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1. Introduction

Current-carrying strings have been considered in the framework stdii's gravity. Here,
we intend to generalize these results considering a scalar-tensor grEivéymotivation for this
relies on the fact that, theoretically, the possibility that gravity might not bddoentally Ein-
steinian is gathering credence. This is in part a consequence of siqetkeory [1], which is
consistent in ten dimensions (or M-theory in eleven dimensions), but alsndhe phenomeno-
logical recent developments of “braneworld” scenarios [2, 3] havévated the study of other
gravitational theories in four-dimensions. In fact, the origin of the (grtwital) scalar field can
be many: the scalar field arising from the size of the compactified interneéspahe Kaluza-
Klein theory; the zero mode (dilaton field) described by a symmetric se@nidtensor behaving
as space-time metric at low energy level in the closed string theory; the feldan a brane world
scenario; and more [4]. In any case, clearly, if gravity is essentialliastensorial there will be
direct implications on observed effects both in the small scale scenaridteofadive theories of
gravity [5, 6, 7, 8] and in the large scale cosmological scenarios fronifimddravity [9].

Our purpose in this work is to generalize previous results [10, 11, J2arkBto study static
and charged cosmic strings as particular solutions of a Einstein-Maxwetbbillaeory of a scalar-
tensor type in (3+1)-dimensions by proposing a generalization of the Raitgebra for the Ricci
tensor. We obtain three exact solutions corresponding to an electricetiagnd “mixed"” strings.
This manuscript is organized as follows. In the section 2, we review btleflynodel for a current-
carrying cosmic string in the scalar-tensor theory. In section 3, we glzeethe Rainich algebra
and we obtain the three exact solutions, each of them corresponding mheetnie of a current-
carrying string. In section 4, we summarize our main results.

2. Current-Carrying Strings

In this section we will study the gravitational field generated by three cdsestong carrying
a current. We start with the action in the Jordan-Fierz Frame

1 = = [0 —
S = ET/C|4x\/?g[q>R_ wé) ) 9 0,83,®) + Finl Win: Guv] (2.1)

Ouv Is the physical metric which contains both scalar and tensor degreesedbfreR is the
curvature scalar associated to it afff, is the action for general matter field which, at this point, is
left arbitrary. The metric signature is assumed to be (-,+,+,+).

In what follows, we will concentrate our attention to superconducting xartanfiguration
which arise from spontaneous breaking of the symmetty) xUem(1). Therefore, the action for
the matter fields will be composed by two pairs of coupled complex scalarsiage Geld$¢,B,)
and(o,Ay).

Also, for technical purposes, it is preferable to work in the so-calledtEin (or conformal)
frame, in which the scalar and tensor degrees of freedom do not mix

1
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+ [d%V=5{ 500 (Du0)" (D) + (Du0)" (D 0)]

- E(FWF“VWLHWH“V)—QZ(¢)V(|¢|,\UD}a (2.2)

whereF,, = dyAy — 0vA,Hyw = 0,By — 0By, and the potential is suitably chosen in order that
the pair(¢,B) breaks one symmetty (1) in vacuum (given rise to the vortex configuration) and
the second paifo,A,) breaks the symmetryem(1) in the core of the vortex (giving rise to the
superconducting properties)

A A m2
V8.0l = 12—+ (182 =m0+ Flol*+ 2ol (23)
We restrict ourselves to the configurations corresponding to an isolsti#it; current-carrying
vortex lying in thez— axis In a cylindrical coordinate systef,r, 8,z) such thatr > 0 and 0<
6 < 2m, we make the following ansatz

¢ =¢(r)d? andB, = ;[Q(r) — 157 . (2.4)

The pair(o,Ay), which is responsible for the superconducting properties of the vastegt in the
form

o=o(r)eXt A= %[Pt(r) —dx]and A, = %[Pz(r) —0,X] (2.5)

whereR (P;) corresponds to the electric (magnetic) field which leads to a timelike (spacelike)
rent in the vortex. We also require that the functians),Q(r),o(r), P.,(r) andR(r) must be
regular everywhere and must satisfy the usual boundary conditionsriglx [14] and supercon-
ducting configurations [15, 16].

The action (2) is obtained from (1) by a conformal transformation

Ouv = QZ((P)guv ) (2.6)
and by redefinition of the quantity

G.Q%(@) =71, (2.7)

This last expression makes evident the feature that any gravitationzbmplema will be affected by
the variation of the gravitation consta@t in the scalar tensor gravity, and by introducing a new
(post-Newtonian) parameter

2
a?= (‘W) = [20(P) +3] 7. (2.8)

Variation of the action (2) with respect to the mejg, and to the dilaton fielg gives the modified
Einstein’s equations and the wave equation for the dilaton, respectivatyeN,

GHV = Zaucpavfp—guvgaﬁaacpaﬁ(p‘i‘ BHG*TIJ\/,
Ogp = —4nG,a(@)T . (2.9)
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Here, T,y is the energy-momentum tensor which is obtained by

-2 0%nm
TIJV - .
v—90duy
We note, in passing, that in the conformal frame this tensor is not comspreegiding us with an
additional equation

(2.10)

O, = a(@)TOve. (2.11)

3. The Generalized Rainich Algebra

Due to the specific properties of the Maxwell tensor

1
T, =0andT, T, = Z(T“BTaﬁ)év“ , (3.1)

the Einstein’s equations may be transformed into some algebraic relationsRaltgdh algebra
[17] which in scalar-tensor theories are modified by a term which deppliitly on the dilaton
field

R=R!+R'+R{+RZ=29"(¢/)?, (3.2)
(RHY?=(R"—29"(¢)%)? = (R{)? = (RP?, (3.3)

we can see from (3.3) that there exist three possible solutions

e Casel:
R'=-R{ R'=R'-29"(¢)? R{ =R} (3.4)
e Casell:
R'=R{ R'=-R'+29"(¢))? R{ =R/} (3.5)
e Case lll;
R'=-R{ R'=-R'+2¢"(¢)? Ry =R/ (3.6)

For each of these cases we find the following exterior metric, respectively
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2mP—2n
) W2(r)(dr? — dt?)

-2n
> W2(r)B?r?d6?
r

;
fo

2n 1
<ro> WT(r)dzz, (3.8)

de?, (3.9)

where

(7)) + K
1+Kk
V(r) = [-cisin(vn—1Inr) +cacos(vn—1Inr)]

W(r)

All the integration constants are to be determined after the inclusion of mattes. field

4. Summary

In this work we obtain exact solutions for a static and charged cosmic stringeimstein-
Maxwell-Dilaton theory of a scalar-tensor type in (3+1)-Dimensions. Thashis specified by
the dilaton fieldp, the graviton fieldy,, and the electromagnetic fieffg},, and one post-Newtonian
parameten (¢). It contains three different cases, each of them correspondingadiawar solu-
tion of the Rainich algebra for the Ricci tensor.

The three solutions correspond to solutions of an electric, magnetic andd'hsittengs. Each
of them, stemming from the low-energy limit of the string theory, present vistindt gravitational
features providing us with useful constraints on the underlying micriscopdel [18, 19].
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