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A two mixing angle description of the pseudoscalar decay constants associated to the η-η ′ system
is used to parametrize the theoretical amplitudes of the radiative decays (η ,η ′) → γγ and the
coupling constants gV (η ,η ′)γ with V = ρ,ω,φ . The parametrization is performed in both the
“octet-singlet” basis and the “quark-flavour” basis. An excellent agreement with the most recent
experimental data is achieved. Our analysis reveals that at the present experimental accuracy the
two mixing angles differ significantly in the former basis but not in the latter, in accordance with
the expectations of large Nc Chiral Perturbation Theory where the difference between the two
mixing angles are due to a SU(3) f -breaking effect and a violation of the OZI rule respectively.
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1. Theoretical input

The decay constants of the η-η ′ system in the octet-singlet basis f a
P (a = 8,0;P = η ,η ′) are

defined as 〈0|Aa
µ |P(p)〉 = i f a

P pµ , where A8,0
µ are the octet and singlet axial-vector currents1. The

divergence of the matrix elements are written as 〈0|∂ µAa
µ |P〉 = f a

Pm2
P, where mP is the mass of

the pseudoscalar meson. Each of the two mesons P = η ,η ′ has both octet and singlet components,
a = 8,0. Consequently, the matrix elements define four independent decay constants. Following the
convention of Ref. [1] the decay constants are parametrized in terms of two basic decay constants
f8, f0 and two angles θ8,θ0: (

f 8
η f 0

η

f 8
η ′ f 0

η ′

)
=

(
f8 cosθ8 − f0 sinθ0

f8 sinθ8 f0 cosθ0

)
. (1.1)

Analogously to the π0 → γγ case, one assumes that the interpolating fields η and η ′ can be related
with the axial-vector currents. This leads to

Γ(η ,η ′ → γγ) =
α2m3

η

96π3

(
cθ0/ f8−2

√
2sθ8/ f0

cθ0cθ8 + sθ8sθ0

)2

,
α2m3

η ′

96π3

(
sθ0/ f8 +2

√
2cθ8/ f0

cθ0cθ8 + sθ8sθ0

)2

. (1.2)

The electromagnetic form factors of the radiative decays of lowest-lying vector mesons, V →
(η ,η ′)γ , and of the radiative decays η ′ → V γ , with V = ρ,ω,φ , are described in terms of their
relation with the AVV triangle anomaly, A and V being an axial-vector and a vector current respec-
tively. The approach both includes SU(3) f breaking effects and fixes the vertex couplings gV Pγ as
explained below. One considers the correlation function i

∫
d4xeiq1x〈P(q1 +q2)|T JEM

µ (x)JV
ν (0)|0〉=

εµναβ qα
1 qβ

2 FV Pγ(q2
1,q

2
2), where the currents are defined as JEM

µ = 2
3 ūγµu− 1

3 d̄γµd− 1
3 s̄γµs, Jρ,ω

µ =
1√
2
(ūγµu∓ d̄γµd) and Jφ

µ = −s̄γµs. The form factors values FV Pγ(0,0) are fixed by the AVV tri-
angle anomaly (one V being an electromagnetic current), and are written in terms of the pseu-
doscalar decay constants and the φ -ω mixing angle θV (see Ref. [2] for the complete expres-
sions). Using their analytic properties, we can express these form factors by dispersion relations
in the momentum of the vector current, which are then saturated with the lowest-lying resonances
FV Pγ(0,0) = fV

mV
gV Pγ + · · · , where the dots stand for higher resonances and multiparticle contri-

butions to the correlation function. In the following we assume vector meson dominance (VMD)
and thus neglect these contributions (see Ref. [3] for further details). The fV are the leptonic
decay constants of the vector mesons defined by 〈0|JV

µ |V (p,λ )〉 = mV fV ε
(λ )
µ (p), where mV and

λ are the mass and the helicity state of the vector meson. The fV can be determined from the
experimental decay rates Γ(V → e+e−) = 4π

3 α2 f 2
V

mV
c2

V , with cV = ( 1√
2
, sθV√

6
, cθV√

6
) for V = ρ,ω,φ .

Finally, we introduce the vertex couplings gV Pγ , which are just the on-shell V -P electromagnetic
form factors: 〈P(pP)|JEM

µ |V (pV ,λ )〉|(pV−pP)2=0 = −gV Pγεµναβ pν
P pα

V ε
β

V (λ ). The decay widths are

Γ(P →V γ) = α

8 g2
V Pγ

(
m2

P−m2
V

mP

)3
and Γ(V → Pγ) = α

24 g2
V Pγ

(
m2

V−m2
P

mV

)3
.

In the quark-flavour basis the decay constants are parametrized in terms of fq, fs and φq,φs:(
f q
η f s

η

f q
η ′ f s

η ′

)
=

(
fq cosφq − fs sinφs

fq sinφq fs cosφs

)
, (1.3)

1The axial-vector currents are defined as Aa
µ = q̄γµ γ5

λ a
√

2
q with the normalization convention fπ =

√
2Fπ = 130.7

MeV.
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Assumptions Results χ2/d.o.f. Assumptions Results χ2/d.o.f.

