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1. Introduction

The kink solution of a field theory is an example of a soliton in 1+1 dimensityr; B, 4, 5].

From field theoretic superpotentid][evaluated on the domain states, the algebraic framework of
supersymmetry in guantum mechanics (SUSY QM), as formulated by Wiitempy be elabo-
rated. The SUSY QM generalization of the harmonic oscillator raising and lowering operators has
several application$]. The generalization of SUSY QM for the case of matrix superpotential, is
well known in the literature for a long time. See, for example, for one-dimensional systems the
works in Ref. B] about non-relativistic quantum systems, 19[11] about one single field and in
[12,113,14] with two-field and in [L5] on a three-field potential models in 1+1 dimensions.

The classical configurations with domain wall solutions are bidimensional structures in 3+1 di-
mensions. They are static, non-singular, classically stable Bogomdl'éhahd Prasad-Sommerfield
[17] (BPS) soliton (defect) configurations, with finite localized energy associated with a real scalar
field potential model. Domain walls have several applications in condensed matter and cosmology.
The BPS states are classical configurations that satisfy the first order differential equations and the
second order differential equations (equations of motion).

Recently, marginal stability and the metamorphosis of BPS states have been investifjated [
via SUSY QM, with a detailed analysis for a 2-dimensioNat 2—Wess-Zumino model in terms
of two chiral superfields, and composite dyondNia= 2-supersymmetric gauge theories. Domain
walls have been recently exploited in a context that stresses their connection with BPS-bound states.
While Rajaraman has applied the trial orbit method for the equation of motion, here we use the trial
orbit method for the first order differential equations associated to three real scalar fields. However,
for solitons of three coupled scalar fields there are no general rules for finding analytic solutions
since the nonlinearity in the potential increases the difficulties to obtain the solutions of the BPS
equations and field equations.

This paper is organized as follows: In Section Il, we investigate domain walls configurations
for three coupled scalar fields, and supersymmetric non-relativistic quantum mechanics with three-
component wave functions is implemented. In Section Ill, a scalar potential model of three coupled
scalar fields is investigated. Our Conclusions are presented in Section IV.

2. Three coupled scalar fields

We consider the classical soliton solutions of three coupled real scalar fields in 1+1 dimensions.
They are static, nonsingular, classically stable and finite localized energy solutions of the field
equations.

Recently, a superfield formulation of the central charge anomaly in quantum corrections to
soliton solutions with N=1 SUSY has been investigai&€].[ The superaction in terms of the
superfield and the superpotential in supersga€eO, ), a = 1,2, is written as

3
Sy_g = % / dx2d20 (iZlDCDiDdDi +W(¢1,¢2,¢3)> , 2.1)

whereD is the supercovariant derivative given by
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D = d5+iOy“d, (2.2)

and they* are represented in terms of the Pauli matrigdss g, andy! = iox. The superpotential
W (D, Dy, d3), yields the component-field potentd( @), whered; are chiral superfields which,
in terms of bosonicg), fermionic(y4) and auxiliary field§F ), are®; —expanded as shown below:

0,6
—Q+06ii+ ;F (2.3)
whereo; andéi = O are Grassmannian variables.
The Lagrangian density for such nonlinear system in the natural system ofasits= 1), in
(1+1)dimensional space-time with Lorentz invariance, in terms of the bosonic fields only, is written

as

3
g (P auq’J Z au(PJ -V(@), (2.4)

whered, = %, #=(,2, @g=¢,2, (j=1273)arerealscalarfieldsant’ = (+,—)
is the metric tensor. The potentMl(¢;) =V (@1, @, @) is any positive definite functional ap.
The general classical configurations obey the equation bellow:

0? 0? 17}

ﬁqoj 022(.0 + P —V =0, (2.5)
which, for static soliton solutions, is equivalent to the following system of nonlinear second order
differential equations

0 ,
#=5g" (i=123) (2.:6)

where prime represents differentiation with respect to space variable. There is, in literature, a trial
orbit method for finding static solutions for certain positive potentials, which constitutes a "trial
and error" technique2].

