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1. Introduction

In the paper [4], R. Mann and S. Solodukhin calculate the entropy, wittedapp ultraviolet
correction term, of the BTZ instanton with a conical singularity by a suitablemifftiation of the
effective action. In [7], we raised the question of whether one coydtlica this quantum correction
by way of a suitable zeta function deformation, and we announced amaiifie result there. This
note presents an elaboration on that result, with a simpler deformation obpet@an expression
of the effective action in terms of zeta. The topology of the instanton is alspeted-which one
can view as a deformation of the topology of the regular BTZ black hole.

2. Topology of the instanton

Let H® denote hyperbolic 3-space consisting of poifitsy,z) in R® with z> 0. Using
spherical-type coordinategy, x,0) we write x = e¥ siny cosf, y = e¥sinx sinf, z= e¥ cosy,
0< x <m/2. We fixa € R satisfying 0< a < 1, and for a whole numben € Z we define
(Xa,naYCr,n;Za,n) eH3 by

Xan cosZma —sin2rma 0| | X
Yan | = | sin2Zma cos2ma O yl. (2.2)
Za,n 0 0 1 Z

M > 0,J > 0, andA < 0 will denote theEuclideanBTZ black hole mass, angular momentum, and
cosmological constant, respectively, so that the outer and inner herizon 0, r_ € iR are given

by
1
2 J? \2 aJi
2
= |1+ (1+—— = 2.2
T2 +<+M202>]’r 2 (2.2
for o .= +1/v/—A. We define
_ J
a:E>O,b:M:lZO. (2.3)
g 2r,

The Euclidean BTZ instantdB(a ) with conical singularity and defect angler@l — a) is obtained
from H3 via the identification(x,y,z) ~ (Xa,n,Ya,n:Za,n), and the "Schwarzschild identification
(X,Y,2) ~ (€23"(xcog2bn) — ysin(2bn)), €22"(xsin(2bn) +ycog2bn)),e%2"2), for X4 n, Ya.n, Zan iN
(2.1),a,bin (2.3), for anyn € Z.

Consider the action d& onR? given by (2.1); that is

X Xa.n
= . 2.
" [y] [ya7n] ( 4)

The corresponding quotient space will be denote@%\&z) (a). Then for the circle grouf', the
following theorem can be proved, which computes the topology of the EadligestantorB (a)
with conical singularity; O< o < 1.

Theorem 1. B(a) is homeomorphic to the product topological spg#aR?) (a) x S*.
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Fora =1, B(a) reduces to the regular BTZ black hd1) [1] with no singularity, and Theorem
1 reduces to the familiar statement that the topologB(df) is R?> x S'. Fora # 1, the topology

of (Z\R?) (), and hence oB(a), can be quite notorious. For examplegifs irrational then one
has the existence of dense orbits.

3. The Mann-Solodukhin quantum correction, and effective action

Quantum corrections to black hole entropy have been considered byantmys. In [2—4],
for example, various sums appear which we can provide a zeta functiomngear. We shall

focus on the sumz S, for s, given in equation (5.3) of [4], which gives a quantum correction to
n=1

BTZ entropy.
In the paper [7] we announced the construction of a family of zeta furu:{iﬁﬁ’) (s;a,b) }0<a<1
such that for =1 -

7(1) (sa,b) = ﬁ [1 _ (e2bi> ke (e—Zbi) ke e—(k1+k2+s)2a] (3.1)
kq ko €Z
ky,ko>0

is the zeta function presented in [6]; also see [5]. a and b are the nugibensin (2.3). Namely,
Z(@)(s;a,b) is given by
29sab) = [] |1-(F)" (e¥) e torterent).

kq,ko€Z
k1,k2>0

. [1_ e2(ks+1)2a (e%bi)kl (e—%t“)k? e—(k1+k2+as)%"‘}

i\ Ki 201\ K2 2|
kikokaeZ |1 _ a—2(ks+3)2a [ o2 — 2l —(ka+ko+as) 22
ki ko ks >0 [1 € o) &) € ‘

