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1. Introduction

When a symplectic manifold is a cotangent bundle with projection,κ : T∗(Q ) → Q , and
canonical symplectic structureω0 = dqi ∧dpi , the action of a diffeomorphismφ on Q induces a
diffeomorphismΦ on T∗(Q ) conservingω0 :

Φ : T?(Q ) → T?(Q ) : {qi, pk}→
{

q′ i = φi(q),p′k
}

; pl = p′k
∂φk(q)

∂ql (1.1)

In particular a group action being a homomorphismG→ Diff (Q ), induces a strictly Hamiltonian
action onT∗(Q ) :

Φg : T?(Q ) → T?(Q ) : (qi, pk) →
(
q′ i = φi(g,q),p′k

)
; pl = p′k

∂φk(g,q)
∂ql (1.2)

Let F be a closed two-form on configuration space, then it is well known [1] that a change in the
symplectic structure,ω0 → ω1 = ω0 +κ ?F, induces a "magnetic" interaction without changing the
"free" Hamiltonian. With this new symplectic structure, the momenta variables cease to Poisson
commute and one needs to introduce a potential to switch to Darboux variables.
It is then tempting to introduce also a closed two-form in thep-variables in such a way that Poisson
non commutingq-variables will emerge1. In this way, we obtain a (pre-)symplectic structure :

ω = ω0−
1
2

Fi j (q)dqi ∧dqj +
1
2

Gkl(p)dpk∧dpl ; dω = 0 (1.3)

Obviously the structure of such a two-form is not maintained by general diffeomorphisms of type
(1.1). But for an affine configuration space, there is the privileged group of affine transformations,
qi → q′ i = Ai

j qj +bi, which conserve such a structure. When an origin is fixed, this configuration
space is identified with the translation groupQ = G≡ RN with commutative Lie algebraG ≡ RN

and dualG? ≡ R∗N. Furthermore, ifF andG are constant,ω is invariant under translations. Such
a situation was examined for the N-dimensional case in our previous work [7]. From the work of
Souriau and others [1, 2, 4, 5] it is clear how to generalize the first term of this extension of the
canonical symplectic two-form when configuration space is a Lie groupG such that phase space is
trivialisedT∗G≈ G×G?. This is done introducing a symplectic one-cocycle, defined below.

2. The symplectic one-cocycle

A 1-chainθ on G with values inG?, on whichG acts with the coadjoint representationk,
θ ∈ C1(G,G?,k), is a linear mapθ : G → G? : u → θ(u).
Let {eα} be a basis of the Lie algebraG with dual basis{εβ} of G? and structure constants
[eα ,eβ ] = eµ

µ fαβ . The 1-cochain is given byθ(u) = θα ,µ uµ εα , whereθα ,µ
.= 〈θ(eµ)|eα 〉.

It is a 1-cocycle,θ ∈ Z1(G,G?,k), if it has a vanishing coboundary:

(δ1θ)(u,v) .= k(u)θ(v)−k(v)θ(u)−θ([u,v])= 0

〈(δ1θ)(u,v)|w〉 .= −〈θ(v)|[u,w]〉+ 〈θ(u)|[v,w]〉− 〈θ([u,v])|w〉= 0

(δ1θ)α ,µν
.= 〈(δ1θ)(eµ ,eν)|eα 〉
.= −θκ ,ν

κ fµα + θκ ,µ
κ fνα − θκ ,α

κ fµν = 0
1Such an approach towards non commutative coordinates was originally proposed in [6] in the two-dimensional

case with posible application to anyon physics.
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The 1-cocycle is called symplectic ifΘ(u,v) .= 〈θ(u)|v〉 is antisymmetric :

Θ(u,v) = −Θ(v,u) ; Θαµ
.= θα ,µ

Any antisymmetricΘ defined in terms ofθ ∈C1(G,G?,k) is actually a 2-cochain onG with values
in R and trivial representation :Θ∈ C2(G,R,0). Furthermore, whenθ ∈ Z1(G,G?,k), Θ is a 2-
cocycle ofZ2(G,R,0) :

(δ2Θ)(u,v,w) .= −Θ([u,v],w) + Θ([u,w],v)− Θ([v,w],u) = 0

(δ2Θ)(eα ,eβ ,eγ)
.= −Θκγ

κ fαβ + Θκβ
κ fαγ − Θκα

κ fβγ = 0 (2.1)

WhenG is semisimple,Θ is exact. Indeed, the Whitehead lemmata state thatH1(G,R,0) = 0
and H2(G,R,0) = 0. So, Θ is a coboundary ofB2(G,R,0) and there exists an elementξ of
C1(G,R,0)≡ G? such thatΘ(u,v) = (δ1(ξ ))(u,v) = −ξ ([u,v]) or Θαβ = −ξµ

µ fαβ .
In general,Θ = 1

2 Θαβ εα ∧ εβ , with Θ obeying the cocycle condition(2.1). Acting with L?
g−1|g :

T?
e (G)→ T?

g (G), yields the left-invariant forms :

εα
L (g) .= L?

g−1|g εα = Lα
β(g−1;g)dgβ

ΘL(g) .= L?
g−1|g Θ = (1/2)Θαβ εα

L (g)∧εβ
L (g)

where Lα
β(g;h) .= ∂ (gh)α/∂hβ . Using the cocycle relation(2.1)and the Maurer-Cartan structure

equations,

dεα
L (g) =− 1

2
α fµν εµ

L (g)∧εν
L (g)

it is seen thatΘL(g) is a closed left-invariant two-form onG.

