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1. Introduction

The study and analysis of fluctuations and correlations are an essential method to characterize
a physical system. In general, one can distinguish between several classes of fluctuations. On the
most fundamental level there are quantum fluctuations, which arise if the specific observable does
not commute with the Hamiltonian of the system under consideration. These fluctuations probably
play less a role for the physics of heavy ion collisions. Second, there are“dynamical” fluctuations
reflecting the dynamics and responses of the system. They help to characterize the properties of
the bulk (semi-classical) description of the system. Examples are density fluctuations, which are
controlled by the compressibility of the system. Finally, there are “trivial” fluctuations induced by
the measurement process itself, such as finite number statistics etc. These need to be understood,
controlled and subtracted in order to access the dynamical fluctuations which tell as about the
properties of the system.

Fluctuations are also closely related to phase transitions. The well known phenomenon of
critical opalescence is a result of fluctuations at all length scales due to a second order phase
transition. First order transitions, on the other hand, give rise to bubble formation, i.e. density
fluctuations at the extreme.

The most efficient way to address fluctuations of a system created in a heavy ion collision is
via the study of event-by-event (E-by-E) fluctuations, where a givenobservable is measured on
an event-by-event basis and the fluctuations are studied over the ensemble of the events. In most
cases (namely when the fluctuations are Gaussian) this analysis is equivalent to the measurement
of two particle correlations over the same region of acceptance [1]. Consequently, fluctuations tell
us about the 2-point functions of the system, which in turn determine the response of the system to
external perturbations.

2. Fluctuations of conserved charges

In the framework of statistical physics, which appears to describe the bulkproperties of heavy
ion collisions up to RHIC energies, fluctuations measure the susceptibilities of the system. These
susceptibilities also determine the response of the system to external forces. For example, by
measuring fluctuations of the net electric charge in a given rapidity interval,one obtains information
on how this (sub)system would respond to applying an external (static) electric field. In other
words, by measuring fluctuations one gains access to the same fundamentalproperties of the system
as “table top” experiments dealing with macroscopic probes. In the later case, of course, fluctuation
measurements would be impossible.

In a thermal system, fluctuations (variances) and correlations (co-variances) are given by the
second derivatives of the free energy, the so called susceptibilities. Given a partition function

Z = tr(exp(−β (H −∑
i

µiQi))) (2.1)

and free energyF = −T log(Z) of a system with conserved chargesQi and associated chemical
potentialsµi the susceptibilities are given by

χi, j = − 1
V

dF
dµiµ j

. (2.2)
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They are related to the (co)-variance via

〈

δQiδQ j
〉

= TVχi, j . (2.3)

Examples discussed in the context of heavy ion collisions are net charge fluctuations [2, 3]

〈

(δQ)2〉 = TVχQ,Q = − dF
dµQµQ

(2.4)

and Baryon-Strangeness or Charge-Strangeness correlations [4,5]

〈δBδS〉 = TVχB,S

〈δQδS〉 = TVχQ,S (2.5)

just to name a few examples. For a thermal system these susceptibilities can be determined directly
by Lattice QCD (LQCG) methods (see e.g. [6, 7]). In reference [6] even higher derivatives of
the free energy with respect to the quark chemical potentials have been determined which provide
further insight into the system and its degrees of freedom. These fluctuationare well defined
observables, but some of them for example those involving Baryon numberare not easily measured
as they would require the detection of e.g. neutrons. In addition, special care needs to be taken
in order to correct for global charge conservation [8, 9]. Charge fluctuations make only sense in a
grand-canonical description, which can be realized in experiment if onlya small subsystem is being
considered. This may lead to some limitations in detecting interesting fluctuations. For example
in the case of net charge fluctuations, it has been predicted that a QGP should lead to reduced net
charge fluctuations per entropy [2, 3]. If, for simplicity one characterizes the size of the system to
be analyzed in experiment by its range in rapidity∆Yaccept, then one has the following conditions
for which such a measurement is meaningful

