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1. Introduction

The measurement of the totalcross section constitutes a major part of the top physics pro
gram at a futureete~ Linear Collider (LC). From the location of the rise of the ssosection
measurements of the top quark mass will be gained, while frmrshape and the normalization
one can extract the top quark width and get information ondperukawa coupling and the strong
coupling. | will begin this talk with some comments on theseasurement to provide an under-
standing of the requirements that are imposed on the thealrptedictions.

With a luminosity of a few times £J/(cnm?s) experimental simulation assume a total lumi-
nosity of several 10Gb~! spent for a full threshold scan. For 10 scan points this spoeds to
about 10 tt pairs for c.m. energies where the cross section reachesphéetel. To determine the
observed experimental cross sect'qutPS one needs to have a very good knowledge on the lumi-
nosity spectrum’(x) which accounts for the machine-dependent beam energydspheaeffects
of beamstrahlung and initial state radiation [1, 2],
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whereot%is the "partonic" cross section without initial state bedfaas. The luminosity spectrum
leads to a smearing of the partonic cross section and to @&tiedwf the observed cross section
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Figure 1. Left: Smearing of the "partonidt cross section by beam effects and initial state radiatioghtR
panel: Simulation of beam spread, beamstrahlung and ISRtaibdtions ofx = \/s/,/5; (where, /5 is the
nominal c.m. energy of the machine). The figures are from.R&f$]

The ¢.m. energy where the cross section rises is strongljeckto twice the top quark mass.
The experimental statistical uncertainty in top quark nmsasurements is around 20 MeV [4] and
there is also an effect from uncertainties in the knowledgeZgx) which affects the top quark
mass by probably less than 50 MeV [3]. In contrast to the massnstruction method that is
traditionally used at the hadron colliders there is a verydgknowledge on the intrinsic theoretical
uncertainties in this type of top quark mass measuremerit i§tbecause the cross section line-
shape can be computed precisely with perturbative mettids.can rely on perturbative methods
because the rather large top quark wifith~ 1.5 GeV suppresses non-perturbative effects and
prevents the formation of toponium bound states. So theslhimge can be computed as a function
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of the Lagrangian top quark mass in any given scheme withobiguities. The facts that we are
considering at color singlet state and that one just needs to couatent (in the experimental
measurement) simplifies the task a lot. From NNLL order QCbgatations and from general
arguments based on studies of QCD perturbation theory &atdviders [5] it is known that the
best perturbative stability in the c.m. energy Wheﬁerises is obtained in so-called top threshold
mass schemes [6] such as the 1S mass [7, 8], which | will fordkeof this presentation. This
means that the top quark mass that is measured from the saaopshreshold mass, such as the
1S mass. An important issue here is that threshold massdsecatated reliably to e.g. tHdS
mass (see e.g. Ref. [8]) that is frequently used for new phystiudies or electroweak precision
observables. The top quark pole mass is known to lead to a moide higher order behavior [6],
but it never becomes relevant in these considerations. I8iios have shown that the 1S mass can
be determined with theoretical uncertainties of about 1@3/NB].

The top quark couplings and its total width can be determin@th the normalization of the
cross section and the details of the line-shape form. Thagitoupling and the Yukawa coupling
affect the attraction of thd pair and determine the normalization. The top width deteesithe
sharpness of the peakb't% For 300fb~! distributed over 10 scan points the experimental errors
are smaller than 50 MeV for the top width and at the lev€0Q for as(M;) [4]. If the Higgs is
close to the present lower experimental bound, its Yukawgpliog to the top can be measured
with around 35% precision. To achieve comparable the@leticors the normalization and the
line-shape form need to be known with a precision of bettan tB. As we will see below there
is still some work to be investigated to reach this goal.

