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Bosonization R. L. P. G. Amaral

1. Introduction

The bosonization of fermions has proved in the past to be a very useful technique for solving
quantum field theoretic models in 1+1 dimensions [1]. Recently this Fermion-Boson mapping has
been discussed for the case of a finite Temperature, using the imaginary time formalism [2] and
real time formalism[3].

The following mapping at zero temperature in (1+1)D is well known:

ψ̄ i γµ ∂µ ψ → 1
2

: ∂µφ ∂ µφ : , (1.1)

ψ̄ γµ ψ → − 1√
π

εµν ∂νφ , (1.2)

M ψ̄ ψ → − µ M
π

: cos2
√

πφ : . (1.3)

Here we establish this mapping at finite temperature through operatorial methods within ther-
mofield dynamics formalism[4, 5, 6]. We also contrast this approach with direct computations
of fermion-current two-point function in imaginary-time and real-time computations. The explicit
expression for the fermion field in terms of the massless scalar field is provided. This work con-
densates the presentation provided in [7].

2. The Transmutation of Fermi-Dirac to Bose-Einstein Statistics

We illustrate here how the statistical transmutation, Fermi-Dirac==> Bose-Einstein, occurs
in imaginary and real time formalisms.

2.1 Imaginary time

The current 2-point function in the imaginary time formalism is well known. Here we work
with light-cone coordinatesx± = x1± ix2 and j± = j1± i j2, so that the Euclidean two-point current
correlator at zero temperature is given by

< j+(x) j+(y) > = −tr (γ+iSE(x−y)γ+iSE(y−x))

=
∫

d2k
(2π)2 Π(E)

++(k)eik·(x−y)

with,

Π(E)
++(k) = 4

∫
d2p

(2π)2 [(p−k)1 + i(p−k)2][p1 + ip2]DE(p−k)DE(p) (2.1)

and

DE(q) =
1
q2 =

1
(q1 + iq2)(q1− iq2)

.

0
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At Finite temperature and within imaginary time formalism it becomes expressed as

< j+(x) j+(y) >β = ∑
ℓ

1
β

∫
dk1

2π
eik1(x1−y1)eiωℓ(x2−y2)Π̃(E)

++(k1,ωℓ),

whereωℓ = 2πℓ
β = are the Matsubara frequencies.

Π̃(E)
++(k1,ωℓ) = 4∑

m

1
β

∫
dp1

2π
1

[p1− i(m+ 1
2)2π

β ][p1−k1− i(m− ℓ+ 1
2)2π

β ]
.

It is important to notice the lack of uniform convergence above so that the order in which the sum
and integral are to be performed are not interchangeable.

Indeed if we first sum by using that,

∑
m

1
[(m+(1/2)+ ix]

1
[(m+(1/2)+ iy]

=
π

x−y
(tanhπx− tanhπy),

it results

Π̃(E)
++(k1,ωℓ) = − 2

k1− i 2πℓ
β

∫
dp1

2π

(
tanh

β
2

p1− tanh
β
2

(p1−k1)

)
.

with

tanh
β
2

q1 = ε(q1)(1−2NF(|q1|))

where NF(|q1|) is the Fermi-Dirac distribution.

NF(|q1|) =
1

eβ |q1| +1
. (2.2)

The integration overp1 results now in:

Π̃(E)
++(k1,ωℓ) = − 2

π
k1

k1− i 2πℓ
β

.

On the other hand if we first integrate then sum we notice that thep1 integral leads to :

∫
dp1

2π
1

[p1− i(m+1/2)2π
β ][p1−k1− i(m− ℓ+1/2)2π

β ]
=

= −i [θ(2m+1)θ(−2m+2ℓ−1)−θ(−2m−1)θ(2m−2ℓ+1)]
1

k1− i 2πℓ
β

.

Now the sum overm results in

c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence.
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Π̃(E)
++(k1,ωℓ) =

−4i
β

(θ(ℓ)+θ(−ℓ−1))
ℓ

k1− i 2πℓ
β

= − 2
π

i 2πℓ
β

k1− i 2πℓ
β

.