A simpler expression of this zeta function has been obtained recently. Nameetan show that

(3.2)

z9(s;a,b) = ﬁ 1 glib-a) 7 g-dake- 25""}-
kq,ko€Z
ki,k2>0

® 2(k1+1)

1—e (ib+a) 4ak2723a} ) (3.3)

k1 ko€Z

ky,ka>0
Formula (3.3) shows thﬂ(")(s; a,b) is in fact anentirefunction ofs, but it isnot clear from (3.3)
that Z(V) (s;a,b) is given by the right hand side of equation (3.1). That is, one needs the mo
complicated expression (3.2) to see that the fanﬁil)("’)(s; a, b)}0<a<l is a deformation of the
zeta function in [6]. One computes that Re s> O,

smh(%‘)e (s—1)2an
B z 1 Ansinh(2an) [sink? (2) +sir? (2]

Smh(Zan)e (s—-1)2an
B Z 1 2nsinh(2an) [cosh(Z) — cos(2)]

logz(®(s;a,b) =

(3.4)
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That is,Z<”)(s; a,b), for Res> 0, is obtained by exponentiating either sum in (3.4) - sums that
appear in [2-4], for certain values of s, but with no zeta function meanivigich (3.4) therefore
provides. Using the second sum in (3.4), for example, one can compudgidiméum correction
function $°(s; a, b) defined by

S9(s;a,b) := al _ 1] logZ(®)(s;a,b). (3.5)
da a=1
Namely, forRes> 0,
—(s—1)2an
C) (e €
$sab) = Z 2n[cosh(2an) — cog(2bn)]
2ansinh(2an) + 2bnsin(2bn)

[1+ 2ancoth(2an) ( cosh2an) — cos2bn) (3.6)

At this point, we specialize the choice @fs= 1+- /11 for u > 0.

Theorem 2.

7]
a%—l} logz“)(1+ /H;a,b) )

fora,bin (2.3), is the quantum correction to the classical BTZ black hole entriy@yndn equation
(5.3) of [4].

Theorem 2 follows from formula (3.6) (sincg® (1 + VH;ab) is the sumz S, in [4]) and it

provides for a zeta function expression of quantum corrected bldelelmropy.
Using the parametews, 1 > 0, one obtains a solution

2t
e a2
Ku(r,t) = 3.7
u(r) (4nt)3/25|nh(g)7 &1
wheret > 0, of the heat equation
1-—
%_m_( Wkt =0, (3.8)

whered is the Laplacian of the de-Sitter metde? = —d T2+ d TZ +d X2+ dXZ= dr?+ o?sini?( L)
[dA2 +sin?(A)d&?] in the coordinatef, A, 8) with Ty = o cosh(L), T, = o'sinh( L) sin(A ) cog8),
X1 = osinh(L)cogA), X, = osinh(L)sin(A)sin(d): —TZ + T+ XZ + XZ = —0?, and
92 2coth(L) 0 csctf (L) 92
T T o o LYY
cot(A)esctf (L) 9 csclf (L)csqA) 92
+ 02 " 02 002
The heat kernekg 1) of the regular BTZ black hole can be obtained by "averaging"” the heatke
Ku(r,t). In turn, one obtains the heat keri€l ) of B(a) in terms ofKg;) via a Sommerfeld
formula, and one expresses the effective actio(anf) in terms of the trace dfg(4); see formula
(4.5) of [4]. By the latter formula and the first sum in (3.4), one sees tleatdh-divergenpart of
the B(a) effective action coincides, in fact, exactly with the logarithnizé®) (s, a, b) at the point
s= 1+ /H. Thus a close connection has been indicated between the fa#ifly(s;a,b)},_, .,
of the zeta functions and BTZ black hole thermodynamics.

(3.9)
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