The physics at the top threshold involves a number of naatriheoretical issues related
to the non-relativistic dynamics and and the finite top guddtime that need to be addressed
all at the same time. Gluon exchange leads to singular téirfss/v)" and O (aslnv)" in n-
loop perturbation theory where< 1 is the top velocity. The singularities enforce the paraimet
(power) countingy ~ as < 1, i.e. one needs to expand simultaneouslydrandv, and the use
of an effective field theory (EFT) to sum them up to all ordersxi. Due to the large top quark
lifetime these computations can be carried out perturbgtivased on the counting just mentioned.
Interestingly the top width is approximately equal to thpitwl top kinetic energy; ~ ma ~
E.in ~ MmaZ, so the effects of the top lifetime cannot be treated as aifiation and need to be
implemented systematically starting from the LL approxioa Due to the relation between width
and kinetic energy the combined expansion is based on tlaengric counting

Ve as~at? < 1. 1.2)

In the following sections | discuss the status of the theégabpredictions for the total cross section
at(t’—concerning QCD (Sec. 2) and finite lifetime and electrowdfdcts (Sec. 3. In Secs. 4 and 5 |
discuss applications of these theoretical tools to Yukawugling measurements froete~ — ttH
and squark pair production.



Top Threshold Physics André H. Hoang

2. QCD Effects
Schematically the perturbative expansion and summatmmhé cross section have the form
O.— k .
R % _ (%) (asinv)' {1 (LL), as,v(NLL), a2, asv,V? (NNLL)} . 2.1)
Ty T\ V

where the termsrs/v and aglnv are counted of order 1. The singular terms originate frorosat
of the physical scalesy (hard), p; ~ mv (soft) andE; ~ mVv? (ultrasoft). The summations are
achieved systematically in the various orders of approtiomaby construction of a low energy
EFT, generically called nonrelativistic QCD (NRQCD), tligiscribes correctly the nonrelativistic
fluctuations of full QCD for the kinematic situation of theptquarks close to threshold. A number
of different versions of NRQCD exist [10, 11, 12, 13], eachwdfich aiming (in principle) on
applications in different physical situations. The EFT \Q®BD (“velocity’NRQCD) [12, 14]
has been designed for predictions at théhreshold in the scheme (2.1). It treats the cmse>
Pt > E > NAgeps i.e. all physical scales are perturbative, but also hasdnelationE; = p?/m
built in at the field theoretic level. The latter is importantachieve the correct summation of
the logarithmic Irv terms by renormalization group evolution. The EFT consi$ta Lagrangian
with local operators made from top and gluon fields that desdhe quantum fluctuations that are
resonant at the nonrelativistic scafgsandE;. High energy fluctuations that occur in EFT loop
diagrams and off-shell fluctuations are accounted for irBf€ renormalization procedure and by
matching the EFT coefficients to the full theory at the haadesty. This fixes the matching (initial)
conditions and the renormalization group running of thdfeoents. The large logarithms inare
summed by evolving the coefficient to the low-energy scatdghat all large logs disappear from
the EFT matrix elements. At LL order the EFT Lagrangian rafeévfore™ e~ — tt at threshold has
the simple form
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wherey, andx,, destroy top and antitop quarks with momentprandD* is the covariant deriva-
tive with respect to ultrasoft gluons; the tekhfp, p’) contains the Coulomb potential. | have also
shown a few terms that come in at NNLL. All couplings are fimuts$ of the dimension-less renor-
malization group scaling parameter At v = 1 (hard scalen) the coefficients are determined
from the matching procedure andwat- v ~ as the EFT matrix elements are computed. The scal-
ing fromv = 1 to as sums all logs of ratios of the scales, p; andE; and also accounts for the
correlation ofp; andE;. The coefficiendm, is determined (unambiguously order by order) by the
mass definition that is used. The temﬁii Ity accounts for the top decay at LL order, which | will
discuss in more detail in the next section. The equation dfandor thett system obtained from
Eq. (2.2) is a Schrodinger equation. At NNLL order it has,amfiguration space, the form

