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1. Introduction

The Cho-Faddeev-Niemi (CFN) decomposition, or a change of variables of the non-Abelian
gauge potential in Yang—Mills theory, was proposed by Cho [1] and Faddeev and Niemi [2]. CFN
decomposition introduces a color vector field n(x) enabling us to extract explicitly the magnetic
monopole as a topological degree of freedom from the gauge potential without introducing the fun-
damental scalar field in Yang—Mills theory. The CFN decomposition has been formulated and exten-
sively studied on the continuum spacetime. For non-perturbative studies, however, it is desirable to
put the CFN decomposition on alattice. Thiswill enable us to perform powerful numerical smula-
tions to obtain fully non-perturbative results.

The main purpose of this paper is to propose a lattice formulation of the CFN decomposition
and to perform the numerical simulations on the lattice, paying special attention to the magnetic
condensations. Our lattice formulation reflects a new viewpoint proposed by three of the authors in
a previous paper [4], which enables us to retain the local and global gauge invariance even after the
new type of MAG. In the whole of this paper, we restrict the gauge group to SU(2).

2. CFN decomposition in the continuum

We adopt the Cho-Faddeev-Niemi (CFN) decomposition for the non-Abelian gaugefield[1, 2, 7].
By introducing a unit vector field n(x) with three components, i.e., n(x) - n(x) := M\(x)n*(x) = 1
(A=1,2,3), the non-Abelian gauge field «7, (x) in the SU(2) Yang-Mills theory is decomposed as

Ay (X) = Cu (X)N(X) + g~ 2dun(X) x N(X) + X (X). (2.1)

We use the notation: C, (x) := ¢, (X)n(X), By (X) := g=1dun(x) x n(x) and V, (x) := Cy (X) + By ().
By definition, C, (x) is parallel to n(x), while By, () is orthogonal to n(x). We require X, (x) to be
orthogonal to n(x), i.e., n(x) - X, (x) = 0. Wecall C, (x) the restricted potential, while X, (x) is called
the gauge-covariant potential and B, (x) is called the non-Abelian magnetic potential. In the naive
Abelian projection, C, (x) corresponds to the diagonal component, while X, (x) corresponds to the
off-diagonal component, apart from the vanishing magnetic part B, (x).

Accordingly, the non-Abelian field strength .%,, (X) is decomposed as

Fuy = ydy — Oy ey + 9y x oy = EByy +Hyy + DX, — DyXy + Xy x Xy, (2.2)

where we have introduced the covariant derivative in the background field Vj, by D,[V] = D, :=
du + 9V, x, and defined the two kinds of field strength:

E'uv :Euvn, EIJV = aqu - avCIJ, (2.3)
Hyy =Huyn,Hyy i= —g7In - (dyn x dyn). (2.4)

We here notice that Gy, := E,, + Hy, is gauge invariant, while each of [£,, and Hy,, is not gauge

invariant. We can define gauge invariant monopole, called CFN monopole, using the field strength
Guv[3].
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3. CFN decomposition on alattice

We discuss how the CFN decomposition is implemented on a lattice by defining the unit color
vector field ny to generate the ensemble of n-fieldg3]. On lattice simulation, we can generate the
configurations of SU(2) link variables {Uy , }, Uy, = exp[—iges,(X)], using the standard Wilson
action, where ¢ is the lattice spacing and g is the coupling constant. We use the continuum notation
for the Lie-algebra valued field variables, e.g., (), even on alattice. To obtain the configuration
with the same Boltzmann weight asthe original Y M theory, we define CFN decomposition on alattice
based on gauge symmetry of CFN variables.

We define the CFN-Yang—Mills theory as the Yang-Mills theory written in terms of the CFN
variables. It has been shown [4] that the SU(2) CFN-Yang-Millstheory hasthelocal gauge symmetry
GO = (2)0. % [U(2)/U ()8, larger than one of the original Yang-Mills theory SU (22, ,
since we can rotate the CFN variable n(x) by angle 6*(x) independently of the gauge transformation
of 7, (x) by the parameter w(x). In order to fix the whole enlarged local gauge symmetryéf‘é’c‘;I , we
must impose sufficient number of gauge fixing conditions. Recently, it has been clarified [4] how the
CFN-Yang—Mills theory can be equivalent to the original Yang-Mills theory by imposing a new type
of gaugefixing called the new Maximal Abelian gauge (hnMAG) to fix the extralocal gauge invariance
in the continuum formulation, see Fig.1.