3. G Actions onT?(G)

Natural coordinates of pointsx = (g,p) ∈ T?(G) are given by(gα , pβ), wherep = pβ dgβ .
There are two canonical trivialisations of the cotangent bundle.

• The left trivialisation :

λ : T?(G)→ G×G? : (g,pg) →
(
g,πL = L?

g|e pg = πL
µ εµ)

B

which yields "body" coordinates, given by(gα ,πL
µ)B.

• The right trivialisation :

ρ : T?(G)→ G×G? : (g,pg) →
(
g,πR = R?

g|e pg = πR
µ εµ)

S

which yields "space" coordinates, given by(gα ,πR
µ)B.
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They are related by :πR = R?
g−1|g◦L?

g|e πL = K(g) πL, whereK(g) is the coadjoint representation
of G in G?.
Lifting the left multiplication of G by G to the cotangent bundle yields

ΦL
a : T?(G)→ T?(G) : x = (g, pg) → y = (ag,p′

ag= L?
a−1|ag pg)

Fromλ ◦L?
a−1|ag : pg → L?

ag|e◦L?
a−1|ag pg = L?

g|e pg = π, it is seen that, in body coordinates,
(
ΦL

a

)
B

.=
λ ◦ΦL

a ◦λ −1 : (g,πL)B → (ag,πL)B.
The pull-back of the cotangent projectionκ : T?(G)→ G : x

.= (g,p)→ g, yields differential forms
on the cotangent bundle :

〈εα
L (x)| = κ ?

x εα
L (κ (x))

Θ̃L(x) = κ ?
x ΘL(κ (x)) =− 1

2
Θαβ 〈εα

L (x)|∧ 〈εβ
L (x)| (3.1)

SinceΘ(g) is closed onG, its pull-back,̃ΘL(x), is a closed 2-form onT?(G).
Furthermore, the left-invariance ofεα

L (g) : L?
a−1|ag εα (g) = εα (ag) implies theΦL

a-invariance of its

pull-back : (ΦL
a)

?
|x 〈ε

α
L (ΦL

a(x))|= 〈εα
L (x)| and so isΘ̃L(x). A ΦL

a-invariant basis of one-forms on
T?(T?(G)) is

{〈εα
L |;〈dπL

µ |} (3.2)

The right multiplication bya−1 induces anotherleft action by :

ΦR
a : T?

g (G)→ T?
ga−1(G) : (g,pg) → (ga−1, p′

ga−1 = R?
a|ga−1 pg) ,

Computing :L?
ga−1|e◦R?

a|ga−1 ◦L?
g|e πL = L?

a−1|e◦R?
a|a−1 πL, it follows that, in body coordinates,ΦR

a

acts as :ΦR
a : (g,πL)B → (g′ = ga−1,π′L = K(a)πL)B. UnderΦR

a, theΦL
a-invariant basis(3.2)

transforms as

(ΦR
a)

?
|x 〈εα

L (ΦR
a(x))| = Adα

β(a) 〈εβ
L (x)|

(ΦR
a)?

|x 〈dπ′L
µ | = 〈dπL

ν | Adν
µ(a−1) (3.3)

4. The modified symplectic structure onT?(G)

The canonical Liouville one-form onT?(G)and its associated symplectic two-form are〈θ0|=
pα 〈dgα |= πµ 〈εµ

L |, and

ω0 = −d〈θ0| = −πµ d〈εµ
L |+ 〈εµ |∧ 〈dπµ |

=
1
2

πµ
µ fαβ 〈εα |∧ 〈εβ |+ 〈εµ|∧ 〈dπµ | (4.1)

A modified symplectic two-form is obtained adding the closed two-form(3.1), constructed from
the symplectic cocycle:

ω = ω0 + Θ̃L =
1
2

(
πµ

µ fαβ +Θαβ
)
〈εα |∧ 〈εβ |+ 〈εµ |∧ 〈dπµ | (4.2)
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For semisimpleG, this reduces to :

ω =
1
2

(πµ −ξµ ) µ fαβ 〈εα |∧ 〈εβ |+ 〈εµ |∧ 〈dπµ | = −d
(
(πµ −ξµ ) 〈εµ

L |
)

(4.3)

This means that the Liouville form is modified〈θL| =
(
(πµ −ξµ ) 〈εµ

L |
)

such thatω = −d〈θL |
and that{g,p′g

.= L?
g−1|g(π− ξ )} and there are global Darboux coordinates :{gα , p′µ = pµ −

ξβ Lβ
µ(g−1;g)}.

Finally we may add another left-invariant and closed two-form in theπvariables̃ϒL = (1/2)ϒµν 〈dπµ |∧
〈dπν | such that

ωL = ω0 + Θ̃L + ϒ̃L (4.4)

defines aΦL
a-invariant (pre)-symplectic two form onT?(G).

UnderΦR
a, this (pre-)symplectic two-form(4.5) is invariant if a belongs to the intersection of the

isotropy groups of̃ΘL andϒ̃L :

Θαβ Adα
µ(a)Adβ

ν(a) = Θµν ; Adα
µ(a−1)Adβ

ν(a−1) ϒµν = ϒαβ (4.5)

5. Conclusions

The degeneracy of the two-form(4.4)will be examined in further work, as was done in [7] for
the abelian group. IfωL is not degenerate, Poisson Brackets can be defined and, in the degenerate
case, the constrained formalism of [3] is applicable. Finally, if the isotropy group of(4.5) is not
empty, the remainingΦR

a-invariance will provide momentum mappings. Equations of motion of
the Euler type will follow from a Hamiltonian of the form

H
.=

1
2

I µν πL
µ πL

ν

The momenta mentionned above will be conserved if the isotropy group above also conserves the
inertia tensorI .
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