$, (k=p'-p (2.2

02 o*
(_R—WjLV(r)—(\fs— Zm—26m[(v)+irt)>G(r,r’,\fs,v) =30 -r), (2.3)
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whereG is the Green functioh. The Lagrangian does not descritteproduction or annihilation.
This is done by additional operators (external currentee dominant operators, which descrtbe
production in a S-wave spin-triplet state are

Oynp =Cualv) [8Vi(w)e] |4 ojlioy)x’y | (2.9)

where the coefficient§,, ,(v) describe the hard, nonresonant fluctuation that are indalvénett
production process. Using the optical theorem one canrobitaitotal cross section,

R= T~ Im[(C}(v) +CA(v))G(0,0,v5 V)], (25)
prps

where the zero-distance Green function describes the latimigtic dynamics of thee™ — ete™
forward scattering amplitude with thé pair being produced and annihilated at the origin. The
zero-distance Green function is fully known at NNLL ordeed<s.g. Ref. [15] for details). The
matching conditionsC,, 5(1) are known at NNLL order. The renormalization evolution o th
coefficients, f(v) = CVA(V)/CV.A(].) is known at NLL order [14, 16]. At NNLL order the 3-
loop non-mixing contributions are known for the functién [17], but the subleading evolution
of the coefficients that go into the NLL evolution éf (mixing contributions) has not yet been
determined. In Fig. 2 the predictions fBrat LL (blue dotted lines), NLL (green dashed lines) and
NNLL order without the unknown mixing corrections (red sdines) are shown fam = 175 GeV,

= 1.43. We see that the NNLL corrections are substantial, artcttieaNNLL prediction has a
much largen-dependence than the NLL order one. At present the QCD naratiain uncertainty
is around 6% [18]. This is far away from the 3% goal, but a firmhausion has to await the
completion of the missing NNLL order corrections or everhigigorder computations. | personally
believe that it will be the full NNLL order prediction that @emines the final QCD uncertainty that
can be achieved.

3. FiniteLifetime and Electroweak Effects

Until now most effort in the literature went into the analysind determination of QCD ef-
fects. Electroweak and in particular finite top quark lifiedi corrections have receive much less
attention beyond the LL order level. In fact not even the $ell of NLL order corrections (based on
the counting in Eq. (1.2) are known for the total cross sectior the treatment of finite lifetime
corrections no fully general method, that can at the same tiamdle all realistic cases and observ-
ables, exists. In a given set of (reasonable) approximat@m for specific observables, however,
a systematic and consistent approach can be developedf.Ifl®ehe EFT approach developed
for the QCD effects was extended to determine the finite tagglifetime corrections to the total
cross section for the powercounting (1.2) in the approxionadf a stableV boson. The approach
is very similar to the theory of light propagation in an alpgive medium, where the effects of
absorption can encoded in complex contributions to theficgaits of the vacuum theory as long
as one does not want to address microscopic details of thoepdlos processes.

IThe LL zero-distance Greens function in dimensional retj;maon has the simple analytic form
GY(0,0,,/5,v) = ﬁn{ivfa[ln (FY) L2+ e+ (1-13)] 1+ 'Z‘z,f A, with a= Cras(mv) andv = ((/5—
2my —28m (v) +ily) /my) Y2,
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Figure2: Predictions foRin renormalization group improved perturbation theorylaftiotted lines), NLL
(dashed lines) and NNLL (solid lines) order. For each ordeves are plotted fov = 0.15, 020, and 03.
The effects of the luminosity spectrum are not included] [18
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Electroweak effects can be categorized into three classes:

() "Hard" electroweak effects: This class includes hadintdike electroweak effects related
e.g. to thett production mechanism by virtual photon and Z exchange, aections to
various matching conditions of the EFT. In general theseections are modifications of the
hard QCD matching conditions of the EFT operators. They @addiermined by standard
methods by matching at the top quark complex pole, and afauezbers.

