos, /93
in 5 andthenintegratingfrom large 3 down to the desiredvalueof 7", but our calculationsarenot
densesnoughin g for this. We canobtaina qualitative pictureby assumingomefunctionalform
for 9ok, /0 andfitting it to the calculatedvalues. Choosingthe I, = 4 SU(4) calculation,we
makea fit usinga simplemodificationof the one-loopformulafor the £-wall free enepy:

k
[[?V77::[1loop]%—aexp(—b\/ﬁl——ﬁjg (3.2)
41442

Usingthisfit we obtainthe7’-dependencef of;, shavnin Fig. 2. We displaythe uncertaintyfrom

theerrorsin thefitted parameterdyut it is clearthatwe cannotreliably estimatehesystematierror

inherentin the choiceof fitting function. The qualitative pictureis thato?, is stronglysuppressed

atl" < 1.57,. This suggestdhatit may reachzero at some’l’; somevhatbelow 7, causinga

second-ordephasdransitiondueto thecondensatiowf spatial tHooft strings.

3.2 Profile

We canaveragethe Polyakas loop over thetransersecoordinateso obtainthe profile [, (z3).
Comparingwith the perturbatve prediction[2, 4] we find goodagreementiown to 7" ~ 1.88T...
However, atT ~ 1.02T, the profile is very far from the perturbatve expectation.This obsenation
makest all themoreremarkablehatwe continueto seeCasimirScalingatsuchvery low 7'.

3.3 Wetting

A k-wall caninterpolatebetweerntwo deconfinedhasedy passinghroughthe origin of the
comple [,(77) plane,i.e. the confinedphase. Whetherthis will happenor not dependson the
relevantsurfacetensionsWe investigatedhis by a seriesof runsverynearT. in SU(4)andSU(6).
We foundthatall the walls split into a pair of confined-deconfinedalls ('wetting’) over arange
of ~ 0.017, in T'. This smallrangeoccursbecauséehelatentheatis muchlargerthanthe domain
wall tensionswhich suppressethe breakingup unlessr is extremelycloseto T.,.

4. Conclusions

We have shown that surfacetensionsof domainwalls seperatinglifferentdeconfinedhases
arecloseto CasimirScaling,i.e.

ol = k(N = k) J(g*(1)N,T/T.) T, (4.1)

to agoodapproximationThesurfacaensionsarestronglysuppresseds?’’ — T.. Thedomainwall
profile is far from the perturbatve predictionnear7.. We alsoobsered'wetting’ of the domain
wallsverynearto 7.
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Figure 1: Action perunit areaof the k = 1 domainwall in SU(4)with a7 = 0.25. Monte Carlovalues+,
comparedwith perturbationtheorybasedon variouscouplings: g*(a), solidline, g#(a), long dashedine,
9% (1), shortdashedine.
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Figure 2: Surfacetensionin units of 7", usingthe functionalform in eqn(3.1) fitted to our results. For
comparisorwe shav the 1-loop (solid line) and 2-loop (dot-dashedine) perturbatve resultsusinga mean
fieldimprovedcoupling.All for the k£ = 1 wall in SU(4).
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Figure 3: RatioAS? /ASL in SU(4).
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