∆Yaccept≪ ∆Ytotal

∆Ykick ≪ ∆Yaccept (2.6)

where∆Ytotal is the total width of the charge particle distribution and∆Ykick denotes the shift in
rapidity a charge particle receives during the evolution of the system, i.e. hadronization and subse-
quent decay of hadronic resonances. If the conditions (2.6) are met, corrections due to global charge
conservation are small (∆Yaccept≪ ∆Ytotal). In addition, since∆Ykick ≪ ∆Yaccept, in a given event
the evolution of the system does not change the charge of the subsystem and, therefore, the event-
by event ensemble does reflect the ensemble of a QGP, if produced in these collisions. In other
words, the fluctuations become frozen in. If, on the other hand,∆Ykick ≃ ∆Yaccept, charges are trans-
ported in and out of the acceptance range and thus the observed fluctuations are those of the final
(hadronic state). If, as is the case at SPS-energies,∆Ytotal ≃ ∆Ykick ≃ ∆Yaccept, the measured charge
fluctuations cannot be easily compared with those obtained in LQCD and othermodels based on
the grand-canonical ensemble [9, 10]. This might be the explanation, whyat SPS-energies the net
charge fluctuations do barely show the correlations due to resonances [11, 12] and why at RHIC
only a resonance gas is observed [13, 14]. These considerations become especially important if
one wants to search for the QCD critical point, which is expected to be locatedat the lowest SPS
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energies. In this case the conditions (2.6) are certainly not fulfilled and different methods to extract
possible critical fluctuations of the baryon number need to be developed.

Aside from these experimental subtleties, the study of fluctuations or susceptibilities provide
also theoretical insight into the matter at high temperature. As an example lets consider the recently
proposed correlation between baryon number and strangeness [4]

CBS≡−3
σBS

σ2
S

= −3
〈BS〉−〈B〉〈S〉
〈S2〉−〈S〉2 = −3

〈BS〉
〈S2〉 . (2.7)

which is unity for a simple QGP, or more generally, for a system where the quark flavors are
uncorrelated. For a hadron gas on the other hand,

CBS ≈ 3
〈Λ〉+

〈

Λ̄
〉

+ . . . +3〈Ω−〉+3
〈

Ω̄+
〉

〈K0〉+ 〈K̄0〉+ . . . +9〈Ω−〉+9
〈

Ω̄+
〉 , (2.8)

and the numerator receives contributions from only (strange) baryons, while the denominator re-
ceives contributions also from (strange) mesons. As a result,CBS = 0.66 for T = 170 MeV and
µB = 0. On the other hand, at very highµB and lowT, where strangeness is carried exclusively by
Lambdas and Kaons,CBS≈ 3

2. This significant dependence ofCBS on the hadronic environment is
in sharp contrast to the simple quark-gluon plasma where the correlation coefficient remains strictly
unity at all temperatures and chemical potentials.

The correlation coefficientCBS can be expressed in terms of basic quark-flavor susceptibilities

χ f f ′ = − 1
V

∂ 2F
∂ µ f ∂ µ ′

f
, CBS = 1+

χds+ χus

χss
(2.9)

and thus is calculable in lattice QCD. As is evident from the above expression, the deviation of
CBS from unity is controlled by the ratio of flavor-off-diagonal over flavor-diagonal susceptibili-
ties. Or in other words, this ratio measures the strength of flavor correlations. For the specific
case of light-strange susceptibilities, the valuesχ f f ′ extracted atT = 1.5Tc by Gavaiet al. [15],
we obtain(χus+ χds)/χss = 0.00(3)/0.53(1) ≪ 1, and thusCBS≈ 1, suggesting that the quark
flavors are uncorrelated. Unfortunately, at present no results at lower temperatures for 2+1 flavor
QCD are available. But since the relevant quantity is the ratio of flavor-off-diagonal over flavor-
diagonal susceptibilities, similar arguments can be made in the light-quark sectoronly, where the
necessary susceptibilities have been calculated over a wide range of temperature [6]. The relevant
ratio−2χud/χuu is shown in Fig. 1. While the ratio is finite belowTc, reflecting the presence of
correlations in a hadron gas, it drops rapidly aroundTc and is consistent with zero aboveT ≥ 1.1Tc

indicating that the up and down flavors are uncorrelated above this temperature.
Recently there has appeared an interesting model [16] that describes thechromodynamic sys-

tem as a gas of massive quarks, anti-quarks, and gluons together with a myriad of their bound
states generated by a screened Coulomb potential. In order to assess the consistency of this model
with present lattice results, we estimate the ratioCBS in such a scenario. Using the masses and
degeneracies of the various states as given in Ref. [16] we findCBS≈ 0.62 atT = 1.5Tc, which is
significantly below the value ofCBS≈ 1 obtained from lattice QCD. Essential for the deviation is
the presence ofqq̄-bound states in the model, which, like the mesons in the hadron gas, contribute
to the denominator but not the numerator ofCBS. Note, that if there were as many di-quark states
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Figure 1: Ratio of off-diagonal to diagonal susceptibility as a function of temperature in 2-flavor unquenched
Lattice QCD