(b) Electromagnetic effects: They are relevant for the homity spectrum of the™e™ initial
state. The other low- and high energy properties of photterastions of thét pair and its
decay products are similar to the gluonic corrections amdb@aincorporated in the same
way into the EFT, but their effects are in general of higheteor(see Eq. (1.2)). At NNLL
order a coherent treatment of all electromagnetic effsatsquired.

(c) Effects related to the finite top quark lifetime: Aparorn the top decay (int®Vb for the
Standard Model) this class also includes interferenceribmions with processes having
the sameN W bb final state but only one or even no top quark at intermediatgest |
also accounts for interactions involving the top decay pot&l (sometimes called "nonfactor-
izable" effects). In Ref. [19] it was shown that, as long asttip decay is treated inclusively,
finite lifetime effects can be incorporated into the EFT rhiatg conditions by imaginary
contribution that are determined from those (and only thasés in electroweak matching
corrections that are related to the top decay. As for clgsthéamatching procedure is car-
ried out at the top quark complex pole (although this issuEsdwt become relevant up to
NNLL order). One might say that the top decay is integratetd athough this notion can be
misleading. This renders the EFT non-Hermitian, but uitytas still preserved due to the
Hermiticity of the full electroweak theory. Gauge invarignis maintained at all times (as
long as only gauge invariant sets of operators are used iBRM8g.

Let me now discuss the status concerning the electroweag&teffor the total cross section coming
from the three classes and using the power counting (1.2)L1Atrder all contributions are
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Figure 3: Left panel: Corrections to the total cross section from NNirhe-dilatation and interference
effects and NLL summation of phase space logarithms [1ghRdanel: Relative normalization corrections
to the total cross section from NNLL hard electroweak cdioss fora = 1/137 (dashed line) and for a
scheme with an electromagnetic coupling atnmescale,a”fZS(u =m) = 1259 [23].
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Figure4: Left panel: Full theory diagrams in Feynman gauge neededterahine the electroweak absorp-
tive parts in the Wilson coeI’“ﬁcien(s//A related to the physicaW™ andbW™ intermediate states. Only the

bW cut is drawn explicitly. Right panel: Full theory diagramesdribing the process e~ — bW+ bW~
with one or two intermediate top or antitop quark propagatdhe circle in the first diagram represents the
QCD form factors for thét vector/axial-vector currents.

