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1. Introduction

When a symplectic manifold is a cotangent bundle with projection,T*(2) — 2, and
canonical symplectic structukey = dg Adp, the action of a diffeomorphisrp on 2 induces a
diffeomorphismd on T*(2) conservinguy :

. . . . . d K

©:T(2) -T2 {d.pd — o' ~d@ptip-m L @
In particular a group action being a homomorphi€mw- Diff (2), induces a strictly Hamiltonian
action onT*(2) :
* * i i { acpk g,q
®g:T*(2) = T(2): (d, k) — (0" = ¢'(9,9),p) ; P = p’k#
Let F be a closed two-form on configuration space, then it is well known [1] that a change in the
symplectic structureqy — wy = wp + K*F, induces a "magnetic” interaction without changing the
"free" Hamiltonian. With this new symplectic structure, the momenta variables cease to Poisson
commute and one needs to introduce a potential to switch to Darboux variables.
It is then tempting to introduce also a closed two-form in figariables in such a way that Poisson
non commutingy-variables will emergk In this way, we obtain a (pre-)symplectic structure :

(1.2)

1 ; o1
w=ay—5Fj(@)dd Add +5G(p)dpcadp ; dw=0 (1.3)

Obviously the structure of such a two-form is not maintained by general diffeomorphisms of type
(1.1). But for an affine configuration space, there is the privileged group of affine transformations,
d — q'' = A'; g’ +b', which conserve such a structure. When an origin is fixed, this configuration
space is identified with the translation gro= G = RN with commutative Lie algebr&@ = RN

and duals* = R*N. Furthermore, i andG are constant is invariant under translations. Such

a situation was examined for the N-dimensional case in our previous work [7]. From the work of
Souriau and others [1, 2, 4, 5] it is clear how to generalize the first term of this extension of the
canonical symplectic two-form when configuration space is a Lie gf@gpch that phase space is
trivialised T*G =~ G x ¥*. This is done introducing a symplectic one-cocycle, defined below.

2. The symplectic one-cocycle

A 1-chain 8 on ¢ with values in¢*, on which¥ acts with the coadjoint representatikn

6 € CY(¥,9*,k),isalinearmagd : 4 — ¥* :u — 6(u).
Let {e4} be a basis of the Lie algebrd with dual basis{e?} of ¥* and structure constants
(€, €3] = €, Hfag. The 1-cochain is given b§(u) = 64, UK €%, whereby |, = (6(ey)|€q)-
Itis a 1-cocyclef € Z}(¥,%*,k), if it has a vanishing coboundary:

(310)(u,v) = k(u)8(v) —k(v)8(u) - 6([u,v]) =0

((a18)(u,v)w) = —(B(v)|[u,w]) + (B(u)[[v,w]) — (6([u,V])|w) =0
(216)a.uv = ((A6)(ey,ev)|eq)

= - 6K.v Kfua + GK.[J Kfva - 6K.O( Kfuv =0

1Such an approach towards non commutative coordinates was originally proposed in [6] in the two-dimensional
case with posible application to anyon physics.
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The 1-cocycle is called symplectic@(u,v) = (6(u)|v) is antisymmetric :
O(u,v) = —0O(V,u) ; Oqy = Oy

Any antisymmetri® defined in terms 0 € C1(¢,%* k) is actually a 2-cochain of with values
in R and trivial representation ® € C%(¢,R,0). Furthermore, whef € Z1(¥4,%* k), O is a 2-
cocycle ofZ?(4,R,0)

(80)(u,v,w) = —O([u,v],w) + O([u,w|,v) — O([v,w]|,u) =0

(%20)(€a,€8,8y) = —Oky T + Ok “fay — Oxa “fgy =0 (2.1)

When¥ is semisimple@ is exact. Indeed, the Whitehead lemmata state Ifl”’ra%, R,0)=0
andH?%(¢,R,0) = 0. So0,0© is a coboundary oB?(%¢,R,0) and there exists an elemeétof
CY(¢4,R,0)=%"* such tha®(u,v) = (&1(&))(u,v) = —&([u,V]) or Oyp = — &y Hfyp.

In general ® = 5 ©qp £ A €, with © obeying the cocycle conditiof2.1). Acting with L*g-14
T(G) — Tg(G), yields the left-invariant forms :

g1g€ =L%(g75g)dd?