We can get the masses of the bosonic patrticles, using the results above, from the second deriva-
tives of the potential:

oV :
= W ’Z—Etoo 3 | = 177273. (2.7)
2.1 Linear Stability and SUSY QM

Since the potential (¢;) is positive it can be written in the following square form, analogous to
the case with only a single fiel&]]

2o, @.03), Uj(or, @, g3) = %{U:H@-(%)

V(g) =V(o, @, @) = 0

HMw

In this case, one can write the total energy
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E:/:odz; [(q)2+(cp§)2+(%)2+2vm)}, (2.9)

in the BPS form, consisting of a sum of squares and surface terms,

== ./:odze(‘m —Uy)*+ %(‘ﬁf —Ug)?+ %((Pé —Ug)?+ (iw) (2.10)

which are always positive. Thus, the lower bound of the energy (or classical mass) is given by the
fourth term, viz.,

—+o00

e>| [ dz) Wia(2), 0.0

where the superpotentil = W[@1(2), @ (2), ¢3(2)] will be discussed below. The BPS mass bound
of the energy resulting in a topological charge is given by

, (2.11)

Esps= Tij = W[M;] —W[M]|, (2.12)

whereM; andM; represent the BPS vacuum states and are the extrewa of
In this case the BPS states satisfy the following set of first order differential equations associ-
ated to three real scalar fields:

@ =Uj(o1. @2, @) (2.13)

Now, let us analyze the classical stability of the soliton solutions in this nonlinear system, which
can be investigated by considering small perturbations argui®l, ¢,(z) and@s(2):

§0j(t7z):fpj(z)+’7j(t7z)’ (J :17213)7 (214)
where the fluctuationg;(t,z) can be expanded in terms of the normal modes as

Nj(t.2) =Y &nNin(@€9™",  win=rn=an= 0, (2.15)
n

with gj, being real constant coefficients. Thus, the stability equation for the field becomes a
Schrédinger-like equation of a three-component eigenfunékign

AWy =wfW,, n=012.--, (2.16)
where
d2
— iz
with | being the 3x3 identity matrix. The terk:(z) is the 3x3 fluctuation Hessian matrix and the
excited mode is given by

H = +VE(2), (2.17)

Nin(2)
Wn(2) = | n2n(2) |- (2.18)
'73.,n(2)
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Since

92 92

Viij = V= v
Fij Qo dp,0q

= Vkj (2.19)

we see thap# is Hermitian. Hence the eigenvalueg of ./# are real.

The Schrddinger-like equatio.L€) and the Hessian matrik- (z) are obtained by considering
a Taylor expansion of the potentMl( ;) in terms ofn;(t,z) and retaining the first order terms in
the equations of motion.

From 2.17) we find a bilinear form of#” given by

H =, (2.20)
where

¢i=i|d32+W(z), dt = (a7, Wz =wW(2). (2.21)

Using these first order differential operators that appear in analysis of classical stability asso-
ciated to a single fieldg], we find

(/™) ——d—2+d—zv
- dZ2 ¢

which are exactly the diagonal element#f. Therefore, it is easy to show that the linear stability
is satisfied, which means that

(2.22)

WB=< M >=< V™ >= (7 V) (7" ¥y) >0, (2.23)

as was stated. Also, the ground statezfbecomes

Us[o(2)]
w92 = | Uso(2)] (2.24)

Us[o(2)]
which represents the bosonic three-component zero mode.