known. There are the tree level matching conditiGps (1) to the coefficients of thet production
and annihilation operators which describe the intermediatual photon and Z exchange éfie™
annihilation (class(a)), the luminosity spectrum in Eqlj(class (b)) and the imaginary width
term L/,lgirt Yy in the kinetic terms of the EFT Lagrangian in Eq. (2.2). Thdtiterm arises from
the cut in the full theory top quark electroweak selfenerggrams in the matching procedure. At
NLL order there are no corrections in class (a), because hard elezikomatching corrections
beyond LL order can only contribute at NNLL order accordiad.2). Moreover the NNLL class
(a,c) matching corrections to the Coulomb potenfiaand the dominant top® gluon interactions
vanish due to gauge invariance. In class (b) there is aniadditQED contribution to the Coulomb
potential from the exchange of a Coulomb photon (see [20Birdilar correction does not exist at
NNLL order. In class (c) there am@(as) QCD corrections to the top width [21] and phase space
corrections that are explained below. The statement | madeeclass (a) corrections implies a
non-trivial cancellation of effects that involve real aridwal ultrasoft gluon exchange among the
top quarks and its decay products that appears non-trigial the diagrammatic point of view [22].
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At NNLL order, in class (a) there are one-loop electroweak correctiordaiss (a) to the
matching conditionstv’A(l). They were determined in Refs [24, 25] and reanalyzed withece
tions recently in Ref. [23]. They lead to an energy-indeemchormalization correction to the total
cross section that is shown in Fig. 3 as a function of the Higgss. The determination of NNLL
order electromagnetic corrections has not been attempitidnow. The class (c) finite lifetime
corrections were analyzed in Ref. [19]. They include thgx2) QCD corrections td; [26], the
time-dilatation correctiori] I';p?/m (see Eg. (2.2)) and the one-loop imaginary contributions to
Cy (1) from cuts related to the top decay in the one-loop correstiore™e™ — tt (see Fig. 4a).
Due to unitarity the imaginary contribution have the sangg $or thett production and the anni-
hilation operators and lead to a energy-dependent casrettithe total cross section (2.5). It was
shown in Ref. [19] that these corrections account for therfatence of the dominant amplitude
ete” — tt — bbWHW— with amplitudes having the same final state, but only one tamttop as
intermediate lines (Fig. 4b). These interference comestilead to a new type of UV-divergence
that can be seen from Eq. (2.5) and the UV-divergence in thlepaat of the zero-distance Green
function, as can be seen in footnote 1. The divergence itetkta the Breit-Wigner type EFT top
guark propagator (see Eq. (2.2) and the fact that the EFTe@pce is infinite. This is because the
EFT is based on an expansion around the top mass shell regi@h in this context means taking
m — . The UV-divergence has to be renormalized by imaginary tterms of(ee )(ete ")
forward scattering operators [19] which also have to be ddd¢he RHS of Eq. (2.5). The renor-
malization group evolution of these operators is a NLL omfézct (just like the LL running otrs
is determined from NLL one-loop diagrams) and was deterchindRef. [19]. It sums phase space
logarithmsO Iy (asInv)" to all orders inas. The impact of the sum of time-dilatation and interfer-
ence corrections and the NLL order phase space logarithstsoisn in Fig. 3a. The corrections
are energy-dependent and particularly large where the sexgion is small and the top quarks are
further off-shell. They leads to a shift of the peak positiomt% by 30 to 50 MeV. The results
in Fig. 3 demonstrate that the NNLL electroweak correctiarescomparable to the NNLL QCD
effects and need to determined to reach the 3% goal discasslee beginning of this talk.

4. Threshold Physicsand efe™ — ttH

It is one of the major tasks of the future Linear Collider taauel details of the mechanism
of electroweak symmetry breaking. One of the crucial meaments is the (as much as possible)
model-independent determination of the top Yukawa cogplinwhich in the Standard Model is
related the top mass and the vacuum expectation value. At#elLinear Collider the top quark
Yukawa coupling can be measured from top quark pair producssociated with a Higgs boson,
ete” — ttH, since the process is dominated by the amplitude descriBiggs radiation off thet
pair. This process is particularly suited for a light Higgsbn since the cross section can then reach
the 1-2 fb level and measurementsipfclose to the Standard Model value) with relative errors of
a few percent are expected [27]. With this motivation orepl@CD [28, 29] and also electroweak
corrections [30, 31, 32] were determined. There is, howevezgion in the phase space where the
Higgs energy is large and thedynamics is nonrelativistic. For large Higgs energiesttheair
is forced to become collinear and to move opposite to the $ajgection in order to achieve the
large total momentum necessary to balance the large Higgsemimm (Fig. 5). In this kinematic
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Figure5: Typical constellation of momenta for the procesg~ — ttH in the large Higgs energy endpoint
region.

region thett invariant mas€)-is close to 2, i.e. thett pair is nonrelativistic in its c.m. frame. For
a relatively light Higgs below th#&v "W~ threshold the Higgs width is only at the level of several
MeV and it is therefore possible to neglect gluon interaxtibetween the top quarks and the Higgs
decay products. So the QCD dynamics ofttfté system in the large Higgs energy endpoint region
is very similar to the physics at thiethreshold discussed in the previous sections. In particiia
usual loop QCD perturbation theory breaks down dugtgv)" and(asInv)" singularities and an
EFT treatment is required. In Ref. [33] a NLL order QCD faization formula in close analogy
to Eq. (2.5) was derived for the Higgs energy spectrum indingel Higgs energy endpoint region
using the formalism developed for te&ée~ — tt threshold. It has the (simplified) form

