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1. | ntroduction

In context of Standard model, neutrinos are comsitlenassless particles. However,
observations about solar and atmospheric neuthlin@$ present some results whose possible
explanation is the mass attribution to neutrin@msequently oscillations between flavors can
happen [1, 2].

Oscillation parameters, vacuum mixing angles andsshsguared differences, are
determined through the analysis of neutrino fluxeshe several experiments. In some cases
there are limitations in data exploration causedfdatures as the source extension for solar
neutrinos and, in the case of reactor and accelenagutrinos, the immobility of the source and
of the detector. However, these problems can beogwid in analysis of atmospheric neutrinos.

Atmospheric neutrinos are produced by the intevaatif cosmic rays with the atmosphere
and the main production channels are [3]:

gt ty,(©)
M- € +V ) +7,(v,)

It is expected that atmospheric neutrino flux pnéseup-down symmetry [4]. This
symmetry means that the neutrino flux reachingatliyea specific point of earth surface with a
zenith angle® (up-neutrino) is equal to the neutrino flux with angler=06 (down-neutrino). If
the possibility of neutrino oscillation is admittatie different paths of up and down neutrinos
and the MSW effect modify the situation and up-doagymmetry can take place [3]. Thus,
measures of these fluxes can be used to deterhenghlysical parameters that describe neutrino
oscillations. In this case, different situations ¢# explored with the variation of the an@ler
of the energy of the neutrinos.

In this work the neutrino production and the osatitin probabilities at variable matter
density and vacuum are computed so that up and dweutrino fluxes can be analysed
considering oscillation possibility. The emphasisgiven to the evolution equation of the
neutrino system, particularly at variable mattengity. In this case the strategy of Lisi is
adopted, consisting in to take partial evolutioremgpors [5]. The procedure is applied for a
specific situation for which the incidence angl@®§ and the neutrino energy is 5 GeV.

For zenith angle larger than 70° only the uppertheas crossed by down neutrinos. Then
for the calculations, it is chosen this value fdrieh the largest path difference among up and
down neutrinos with a continuous electronic density be got. The energy of 5 GeV is chosen
so that the calculation of the neutrino productibthe reference [6] can be used.

2. Neutrino Production

Taking atmospheric neutrinos with energy aroundes@eV or above the effect of the
geomagnetic field is negligible, the showers cantdde®n as unidimensional and the energy
range of the solar neutrino is avoided [4]. Fos ttase, the atmospheric neutrino production can
be obtained by analytical methods [6].

Following the procedure adopted by Lipari [6], tieutrino production is obtained starting
from the meson and muon fluxes of the atmosphérowvers; these are related to the primary
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flux whose composition can be approximate as befngucleons. The meson and muon fluxes
are calculated in the high and low energy limitd #re generalization is made by interpolation.
Besides, the hadronic interaction lengths are densd constant, the fluxes are described
as a power law in the energy, it is admitted ttzatrbns are not produced due to decays and that
they don't lose considerable energy. The poladrdf, 8] and energy loss [9] of the muons are
taken into account. The parameters that describgtimary flux, the interaction lengths, the
hadronic interaction factors and the muon energg lzarameters are supplied by Gaisser [10].
The model of the atmosphere necessary to analgsattraction of cosmic rays is described by
[6]. The muon neutrino production rate as a funciid the distance between the source and a
detector for energy of 5 GeV and zenith angle of & obtained and it is represented

graphically in the figure 1.
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Figure 1: Muon neutrino production rate as a fuoctiof the distance
between the source and an eventual detector.
3. Oscillations of Neutrinos

Attributing Dirac or Majorana mass to neutrinosgittpropagation in the ultra-relativistic
limit is described by the Schrodinger equation [1i4t in the base of flavor statag to

neutrinos of energy E is given by

d 1 -
I&vf(x)=E(UM Ut +A)v, (%) (1)

where U couples flavor and mass eigenstates &) = Uv (X) andM is diagonal matrix of

mass of the neutrinos. In the context of three nmeutflavors, U =&\ é”'s &' where
N,, \g e\, are Gell-Mann matrices. The diagonal matrix ofesgd-mass, the flavor and mass

eigenvectors are defined in this case respectlwelye relations:

0 0 V(%) ()
MZ= 0 m O |, V() =|v,(¥) and v, (X)=|V,(¥ |,
0 0 m V. (X) Vs(X)
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where the states, , , represent particles of masses, ;.