This is in contrast with the previous computation. In order to fix the ambiguity we take the mean
of the two results

Π̃++(k1,ωℓ) = − 1
π

k1 + i 2πℓ
β

k1− i 2πℓ
β

. (2.3)

With this we preserve Lorentz invariance in the zero temperature limit. We further obtain that:

< j+(x) j+(y) >β = − 1
π

∂ 2
+D(β )

E (x−y)

where

D(β )
E (z) = ∑

ℓ

1
β

∫
dk1

2π
eik1z1ei 2πℓ

β z2

(k2
1 + 2πℓ

β )2

The final sum leads to

D(β )
E (z) =

∫
d2k

(2π)2eik·z
[

1
k2 − i2πδ (k2)NB(|k1|)

]

where NB(|k1|) is theBose-Einsteindistribution

NB(|k1|) =
1

eβ |k1|−1
. (2.4)

By rotating to Minkovski space

D(β )
E (z) → iD(β )

B (z) = i
∫

d2k
(2π)2e−ik·z

[
1

k2 + iε
+2π iδ (k2)NB(|k1|)

]
, (2.5)

So that:

< T j+(x) j+(y) >β =
1
π

∂ 2
+iD(β )

B (x−y). (2.6)

This result agrees with the identification

ψ̄ γµ ψ → − 1√
π

εµν ∂νφ , (2.7)

2
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2.2 Realtime

The current 2-point function in the real time formalism is given by

Π++(k) = 4
∫

d2p
(2π)2(p−k)+p+D(β )

F (p−k)D(β )
F (p) , (2.8)

with

D(β )
F (q) =

1
q2 + iε

+2π iδ (q2)NF(|~q|) . (2.9)

where the Fermi-Dirac statistical factor is

NF(|q1|) =
1

eβ |q1| +1
. (2.10)

The double integral is performed with: 1) In the temperature independent terms werequire
∂µJµ = 0. 2) In the temperature dependent terms use repeatedly the decomposition

α
α(x)+ ıε

= P

(
1
x

)
− ıΠε(α)δ (x).

This leads to

< T jµ(x) jν(y) >β =
1
π

∂̃µ ∂̃ν iD(β )
B (x−y),

where

D(β )
B (k) =

(
1

k2 + iε
+2π iδ (k2)NB(|k1|)

)
.

The conclusion is that the results are necessary to establish the finite temperature bosonization.
But it becomes clear that this procedure is not veryilluminating with regards to showing how the
bosonization machinery works.

3. Free Massless Scalar thermofield

As a first step to two-dimensional bosonization we review the quantization of the massless
scalarφ . This will be done within the Thermofield dynamics approach: we double the number of
fields by introducing a fictitious system with field̃φ besides the physical fieldφ .

LT = L − L̃ =
1
2

∂µφ∂ µφ − 1
2

∂µ φ̃∂ µ φ̃ , (3.1)

As an start point to quantization we consider the creation and annihilation operators for the
chiral field components:

φ(x±) =
∫ ∞

0

dp1
√

4π|p1|

[
fp(x

±)

(
a(−p1)

a(p1)

)
+ f ∗p(x±)

(
a†(−p1)

a†(p1)

) ]
, (3.2)

φ̃(x±) =
∫ ∞

0

dp1
√

4π|p1|

[
f ∗p(x±)

(
ã(−p1)

ã(p1)

)
+ fp(x

±)

(
ã†(−p1)

ã†(p1)

) ]
, (3.3)

3
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with
fp(x) = e−ipµ xµ , (3.4)

We define the thermal vacuum by

|0(β )〉 = UB(θB)|0, 0̃〉 , (3.5)

with the unitary operatorUB(θB)

UB(θB) = e−iQ(θB) = e
−∫+∞

−∞ dp1

(
ã(p1)a(p1)−a†(p1)ã†(p1)

)
θB(|p1|,β )

, (3.6)

where the Bogoliubov parameterθB(|p1|,β ) is:

sinhθB(|p1|;β ) =
e−β |p1|/2

√
1−e−β |p1|

, (3.7)

which is related to the Bose-Einstein distribution

NB(|p1|;β ) = sinh2 θB(|p1|;β ) =
1

eβ |p1|−1
. (3.8)