99 (£, ~ED¥) = h(vam.my) Im [C2(v) G(0.0.Qu(Ey,).v)] - @.1)

dE,
where the constarit accounts for the hard electroweak effects (where argunseits the Z mass
and the electroweak couplings are not written) &fd) for the hard QCD corrections of theH
production mechanism. For c.m. energies above 500 GeV thensation of the terms singular in
v leads to corrections to the knowf{as) one-loop predictions for the total cross section since for
large c.m. energies only a part of the phase space is dodibgtthe nonrelativistitt dynamics.
Below 500 GeV, however, the energy available during the fiinsise of a LC program based on the
cold technology, the maximal possible relative top velo@tso small that the full phase space is
nonrelativistic, i.e. the physics at the large Higgs enemgpoint governs the full phase space. This
makes the loop expansion in powersafunreliable and the nonrelativistic expansion based on
Eq. (1.2) has to be applied. In Ref. [34] the factorizatiomrfola (4.1) was extended to also account
for the correct physical behavior at the low Higgs energypeit E;, = m, and the resulting
NLL order QCD predictions were analyzed fofs < 500 GeV. (The NLL order electroweak and
finite lifetime corrections are still unknown.) In Fig. 6aetiliggs energy spectrum at LL (red
dotted lines) and NLL order (red solid lines) are shown §&= 490 GeV andm = 175 GeV,
' = 143 GeV,m, =120 GeV andv = 0.1,0.2,0.4. As a comparison also the tree level (blue
dashed line) an@’(as) (blue solid line) predictions (fof; = 0) are shown. In Fig. 6b the total
cross section is shown as a function of the c.m. energy fosdhnge choice of the other parameters
as in Fig. 6a at NLL order (red lines) and tree level (blued)nd he dashed lines are for unpolarized
e"e beams,(P,.,P, ) = (0,0), and the solid lines fo(P,.,P, ) = (0.8,-0.6). We see that the

et e



Top Threshold Physics André H. Hoang

NLL predictions are substantially larger than the tree lleves, by roughly a factor of two. The
cross section can be even further enhanced when polagizzdbeams are used. Since the past
experimental simulation analyses for top Yukawa couplingaeurements at c.m. energies up to
500 GeV were based on tree level theory predictions and aripetl beants it can be expected
that the NLL predictions will have a substantial (positiimpact on the prospects for top Yukawa
coupling measurements at these energies.
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Figure 6: Left panel: Higgs energy spectrum for the the proeess — ttH at/S= 490 GeV form, =
175 GeV,m, = 120 GeV,l; = 1.43 GeV at NLL (red solid lines) and LL order (red dotted linés)

v =0.1,0.2,0.4. Also displayed are the tree level aritias) results for stable top quarks. Right panel:
Total cross sectio(ete™ — ttH) as a function of the c.m. energy for the same parameter setat t
level (blue lines) and NLL order (red lines) for unpolarizgtted lines) and polarizegi e~ beams with
(P,.,P,.) = (0.8,-0.6) (solid lines).
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5. Threshold Production of Squark Pairs

Many models of supersymmetry breaking predict that at leastof the supersymmetric part-
ners of the top quark is sufficiently light such that stopistap pair production is possible at a
future Linear Collider running at c.m. energies up to 1 TeMslich a scenario threshold measure-
ments in analogy to thit threshold will be possible [36]. An important differencethett case is,
however, that squark pairs are predominantly produced iwaw ine* e~ annihilation such that
the rise of the total cross section at the threshold-suppressed and substantially slower than for
tt production. (Foryy collisions squark pairs are produced predominantly in aveS8e configura-
tion.) Up to now there have not even been consistent LL ordegigtions for this P-wave process
because, here, the top quark finite lifetime issues thatrbegalevant at NLL and NNLL order
for S-wave production come in already at LL order. In Ref.][@7irst step toward a systematic
treatment of the squark pair threshold was done by congirutihe scalar version of YNRQCD
relevant for the description of the NLL and NNLL QCD effects.
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