Corresponding to CFN Yang Mills theory in continuum, we define nMAG on alattice. By intro-
ducing avector field ny of aunit length with three components, we consider afunctional Fwag[U,n; Q, 0]
written in terms of the gauge (link) variable U , and the color (site) variable ny defined by

FomacU, Q0] := > tr(1—n, Uy, Oy AU ).
Xl

(3.1)

Here we have introduced the enlarged gauge transformation: QUX# = QXUX#QI + for the link vari-
able Uy ,, and Ony = @Xn)ﬂo) G)I for aninitial site variable n&o) where gauge group elements €, and Oy
are independent SU(2) matrices on a site x. The former corresponds to the SU (2 gauge transfor-
mation (.<7,)®(x) of the original potential, while the latter to the adjoint [SU (2) /U (1)P rotation, (see
Fig.1).

After imposing thenMAG, the theory till hasthelocal gauge symmetry SU (2229 := U (2)}! -
Therefore, ny configuration can not be determined at this stage. In order to completely fix the gauge
and determine ny, we need to impose another gauge fixing condition for fixing SU (2)!,. In this
paper we choose the conventional Lorentz-Landau gauge or Lattice Landau gauge (LLG) for this
purpose. The LLG can be imposed by minimizing the function: Fg[U;Q] = ¥, , tr(1— Uy )
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with respect to the gauge transformation €, (See Fig. 2). The LLG fixes the local gauge symmetry
U (2)fos = U (2)]bca» While the LLG leaves the global symmetry SU(2)g e = SU (2)ggpa iNtaCE.
Therefore, we define the lattice NMAG by minimizing the functiona Fwac[U,n; Q,©] with respect
to the gauge transformation {€} and {©y}, and we obtain the lattice CFN decomposition:

Wy = exp{—ieg[Cy (X) + By (X) + X, (X)]}. (3.2)

Then a remaining issue to be clarified is how to construct the ensemble of the color n-fields
used in defining Fawac[U, n; 2, 0] and Uy ,. Now it is shown that the desired color vector field ny is
constructed from the interpolating gauge transformation matrix @ according to n&o) = o3 and

Ny:= 04030 = 'o?, nt =tr[oa0x030]]/2 (A=1,23). (3.3)

Thefirst observation isthat the functional Fywac[U, n; Q, ©] has another equivalent form Fyyac[U,n; Q, 0] =
FmaclU; Gl = Sy 4 tr(1— 03 ®Uyy 03 GU)Z”), with the identification G, := ©]Q,. This procedure de-
termines the configurations {G;} of SU(2) variables achieving the minimum of Ryac|[U;G]|, (See

Fig. 2).

On agauge orhit, two representatives on the two gauge-fixing hypersurfaces (MAG and LLG) are
connected by the gauge transformation © = Q*(G*)™. Thus we can determine a set of interpolating
gauge-rotation matrices {©} to construct ny ensemble. In fact, the color vector ny constructed in
this way represents a real-valued vector i, = (ni,n2,n) of unit length with three components, and
transforms in the adjoint representation under the gauge transformation 11.

By imposing smultaneously the nMAG and the LLG in this way, we can completely fix the
whole local gaugeinvarianceéf‘;;glj of the lattice CFN-Yang—Mills theory. It should be remarked that,
even after the gauge fixing, the global (color) symmetry U (Z)Qﬁgtfal is unbroken.

Finally, we give the explicit expressions of CFN variables on lattice, from link variable U and n-
fields. In the continuum theory, the CFN decomposition is uniquely obtained as G, (x) = n(x)-#7,(X)
and X, = g n(x) ><I5# [“7,]n(x) for the given gauge potential .7, (x) and n-field [6]. Thus CFN
variables on a lattice can be defined by the gauge potential geAc, = 'i (UX# —U)I”) , using U-
linear definition. We define the differential of n-field as a forwarded differential corresponding to
alink variable, A,f(x) := A(X+ eil) — 7, (X)A(x), where [i is a unit vector to the direction p. The
coefficient y, (x) = A(x+ €j1) - fi(x) is defined to satisfy the orthogonal condition A,fi(x) - fi(x) = 0
(9u1i(x) - i(x) = 0 in continuum theory). So the CFN variables on alattice are obtained as follows;