as quark-antiquark states, thenCBS= 1. However, this is unlikely due to the structure of the color-
coulomb interaction, which favors ¯q−q states. Of course the presence of baryonic states aboveTC

would change the picture somewhat. However, there are additional susceptibilities extracted from
LQCD and a careful analysis of those will provide useful information about the structure and the
relevant degrees of freedom of hot QCD matter.

3. Equilibrium

Finally a few remarks regarding equilibrium in heavy ion collisions. The success of the hadron
gas model [17] suggests that equilibrium is a good assumption at least for the final state. In addition,
measurements of fluctuations seem to agree with the hadron gas model. However, it is not yet clear
from the data over which volume equilibrium is reached. Absent any correlations the partition
functions factorizes, and one cannot distinguish between a system made out of small equilibrated
subsystems Fig. 2(a) and one where a large part is equilibrated Fig. 2(b)

The necessary correlations required in order to differentiate between these two possibilities
are for example provided by conserved quantum numbers. For instancestrangeness is always
produced locally, and thus it takes some time for it to equilibrate over a large volume. This has
been realized by Redlich et al. [18]. They considered a canonical ensemble and introduced a
strangeness correlation volume, defined as the volume over which strangeness is conserved. They
found that for small strangeness correlation volumina,Vcorr < 20Vnucleonthe strangeness abundance
does not scale with overall volume size, whereas for large correlations volumina it scales. In other
words forVcorr ≫ 20Vnucleon the grand-canonical description is a reasonable one. The relevant
experimental data are shown in Fig. 3 where the enhancement per participant of strange baryons
and anti-baryons is shown as a function of the number of participant nucleons,Npart, i.e centrality.
For both SPS and RIHC energies, the strangeness enhancement keepsincreasing with centrality up
to the higest values ofNpart! AssumingNpart is a measure for the volume of the system, a fully
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(a) (b)

Figure 2: Individual nucleon-nucleon collisions (a) and “true” matter generated in a nucleus-nucleus colli-
sion (b).

equilibrated system would lead to a strangeness enhancement per participant which isindependent
of Npart, contrary to what is seen in the data. Comparing with findings of [18], where an increase of
similiar fashion is seen for correlation voluminaVcorr < 20Vnucleonone is lead to the conclusion that
equilibrium has not been established over regions larger thanV ≃ 20Vnucleoneven for the highest
centralities. Again fluctuations and correlations can be utilized to investigate thisquestion further.
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Figure 3: Strangeness enhancement as function of number of participants for strange baryons (left) and
anti-baryons (right). Solid symbols are for Au-Au collisions at

√
s= 200GeV [19], and the open symbols

are measured by NA57 from Pb-Pb at
√

s= 17.3GeV [20]. Figure adapted from [19].

As demonstrated in [21] a definitive measurement of equilibration at RHIC energies would require
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the measurement of five Omega-baryon coincidences. To which extend thisis feasible remains to
be seen. Two particle correlations, which are often discussed as a possible means to establish the
degree of equilibrium, are dominated by Poisson statistics and thus are misleading.

4. Summary

In this contribution we have discussed the physics of fluctuations in the context of heavy ion
collisions. As this is a developing field, this should be considered as a snapshot of our present un-
derstanding. We have argued that fluctuations are indeed a useful toolto investigate the properties
of the matter created in these collisions. As an example we have shown that baryon-strangeness
correlations can tell us about the underlying degrees of freedom and their correlations of the high
temperature phase. We have also pointed out that a meaningful measurement of fluctuations of
conserved quantities requires that a small subsystem is considered, which in turn should be large
compared to correlation introduced by the dynamics of the collision. Finally we discussed the issue
of equilibration and pointed out that the observed rise in strangeness enhancement per participant is
not really consistent with a fully equilibrated system. Rather it seems to indicate that strangeness is
equilibrated over volumina smaller than 20Vnucleon. Further progress in this area can be made by in-
vestigating fluctuations, however, at RHIC energies, it would require rather difficult measurements
of many (>5) particle correlations.
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