&'(9) =
= Ly 10O = (1/2)Ogp &7 (9) AL (9)

L*
OL(g) =L"

where L%g(g;h) = d(gh)?/ahP. Using the cocycle relatiof2.1) and the Maurer-Cartan structure
equations,

1
deg’(g) =— > “fu el (@) N el (9)

itis seen tha® (g) is a closed left-invariant two-form 06.
3. G Actions onT*(G)

Natural coordinates of pointe= (g,p) € T*(G) are given by(g“, pg), wherep = pg dg®.
There are two canonical trivialisations of the cotangent bundle.

e The left trivialisation :
A:THG) = Gx ¥ :(9,pg) — (9,7 =L ge Py =1y ) g
which yields "body" coordinates, given kg®, 11, )g.
e The right trivialisation :
P:T*(G)— Gx %" :(9,pg) — (9, " =R'ge pg ="y e") g

which yields "space" coordinates, given by, nRu)B.
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They are related by = R*g-1/g0 L*qe - = K(g) 71, whereK(g) is the coadjoint representation
of Gin¥~.
Lifting the left multiplication of G by G to the cotangent bundle yields

@5 1 T*(G) = T*(G): x= (g, Pg) — ¥ = (80, Phg = Lj 1agPo)

FromA oL} 1.0t Pg— Lige0 L 100 Po = Lge Py = 70, itis seen that, in body coordinate(s;) 5 =
Ao®zoA~ti(g,m)s — (ag, M.

The pull-back of the cotangent projectian T*(G) — G: x=(g,p) — g, yields differential forms
on the cotangent bundle :

(e ()] = k5 & (K(x))

~ N 1

OL(X) = K3 OL(K (X)) = = 5 Oap (&' (X)| A (el ()| 3.1)
Since®(g)is closed orG, its pull-back @, (x), is a closed 2-form ofi *(G).
Furthermore, the left-invariance ef (g): L;,l‘ag £%(g) = £%(ag) implies thed}-invariance of its
pull-back : (®3)7 (67 (Pz(x))| = (¢7(x)| and so iSOL (). A ®L-invariant basis of one-forms on
T(T*(Q))is

{(el); (dm"u]} (3.2)

The right multiplication bya~! induces anothdeft action by :

CD? : Tg*(G) - g*afl(G) : (97 pg) - (gailv péafl - R;\ga*1 pg) )
Computing :Ly, 1,0 Ry . 1oLy, m = Lt 100 Ras -, it follows that, in body coordinatespy
acts as :®R: (g,7)s — (¢ =ga !, w" = K(a)m)g. Under®R, the dL-invariant basis(3.2)
transforms as

(DR (62 (PE())| = Adp(a) (el (x)|

X

(®R)75 (| = (drty| AdY () (3.3)

4. The modified symplectic structure onT*(G)

The canonical Liouville one-form ofi*(G) and its associated symplectic two-form ai| =
Pa (dg?| = 1, (¢}'], and
w = —d{6o] = —my d(gf!| + (] A (dry|
1
= 5 Hiap (€| A (€P|+ (eH| A (dmy| (4.1)

A modified symplectic two-form is obtained adding the closed two-f¢Bxl), constructed from
the symplectic cocycle:

W=0n+0L == (1 *ap +Oqp) (€% A(€P|+ (| A(dmyy| 4.2)

1
2
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For semisimple?, this reduces to :

0= (T~ &) Mg (€9 A (P + (4 A (A = —d (B~ &) (&) (43)
This means that the Liouville form is modifie@® | = (1, — &) (¢!'|) such thatw = —d(6_ |
and that{g, py = L*g-14(71— &)} and there are global Darboux coordinate$g®, p’;, = py —
&LPu(gh0)} N
Finally we may add another left-invariantand closed two-form intheriablesy; = (1/2) Y¥V (drm,| A
(dm,| such that

W =a+OL+YL (4.4)

defines abk-invariant (pre)-symplectic two form ofi* (G).
Under®R, this (pre-)symplectic two-forn.5) is invariant if a belongs to the intersection of the
isotropy groups o9, andY, :

Oup Ad?y(a)AdP,(a) =0,y ; AdY,(a ) AdP, (a™t) YW = YoP (4.5)

5. Conclusions

The degeneracy of the two-for(4.4) will be examined in further work, as was done in [7] for
the abelian group. ltu_ is not degenerate, Poisson Brackets can be defined and, in the degenerate
case, the constrained formalism of [3] is applicable. Finally, if the isotropy groug.8) is not
empty, the remainingR-invariance will provide momentum mappings. Equations of motion of
the Euler type will follow from a Hamiltonian of the form

1

The momenta mentionned above will be conserved if the isotropy group above also conserves the
inertia tensor.7.
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