θ8 and θ0 free θ8 = (−22.2±1.4)◦ 40.5/5 θ8 = θ0 ≡ θ θ = (−18.9±1.2)◦ 73.7/6

f8 = 1.28 fπ θ0 = (−5.5±2.3)◦ f8 = 1.28 fπ f0 = (1.11±0.03) fπ

f0 = (1.25±0.04) fπ

θ8 and θ0 free θ8 = (−23.8±1.4)◦ 17.9/4 θ8 = θ0 ≡ θ θ = (−18.2±1.2)◦ 66.9/5

f8 free θ0 = (−1.1±2.3)◦ f8 free f8 = (1.39±0.04) fπ

f8 = (1.51±0.05) fπ f0 = (1.13±0.03) fπ

f0 = (1.32±0.05) fπ

φq and φs free φq = (42.7±2.0)◦ 32.6/5 φq = φs ≡ φ φ = (41.8±1.2)◦ 32.8/6

fq = fπ φs = (41.6±1.3)◦ fq = fπ fs = (1.68±0.07) fπ

fs = (1.69±0.07) fπ

φq and φs free φq = (41.6±2.3)◦ 17.9/4 φq = φs ≡ φ φ = (41.5±1.2)◦ 17.9/5

fq free φs = (41.5±1.4)◦ fq free fq = (1.09±0.03) fπ

fq = (1.09±0.03) fπ fs = (1.68±0.07) fπ

fs = (1.68±0.07) fπ

Table 1: Results for the η-η ′ mixing parameters in the octet-singlet basis (upper part) and the quark-flavour
basis (down part) of the two mixing angle scheme (left) and the one mixing angle scheme (right).

and the non-strange and strange axial-vector currents are defined as Aq
µ = 1√

3
(A8

µ +
√

2A0
µ) and

As
µ = 1√

3
(A0

µ −
√

2A8
µ). The parametrization of the decay widths Γ(η ,η ′→ γγ) in the quark-flavour

basis and the vertex couplings gV Pγ in both basis are found in Ref. [2].

2. Results

In order to test our theoretical predictions with the most recent experimental information ac-
counting for (η ,η ′ → γγ) and the radiative vector decays V → Pγ and P → V γ [4] we must first
know the values of the mixing parameters (decay constants and mixing angles) preferred by the
data. Therefore, we have performed various fits to this set of experimental data assuming, or not,
the two mixing angle scheme of the η-η ′ system. The results for the octet-singlet basis are pre-
sented in the upper part of Table 1. The theoretical constraint f8 = 1.28 fπ is relaxed in order
to test the dependence of the result on the value of this parameter. The experimental constrain
θV = (38.7±0.2)◦ is kept fixed in all the fits. As seen from Table 1, a significant improvement in
the χ2/d.o.f. is achieved when the constrain θ8 = θ0 ≡ θ is relaxed (in the most favorable case the
χ2/d.o.f. is reduced by a factor of 3), allowing us to show explicitly in the octet-singlet basis the im-
provement of our analysis using the two mixing angle scheme with respect to the one using the one
mixing angle scheme. Concerning the two mixing angle scheme, the θ8 and θ0 mixing angle values
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are different at the 3σ level, in accordance with the expectations of large Nc Chiral Perturbation
Theory (ChPT) where the difference between the two mixing angles is due to a SU(3) f -breaking
effect proportional to f 2

K − f 2
π [1]. When f8 is left free the experimental data seem to prefer a value

higher than the one predicted by ChPT ( f8 = 1.28 fπ ), while for the parameters θ8,θ0 and f0 our
values are in agreement with those of Ref. [1]. In the one mixing angle case to leave f8 free does
not make any substantial difference.

The same kind of analysis can be performed in the quark-flavour basis. The results are pre-
sented in the down part of Table 1. As seen, there is no significant difference at the present exper-
imental accuracy between the χ2/d.o.f. of the fits when data are described in terms of two mixing
angles (in the quark-flavour basis) or if φq = φs ≡ φ is imposed. This behaviour can again be un-
derstood in the framework of large Nc ChPT since the difference of the mixing angles in this basis
is proportional to an OZI rule violating parameter which appears to be small [5]. It is however
important to notice that the fit considerably improves when the parameter fq is left free. In this
case the value obtained is incompatible with the value in the large Nc limit fq = fπ . The value for
the mixing angle φ agrees with previous phenomenological analyses [5], while the large value of
fs (along with a large f8) is because of the inclusion in our fits of the most recent φ → η ′γ decay
width. In all cases, to leave the vector mixing angle free does not produce any effect on the fits.

At the present accuracy, our results satisfy the approximate relations existing between the two
different sets of mixing parameters (only valid for φq = φs ≡ φ ) [5]:

f8 =
√

1/3 f 2
q +2/3 f 2

s , θ8 = φ − arctan(
√

2 fs/ fq) ,

f0 =
√

2/3 f 2
q +1/3 f 2

s , θ0 = φ − arctan(
√

2 fq/ fs) .
(2.1)

3. Conclusions

We have performed an updated phenomenological analysis on various decay processes using
the two mixing angle description of the η-η ′ system with two aims: i) to check the validity of the
two mixing angle scheme and its improvement over the standard one angle picture and ii) to test the
sensitivity of the analysis to the mixing angle schemes: octet-singlet basis vs. quark-flavour basis.
The agreement between our theoretical predictions and the experimental values is remarkable and
can be considered as a consistency check of the whole approach. We have shown that a two mixing
angle description in the octet-singlet basis is required in order to achieve good agreement with
experimental data. On the contrary, in the quark-flavour basis and with the present experimental
accuracy a one mixing angle description of the processes is still enough to reach agreement.
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