The termA contains the matter effect on the neutrino propagdhat, in this case, is
A 0O
A=0 0 0|,
0 0O

with A=2\/§GF N, E, for which G is the Fermi Constant and, the electronic density in
matter [12]. In the mass base, the equation (191bes

d 1 ;
I&vp(x)=E(M2+U1AU)vp(x). )
The solution of (1) in a general way i5 (x) =G (x %)v, (%), whereG(x, %) is the

evolution operator of the neutrino system. Or inrmie of particle eigenstates (2),
v, (X)=G(x %) v, (%), whereG(x,x%)=U"G(x %)U. The evolution operator is explicitly:

G(x %)= Exp[—ijx‘ H ()()d)(],

where H(X) :2—1E(UM 2yt +A) is the Hamiltonian of the system and the symba Eancern

to expansionals that represent a expansion in lgraedtiple integrals.
Exp{—in(x')dx} 1—|jH & )X + (- jH (x)dxjH ®)dX + . (3)
0

that for [H(x),H(X)]:O it is reduced to usual exponential. This is theecaf neutrinos

traveling the vacuum and the matter of constansitignbecause in these two situations the
Hamiltonian is independent of the neutrino position
At vacuum the neutrino evolution equation as a fiencof v is reduced to the equation
. d 1
i—v (X)=—M?v _(X),
PR T5EM Y
whose solution in mass base is easily obtaineﬂ=fb,|2,3 as

v =e £ V (%)
The probabilities ofv,, for example, to be detected &g, v, or v, after traveling a

distancex are respectively
ol A A A
PWv,.v,)=1- 4U22U218m{_EXJ_ 4J223U§13|r12(4—3€ x}— LV EI U S|ﬁ(4—3|’52 x],
PW,.V,) =-4U,U,,U,U Sinz(ﬁXj—éU U,lu .y ,sif| =2 Ba iy Y ,sif Bg (4)
H' e 11%12% 217 22 4E 1 2 1 4 1 4E

_ . ﬁ _ A A32
PW,.V,) = -4U,U U U lemz(ﬂrE XJ SV { iy ;_,lsn?( x]+U & 228Iﬁ(4E H

whereU; are elements of the unitary matkix
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In the case of neutrinos that cross matter of @mistlensity, the Hamiltonian is
diagonalized for the unitary matri¥ and (1) becomes

d. R R
Vp(X) —2—EM 2Vp(X) ,
where effective states (x) are coupled to flavor states as(x) = va(x) and the diagonal

matrix of effective squared-massN&® = U'l(UM Ut+ A) 0.

In terms ofv (x) the solution of evolution equation to constantteradensity is

i()=e e i (%)
Therefore, the survival and transition probab#itemplitudes for muon neutrinos are

Pv,v,)=1- 22Uzlsll’l{ J— ﬂggoglsir?(ﬁ X]‘ 4307, Sir{Agz ]’
4E 4E 4E
PW,.v,) =-40,0,0,0 smz(—Ex]-zU { 0 ,sif A_E ]+U 0 zzSIﬁ[ H )

PV, v,) = 40,00, lein{%x]—zu { s.ﬁ(A_E J+u 0 zzs.ﬁ[ 2 ﬂ

.[;

here Ui represents the elements of matiix and A . Considering the typical

energies and paths of atmospheric neutrinos [J3nddA,, =A_, > AZJ,
2 g a A2 - - A2
o H 31 _ 11— H H i3l
PV,.v,)=1-40%(02,+03) su{—4E xJ_ 1 4sify coyp( 2 sty cdp) {IH_4E xj,

PW,.v,)= 4(U123+U323)U23sm£i?|’5l x}~ 4sirtg coéqo( 1 sify c&w { J

with P(v,v,)=P(,V,)+ P,V ). Moreover it is gotten in ref. [11] tha@y - ¢ and

equations tosin® 2p and A,, recover that ones obtained in the context of emist of two
flavors approach:

2 ain2
sinf 2= By sin” 2 ©)
(A, cosdp- A)” + A%, sif P
Ay = D2+ A= 2N, cOS . ©)
Hence, from the definition
sin? 24 = 4sirfy co%gb( t sify c&s{o), (8)
follows that the survival and transition probalm of muon neutrinos can be rewritten as
P(v,.v,)=1- i 2 s.ﬁA31t 9)
P(v,,v :sin22dsinzi 10
V,:V,) AE (10)

that are similar to those obtained in the two flawontext. The difference is the mixing angle
redefined asy .
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For neutrinos propagating in an inhomogeneous mediat is the case of that cross the
Earth, the Hamiltonian term that takes into accdbetinteraction with the matter depends on

their position. Thus[H (%), H()()] # 0 and the evolution operator must be written asnatfan
of expansion in eg. (3), making difficult the tne@int of the evolution operator.