The 3x3-matrix superpotential satisfies the following Ricatti equation associated to the non-
diagonal fluctuation Hessiar (2):

VF11(2) VF12(2) VF13(2)
W24+ W =VE(2) = | VE12(2) VE22(2) VE23(2) . (2.25)
VF13(2) VF23(2) VF33(2) a—a)
The Ricatti equation?,25) holds the BPS states only. According to the Witten’ SUSY model
[[7,'8], we have

n \P(_”)(z
YSusy® = (W n)(Z; > e (2.26)
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whereLIJS_[') (z) are three-component eigenfuctions. In this case, the graded Lie algebra of the super-
symmetry in quantum mechanics for the BPS states may be readily realized as

AT~ 0 0.0
Hsusy= [Q—,Q+]+=( 0 M_%Jr) =< 0 %+>, (2.27)
6X6

[Hsusv Q:]_ =0=(Q-)*=(Q4)%, (2.28)
whereQ.. are the 6x6 supercharges of Witten SUSY model, viz.

0o/*

Q=00 , Q=Q = (0 0

):a+®%+, (2.29)

with the intertwining operatorsy*, in terms of 3x3-matrix superpotential, are given by E126)

andoy = %(01 +i02), whereog; and o, are the Pauli matrices. Of course, the bosonic sector of

Hsusyis exactly the fluctuating operator given B¢ = 7 = —| 3—222 +VE(2), whereV_ =V (2)

is the non-diagonal fluctuation Hessian. The supersymmetric fluctuation operator parfetiof
H=d A=A+ I, AT = —W(2), (2.30)

so that the SUSY partner is given by, =V_ —W/(z).
Starting with
W — EVWO — gt — D (2.31)

and multiplying 2.31) from the left byA~ we obtain

o (W) =EV (7 W) = 2 (W) = EM (A9, (2.32)

Sincer— w9 — 0, comparison ofi2.32) with

AW = ot @) = M (2.33)

leads to the immediate mapping:

EV g™ wWgaw™Yn_012. .. (2.34)
Repeating the procedure but starting wgi33) and multiplying the same from the left By~
leads to
ot (W) =E (T, (2.35)
so that it follows from|2.37), (2.34 and 2.35) that

W O tew® n=012 ... (2.36)

The intertwining operatory ~ (.« ") converts an eigenfunction o (7, ) into an eigenfunction
of s () with the same energy and simultaneously destroys (creates) a nbti'é*@f(w@) .
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These operations just express the content of the SUSY operations effec@addmydQ_ connect-
ing the bosonic and fermionic sectors of the SUSY fluctuation opeia®r)(

The SUSY analysis presented above in fact enables the generation of a hierarchy of Hamiltoni-
ans with the eigenvalues and the eigenfunctions of the different members of the hierarchy in a sim-
ple manner. CallingZ_ as.7# and. 7. as.7#, and suitably changing the subscript qualifications,
and by repetition of the above procedure leads to the generation of a hierarchy of Hamiltonians
given by

= ;szz +Va(X) = " Ay + BN = gt + BN (2.37)
AE =+l :Z+wn(z), Wi(2) = Wq(2) (2.38)
whose spectra satisfy the conditions
EMtogr 2= =Y  n=23..M, (2.39)
A AR A 2 (2.40)

Note that the nth-member of the hierarchy has the same eigenvalue spectrum as the first member
21 except for the missing of the firéh— 1) eigenvalues of73. The (n-1)th-excited state o1 is
degenerate with the ground statesf, and can be constructed with the use2#() that involves

the knowledge o (i=1,2,...,n—1) andwﬁ,o).

3. A potential model of three scalar fields

Let us consider the following generalized potential in terms of bosonic fields only

1/, , a , a m? %
V= V(‘PL‘PL%):Z(MPL‘*‘Z(PZ‘*‘Z‘%Z—)\)
1
+ S (-ane+Bgi R’

+ B an 2B apy)? 31

wherea > 0 andf > 0. Note that the symmetrg,xZ, is only preserved ifp =0o0rf1=0,=0
condition is satisfied. Wheg; = 0 this potential becomes the two-field potential model recently
investigated13,14].