The thermal operators can now be introduced as

a(p1;β ) = UB(−θB)a(p1)UB(θB). (3.9)

The thermal chiral fieldsφ(x±;β ) are obtained thereupon
With this the chiral components two-point functions are readily obtained

〈0, 0̃|φ(x±;β )φ(y±;β )|0̃,0〉 = D(+)
o (x±−y±)+

+
1

2π

∫ ∞

0

dp
p

[cosp(x±−y±)]NB(p;β ),

where the first term is the zero temperature result. The integrals are performed by introducing in-
dependent infrared regularization parametersµ (zero temperature) andµ ′ (temperature dependent
term). It results

〈0, 0̃|φ(x±;β )φ(y±;β )|0̃,0〉 = − 1
4π

ln

{
i µ

β
π

sinh
π(x±−y±− i ε)

β

}
+

+
1

2π
z(β ,µ ′) .

Here z is a constant ( singular forµ ′ → 0) that plays an important role in bosonization as will
be seen shortly.

The thermalized tilded fields,̃φ(x±;β ), are analogously defined.

All the two-point functions are obtained thereupon

4
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4. Wick ordered exponential and selection rules

The building blocks for Mandelstam expression are given in terms of the chiral field compo-
nents by:

W(x±;λ ) =: ei λ φ(x±) :
.
= ei λ φ (−)(x±) ei λ φ (+)(x±) . (4.1)

We should require that

〈0|W(x;λ )|0〉 = 〈0̃|W̃(x;λ )|0̃〉 = 1. (4.2)

Using that

UB(θB)φ (±)(x)U−1
B (θB) = φ (±)

c (x;β )− φ̃ (∓)
s (x;β ) , (4.3)

UB(θB) φ̃ (+)(x)U−1
B (θB) = φ̃ (±)

c (x;β )−φ (∓)
s (x;β ) . (4.4)

We obtain

〈0(β ) |W(x;λ ) |0(β )〉 = 〈0, 0̃|W(x;β ,λ ) | 0̃,0〉 = Z (β ,µ ′,λ 2) , (4.5)

= 〈0(β ) |W̃(x;λ ) |0(β )〉 (4.6)

Thus the constantZ (β ,µ ′,λ 2) = e−
λ2
4π z(β ,µ ′) is incorporated in the renormalized Wick or-

dered operators.

A direct computation of the Wick ordered exponentials leads, for instance,to

〈0(β )|
n

∏
j=1

W(x j ;λ j) |0(β )〉 = e
− 1

4π z(β ,µ ′)
(

∑n
j=1 λ j

)2

×

n

∏
i< j

[
iµ

β
π

sinh
π(xi −x j − i ε)

β

] λi λ j
4π

.

Note that thezero temperatureselection rule

n

∑
i=1

λi = 0. (4.7)

Eliminates simultaneously the dependence on both infrared parameters,µ andµ ′.

With this we achieve that the Wick ordered exponentials live on a positive norm Hilbert Space,
provided they are associated to conserved charges.

5
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5. Free Massless Fermi thermofield

The doubling of fields reads now

LT = i Ψγµ∂µΨ = L − L̃ = i ψγµ∂µψ −
(
− i ψ̃γµ∂µ ψ̃

)
. (5.1)

With

ψ(x) =

(
ψ(x+)

ψ(x−)

)
, (5.2)

ψ̃(x) =

(
ψ̃(x+)

ψ̃(x−)

)
, (5.3)

where

ψ(x±) =
∫ ∞

0

dp√
2π
{

fp(x
±)b(∓p) + f ∗p(x±)d†(∓p)

}
, (5.4)

ψ̃(x±) =
∫ ∞

0

dp√
2π
{

f ∗p(x±) b̃(∓p) + fp(x
±)
}

d̃†(∓p) . (5.5)

The unitary operator leading to the thermofields is now given by

UF(θF) = e
− ∫ ∞

−∞ d pθF (|p1|,β )