The strategy of Lisi [5] is to divide the path iarpal elementg in which the electronic
density is given byN; (X) and the neutrino propagation is described by tamilionianH ; (x) .
The evolution operator is taken as a partial opefatoduct

G (%, %)= HGi()ﬁ'ﬁ—l)-
J

In the reference [5], the simplified situation o$cdlation between two flavors is

considered, for which the equation (1) assumesgxpécit form

. d 1 A(X)—A, cosd A, sin?
— =— +A)+
|dva(x) 4E{(221 ) ( A,sin28 A, cosB-AK Vi)

hereA, =m?-nt, X, =m2 + nt, A=2/2G. EN, (¥ and#@ is the mixing angle.
Thus, the Hamiltonian, except for the proportiorm to the identity(221+A) that just
introduces in the evolution operator a constantsphi@ctor, can be defined in each partial

element, withk =ﬁ , as
2E

y :l(ﬁGF N, ()~ kcos @ ksin® J a

b2 ksin 26 kcosB- & N &
The partial evolution operatds (xj , >S-1) is associated to this Hamiltonid, .

The electronic density in the path element is defins the average electronic density plus
a perturbation termN; (x) = N, +dN (%, soH; =H, +JH, (x). The constant part dfl, is

_ 1{V2G;N, - kcos® ksin@
H, == . _ (12)
2 ksin 29 kcosB-v B N
and the perturbation
J2 ON . (X) 0
OH. (X)=— ! _ . 13
Then,
Vi O6) = [TV 06, %0)ve (%) (14)
i
where the partial evolution operator is
Uj(XJ-,X‘-_l):EXp{—iJ‘ [H, +oH, (x)]dx}. (15)
As H;, is constant,
U, (xj , )(]__l) = e_i(xi %), Exp[— i,[ d Xe‘i(xifl‘x)':'i JH j (% éi(x"ﬁfl)ﬁj } . (16)



Approximate Solution of the Evolution Operatorla Neutrino System J. S. S. Oliveira

Dividing the path in small elements, the partiabletion operator, in first approximation
order, can be written as

H

U, 05,50 = &0 =i d e an (o g

17)
Performing the integral in Eq. (17), the followiagpression is obtained
c. +is cos®d -is sin®

U, (%, x)=| 0 9 e0sE Tl SInE
—is;sin2d ¢ —is cos?

N N N (18)

_i_szé ~sin ZH.CJ.. ) cos ZC, .— i~ sin@S
2 cosHC, +i sin&S; - sin@G

where

_ { XJ_XJ-lJ _-( XJ_Xi-l]
c; =cog k, > : s; =sin K"T ,

cj:ﬁGFTdMNj(mos(%(w—g), Sﬁﬁﬁxfdﬂ'\l()?sm(lﬁ( x¥)

X + X - — — ~
ande'—XJ‘l, A21=\/A221+A2—2AA21c0529, sin2f =2z sind®, k, =Ly
2 A, 2E
However, the partial evolution operator the evalatoperator in first order approximation
as presented in Eq. (18) it is not automaticalljtamp, being necessary to normalize it. The

unitarity of U, (x;, %) is guaranteed by the redefinition
2
Ja+sint B(SP+ G

U’ (%, %) =

)UJ()ﬁ’X—l) (19)

As discussed previously, for atmospheric neutritias oscillation probabilities among
three flavors can be described as a function ofotwdllation probabilities among two flavors,
being enough to redefine the mixture anglegiving in Eq. (8). Thus the survival and transitio
probabilities of muon neutrinos at variable mattensity in the context of three flavors can be
defined as oscillation probabilities between muad another type of neutrino obtained from
the partial evolution operator with effective migiangled

Ui (X, %4)=

2 (c,— +is cos®  -—ig sinZ J
\/4+ sir? ZT’(SJ?_ CJZ) -is;sin2¥ ¢ —is cosZ
sin2aC, CoSZAC, i sinéﬁ]

(20)

2 cosZ?Cj +i sin ZSj - sinaq

~Lsin 267[
Treating of atmospheric neutrinos, it is used thettEalectronic density described by

PREM [15]. The vacuum oscillation parameters usethé calculations ard,, =3x10° e\?,

siny = 0,6 and sin® @= 0,01 supplied by the reference [13]. The reason tothiseparticular

choice is that it is studied only the behavior ofuson rather than to make any precise
predictions about the neutrino oscillation prokitibs.
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Figure 2: Transition probability (dashed line) asdrvival probability (solid line)
considering two neutrino flavors for 3, 4 and 5 Ga\érgy values.