From 2.€) and B.1) the equations of motion under static limit, for each bosonic component-
field, become

- a, a,
@ = 2)\(/)1</\(pf+2<p22+2% /\>

— am (B3 — amp— Bo)
— agi (2B —aq@+apy), (3.2)
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r_ 2, a0 5 a _f

— ag (B¢ —amep— )
— 2B:2 (—2B+aqu — apBy) (3.3)

/I 2 EZ ﬁ _ﬁ
% = a%(/\cpﬁzqwz%z A)

2Bo03 (Bo05 — AL — o)
@ (—2Bopr+ o — afy)?. (3.4)

-

The corresponding superpotential model in field theory is given by

m? A a a 1
W(q’]):T‘Pl—g(Pf’—5%4122—§¢’l¢1§+32¢’2§0§—[32§02+5031¢§7 (3.5)

wherea > 0andp; > 0. Thus, itis required thatalh;, j = 1,2, 3 satisfy the BPS state conditions:

mé
# — (5 5E-T )
% =BgE—a@po—fBo
®% =-—@ag—2B@—af). (3.6)

Note that the BPS states saturate the lower bound sdgpat= |Wi| is the central charge of
the realization oN = 1 SUSY in 1+1 dimensions. Thus, the vacua are determined by the extrema
of the superpotential

oW _
2
which provides the possible vacuum states.

Let us now consider a projection on tke, @) plane in order to find an explicit form of
domain walls. In this case, if we chooge= 0 andf3; = 0O, the superpotentid/(q@), becomes

0, j=123 (3.7)

W(cn>=r:2 —%wf—%wpﬁ (3.8)

which has been discussed recently and some orbits for this projection have been investigated in
references13, [14]. Indeed, using the vacuum states, the following trial orbit,

G(@1, @) = CLf +CaFy +C3 =0, (3.9)

from (é—ff = g—gl(dﬁ g%g =0,¢ = d—‘g and the BPS state8.€), we obtain the constant coefficients,

¢i. Therefore, the ground state for this projection on(tie @) plane becomes
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AGED) - 5B+
WO (z) = —a@()e(2) (3.10)
0

which represents the bosonic three-component zero mode. However, we have seet' fhas if
a normalizable three-component eigenstate, one cannot Wﬁein terms of‘P(f)) in a similar
manner to ordinary supersymmetric quantum mechanics. Alse; w£0) (—%() ﬁ, is only valid

for the unidimensional case with one-component eigenstate. There the supérpotential is given by
d
W) = o In 2 x). (3.11)

This can not be seen in the example treated here of the classical stability analysis for three coupled
real scalar fields.

The matrix superpotentials in SUSY QM for other projections of the system considered here
will be investigated in a forthcoming paper, which can not be written asE#)(

4. Conclusion

In this paper, we consider the classical stability analysis for BPS domain walls associated with
a potential model of three coupled real scalar fields, which holds for non-ordinary supersymmetry.
(SUSY). The approach of effective quantum mechanics provides a realization of the SUSY algebra
in the three-domain wall sector of the non-relativistic formalism.

The tensions can be deduced from the charge central properties in a model thatldreskent
SUSY, which depend on the manifold of vacuum staigs= |W[M;] — W[M;]|, whereM; andM;
represent the vacuum states.

We have shown that the positive potentials with a square form lead to three-component non-
negative normal modes,? > 0, analogous to the case with a single fief, [so that the linear
stability of the Schrédinger-like equations is ensured.

A general three-component zero-mode eigenfunction is deduced. The Ricatti eq@&tipn (
holds the BPS states only. A detailed analysis in SUSY QM for such of a potential model will be
reported separately.

In a three-field potential model there is a static classical configuration inside a topological
soliton. We point out that the superpotential model investigated here can be applied in order to
implement new string junction20] by extendeding BPS domain walls and string theory of three
bosonic moduli21]. The set of potential BPS junctions that have been identifiedhdontain the
junctions that appear i128]. Also, the BPS saturated objects with axial symmetry (wall junctions,
vortices), in generalized Wess-Zumino models, have been investigated ir28jef. [
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