(
b̃(p1)b(p1)−b†(p1) b̃†(p1)+ d̃(p1)d(p)−d†(p1) d̃†(p1)

)
, (5.6)

Notice that the Bogoliubov parameters are the same as before except for Fermi statistics

cosθF(p;β ) =
1√

1+e−β p
, (5.7)

and that the Fermi-Dirac statistical weight is given by,

NF(p;β ) = sin2 θF(p;β ) =
1

eβ p +1
. (5.8)

The thermal fermionic fields are straightforwardly introduced:

ψ(x±;β ) =
∫ ∞

0

dp√
2π

{
fp(x

±)
(

b(∓p) cosθF(p;β )− b̃†(∓p)sinθF(p;β )
)

+ f ∗p(x±)
(

d†(∓p) cosθF(p;β )− d̃(∓p)sinθF(p;β )
)}

. (5.9)

and

ψ̃(x±;β ) =
∫ ∞

0

dp√
2π

{
f ∗p(x±)

(
b̃(∓p) cosθF(p;β )+b†(∓p)sinθF(p;β )

)

+ fp(x
±)
(

d̃†(∓p) cosθF(p;β )+d(∓p)sinθF(p;β )
)}

. (5.10)

6
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The Fermion two-point function do not require regularizations:

〈0, 0̃|ψ(x±;β )ψ†(y±;β )|0, 0̃〉 =
1

2i β sinh[ π
β (x±−y±− i ε)]

; (5.11)

〈0, 0̃|ψ̃(x±;β )ψ̃†(y±;β )|0, 0̃〉 =
−1

2i β sinh[ π
β (x±−y± + i ε)]

; (5.12)

〈0, 0̃|ψ̃(x±;β )ψ(y±;β )|0, 0̃〉 = − 1
2β cosh[ π

β (x±−y±)]
. (5.13)

This last correlator vanishes as T→ 0

Also notice that

〈0, 0̃|ψ̃(x±;β )ψ†(y±;β )|0, 0̃〉 = 0. (5.14)

6. Free Massless Fermion thermofield Bosonization

The bosonized expression for the Fermion fields are now defined as

ψ(x±;β )
.
= WR(x±;β ) = CZc(β ,µ ′) : e2i

√
π φ(x±;β ) : , (6.1)

ψ̃(x±;β )
.
= W̃R(x±;β ) = CZc(β ,µ ′) : e−2i

√
π φ̃(x±;β ) : . (6.2)

We stress that the anti commutations, with thermal Klein factors added, have been obtained.
With the above expression the N point fermion functions are straightforwardly obtained with oper-
atorial methods.

The symmetrized short distance fermionic currents turn out to be obtained as

J µ(x;β ) = : ψ(x;β )γµψ(x;β ) := − 1√
π

∂ µ φ(x;β ) , (6.3)

thereupon the two point function is recovered

〈0, 0̃|J±(x;β )J±(y;β )|0, 0̃〉 =
1
π

∂x± ∂y± 〈0, 0̃|φ(x;β )φ(y;β )|0, 0̃〉

=
−1
4β 2

1

sinh2[ π
β (x±−y±− iε)]

.

The bosonization correspondence of the Lagrangians can be asserted: the short distance prod-
uct of the free fermionic Hamiltonian leads to the free bosonic Hamiltonian.

7
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7. Massless Thirring Model

As an application of the bosonization formalism let us consider now the Thirring model at
finite temperature:

LT = iψ̄γµ∂µψ +
1
2

g(ψ̄γµψ)(ψ̄γµψ)−
(
− i ˜̄ψγµ∂µ ψ̃ +

1
2

g( ˜̄ψγµ ψ̃)( ˜̄ψγµ ψ̃)

)
. (7.1)

A general finite temperature solution can be obtained as

ψ(x) =
1√
π

(
µ
) 1

4π (α2+δ 2)
: e

i

(
α γ5 ϕ(x)+δ φ(x)

)
: , (7.2)

whereϕ is the Lorentz dual ofφ .
Indeed the thermalized N-point functions result for the spin 1/2 solution:

〈0, 0̃|ψα(x1;β ) · · ·ψα(xn;β )ψ†
α(y1;β ) · · ·ψ†

α(yn;β )|0̃,0〉 = (2π)−n
(

i
)− n

2π

(
δ 2+ π

δ2

)

×

n

∏
i< j

[
β
π

sinh
π
β

(
x+

i −x+
j − iε

)] 1
4π

(
δ 2+ π2

δ2 +2π γ5
αα

)
n

∏
i, j

[
β
π

sinh
π
β

(
x−i −x−j − iε

)] 1
4π

(
δ 2+ π2

δ2−2π γ5
αα

)

×

n

∏
i< j

[
β
π

sinh
π
β

(
y+

i −y+
j − iε

)] 1
4π

(
δ 2+ π2

δ2 +2π γ5
αα

)
n

∏
i, j

[
β
π

sinh
π
β

(
y−i −y−j − iε

)] 1
4π

(
δ 2+ π2

δ2−2π γ5
αα

)

×

n

∏
i, j

[
β
π

sinh
π
β

(
x+

i −y+
j − iε

)]− 1
4π

(
δ 2+ π2

δ2 +2π γ5
αα

)
n

∏
i, j

[
β
π

sinh
π
β

(
x−i −y−j − iε

)]− 1
4π

(
δ 2+ π2

δ2−2π γ5
αα

)

.

8. Conclusions

Let us stress that the framework of thermofield Dynamics allows for a natural generalization
of T = 0 bosonization formulae in 1+1 dimensions to the case of non-zero temperature. Also the
“Mandelstam representation" for thermal fermions allows us to obtain in a compact way the exact
and complete solution of a number of integrable models with massless fermions.

Appendix
Let us obtain the massless scalar field from the massive expressions. We start with the massive

field

8
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Σ(x;β ) = U [θB(β )]Σ(x)U [θB(β )] =

1
2
√

π

∫ +∞

−∞

dp√
p2 +m2

{
fp(x)

(
a(p)coshθB(p;β )− ã†(p)sinhθB(p;β )

)

+ f ∗p(x)
(

a†(p)coshθB(p;β )− ã(p)sinhθB(p;β )
)}

. (A.1)

The thermal two-point functions decomposes as:

〈0, 0̃|Σ(x;β )Σ(y;β )|0̃,0〉 = D(+)
o (x−y;m)+I (x−y;β ,m) , (A.2)

whereD(+)
o (x−y;m) = corresponds to zero temperature

D(+)
o (x−y;m) =

1
4π

∫ ∞

0

dp√
p2 +m2

{
e
−i

[
(x0−y0)

√
p2+m2+(x1−y1)p

]
+

e
−i

[
(x0−y0)

√
p2+m2−(x1−y1)p

]
}

, (A.3)

and the temperature dependent part is:

I (x−y;β ,m) =
1

2π

∫ ∞

0

dp
w

NB(w,β )
{

cos
[
(x0−y0)w+(x1−y1)p

]

+cos
[
(x0−y0)w− (x1−y1)p

]}
, (A.4)

with

NB(w,β ) =
1

eβw−1
=

1

eβ
√

p2+m2 −1
. (A.5)

As long asm 6= 0 both integrals (A.3) (A.4) are regular.
Now introduce the infrared regulatorsµ andµ ′ for each part and takem→ 0. ThusNB(w,β ) →

NB(p;β ). It turns out that

D(+)(x;m,β )m→0 = D(+)
o (x)+

1
2π

∫ ∞

µ ′

dp
p

NB(p;β )
[

cosp(x+)+

cosp(x−)
]
, (A.6)

This leads naturally to the splitting into chiral two-point functions:

〈0, 0̃|φ(x±;β )φ(0±;β )|0̃,0〉 = D(+)
o (x±)+

1
2π

∫ ∞

µ ′

dp
p

[cosp(x±)]NB(p;β ), (A.7)

with

D(+)
o (x±−y±) = − 1

4π
ℓn[iµ(x±−y±− iε)] . (A.8)

9
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With this the thermalization of the chiral components is justified. Within this procedure µ ′ and
µ should indeed be identified. Both came out from infrared regularization in (A.3) and (A.4).
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