To observe the energy influence in the oscillatomplitudes, in figure 2 it is shown the
oscillation probabilities of neutrinos in the frawark of two neutrino oscillations that cross the
Earth with 3, 4 and 5 GeV energy values and refagith @ =70° and in the initial state

)

In the graphy is the ratio between the distance traveled bynthérino inside of the Earth and
the Earth radius.

In this analysis, it was noted that the first ortlenm of the evolution operator for the
variable matter density is negligible since forhpatements sufficiently small, the electronic
density can be considered constant.

4. Atmospheric muon neutrino flux

The up and down muon neutrino fluxes without oatiihh are simply obtained by the
integration of the production rate in the distahdeetween the source and the detector. For
energy of 5GeV and zenith angle of 70°, it wasiokbththe muon neutrino flux

@, =4,25076¢ 10" ¢n? s srGeV) (21)
Even considering oscillation among flavors, the muaeutrino flux, without consider the
eletronic chanel, is calculated by the relation

0 a%
a, :IP(Vﬂ,Vﬂ)a—I”dI (22)
|

0
here ;ql'” is the neutrino production rate aﬁdvﬂ,vﬂ) =|vﬂ(x)|2.

For neutrinos, the atmosphere can be approximaeceuum, so the flavor state of the

8
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muon neutrino produced at the distahoéthe detector at the sea level is

v, (1)) _(cos: +i cosz sif¥/.
o[G0S as +1 co (23)
v, () sin 2ar sinf=.
it follows that
PYAW
PW,.v,)=1- 522a3|r|24—3é, (24)

where S?2a =4Sy C?qo(l— Sy éqa)
Using the oscillation parameters from ref. [18], =3x10°eV?, sy =0,6 and

sin® @= 0,01, we getS®2a = 0,96. In this case, for energy value of 5 GeV and teaitgle of
700, one finds
@, =4,25048 10" (crh .s.sr.GeV (25)

In the case of down neutrino, part of the pathnistie atmosphere, for which the
oscillation conditions are the same ones appedoingeutrinos up, and part is inside the Earth.
Thus, the flavor state for down neutrinos initiatlfy muon flavor is obtained multiplying the
state given in Eq. (23) for the evolution operatothe Earth in zero order of approximation,
since the term of first order doesn't contribugmiicantly.

v, (1)) _ C, +iscos@r -ig sinZ cos™/,. +i cos? sifi/e
v, (1)) |T| —is;sin20 ¢ -is cos@

sin 2o sinf/.
The survival probability of muon neutrino B(V”,V”) =|Vﬂ(X)|2. Muon neutrino flux is

obtained multiplying the muon neutrino rate by thisbability and integrating ih the result is
@, = 6x10° cnr .s.sr.GeV)* (26)

for energy value of 5GeV, with zenith angle of @08 oscillation parameters from ref. [13].

5. Discussion

The up neutrinos fluxes practically doesn't chamgpen taking into account the flavor
oscillation possibility. However the down neutrifiox calculated with oscillation corresponds
to approximately 15% of the flux obtained withownsidering oscillation. Thus the flavor
oscillations are revealed as a possible explanédioan eventual up-down asymmetry.

The extension of the calculation accomplished ia work for different values of energy
and zenith angles is direct fé¥= 70° and since the approach of unidimensional showaarde
maintained. Note that from our results the up-dasymmetry for neutrino flux can be used as
an element to determine the values of physicalrpeters related to flavor neutrino oscillation.
Varying the energy of neutrinos or incident anglgferent oscillation probability is obtained
and the parameter values can be properly adjustirgproduce the asymmetry data

The negligible influence of the first order term thle evolution operator in the Earth

allows considering the constant electronic deresity equal tch for each element of the path.

Disregarding of the disturbance, the oscillatiotthia context of three families described by the
evolution operator in the Earth upper mantle camtveduced without much trouble.
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In a general way, the approximatidk, =A,,> A, is not reasonable for atmospheric

neutrinos that cross the Earth. Without this comsition, the survival and transition
probabilities of muon neutrinos in two family apgirnation are got like that of Bernabéu [13]
or Gonzales-Garcia [14]. However, with these exgioes the method of Lisi is not directly
aplicable. Therefore, it is viable to extend teethneutrino flavors the procedure of Lisi since it
could be aplied in all cases. This is the next sfegur work.
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