IBXJJ = Auﬁx X ﬁx - ﬁx_j’_gil X ﬁx’ (3.4)

vali — A)Qu . nx, XX“LL = AX,,LL - Cx7unx - ]:Bx“u . (35)

4. Numerical simulations

Our numerical simulations are performed as follows. In the continuum formulation, the CFN
variables were introduced as a change of variables in such a way that they do not break the global
gauge symmetry SU(Z)'g'Iobaj or "color symmetry", corresponding to the global gauge symmetry
SlJ(Z)'globaj in the original Yang-Mills theory. Hence the nMAG can be imposed in terms of the
CFN variables without breaking the color symmetry. Thisisacrucia difference between the nMAG
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based on the CFN decomposition and the conventional MAG based on the ordinary Cartan decompo-
sition which breaks the SU (2)go0a explicitly. Therefore, we must perform the numerical simulations
o as to preserve the color symmetry as much as possible! Thisisin fact possible as follows.

Remember that the NMAG on alattice is achieved by repeatedly performing the gauge transfor-
mations. In order to preserve the global SU(2) symmetry, we adopt a random (global) gauge trans-
formation only in the first sweep among the whole sweeps of gauge transformations in the standard
iterative gauge fixing procedure for the LLG. This procedure moves an ensemble of unit vectors ry to
arandom ensemble of ny which is far away from ny = (0,0,1). Then we search for the local minima
around this configuration of ny by performing the successive gauge transformations. The first random
gauge transformation as well as the subsequent gauge transformations are accumulated to obtain the
gauge transformation matrix © by which n is constructed.

4.1 Latticedata

Our numerical simulations are performed on the lattice with the lattice size 1* = 24* by using
heat-bath method for the standard Wilson action[8] for the gauge coupling f = 2.3 ~ 2.7 and periodic
boundary conditions. Staring with cold initial condition and thermalizing 50* 100 sweeps, we have
obtained 200 configurations at intervals of 100 sweeps. For LLG and MAG, we have used the over
relaxation agorithm.

Wefirst focus on the n-fields. We have measured expectation values(ny') (A= 1,2,3), and have
obtained the vanishing expectation values. Moreover, we have measured the two-point correlation
functions defined by (nng ), see Fig. 3. The two-point correlation functions (rng) (no summation
over A) exhibit almost the same behavior in al the directions (A = 1,2,3), while (ngn§) (A # B)
vanish. Thus, we have obtained the correlation function(nn5) = 6”8D(x) respecting color symme-
try. These results indicate that the global SU (2) symmetry (color symmetry) is unbroken in our main
simulations.

Secondary, we focus on the anatomy of the condensation by CFN variables. We measure the
“naive" condensation of massdimension 2; (ge)* (A2, ) = (9e)? [(c2,,) + (B2, ) + (X2, ) + 2(By X )]
and have obtained the non-zero value of condensaions of CFN variables. We also measure the
"constraint effective potential" defined by probability distribution of alocal operator ®(x); Pr(¢) =
(0 (9(x) —D(x))) and the effective potential is defined by \est(¢) = —In(6 (¢(x) — D(X))). Here,
we measure effective potential for ®(x) = {AZ,,, ¢§,, Bf ,, XZ,,...}. Fig. 4 shows that effective

LWhether the color symmetry is spontaneously broken or not is another issue to be investigated separately.
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potential —Vert(¢) has peaks at nonzero expectation value (®(x)) . This suggest that we can expect
non-zero condensations.

5. Summary and Discussion

We have shown how to implement the CFN decomposition (change of variables) of SU(2) Yang—
Mills theory on alattice, according to anew viewpoint proposed in[4]. A remarkable point isthat our
approach can preserve both the local SU(2) gauge symmetry and the color symmetry (global SU(2)
symmetry) even after imposing a new type of gauge fixing (called the nMAG) which isregarded as a
constraint to reproduce the original Yang-Mills theory.

Moreover, we have succeeded to perform the numerical simulations in such a way that the color
symmetry is unbroken. This is the first remarkable result. Thisis in sharp contrast to the previous
approaches [10, 9]. Although the similar technique of constructing the unit vector field rx from a
U (2) matrix © has already appeared, e.g., in [10, 9, 11], there is a crucia conceptual difference
between our approach and others.

We have shown preliminary result for the anatomy of the condensation of mass dimension 2. We
have obtained the result suggesting non-zero value of the condensations. To determine the physical
value of the condensation, we need the further study such as the renomalization of the CFN variables.
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