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1. Introduction

The possibility concerning the existence of extra dimemsiis one of the most astonishing
aspects of string theory and the formalism of p-branes. ite g1 this possibility, extra dimensions
still remain up to now unaccessible and obliterated to erpamts. An alternative approach to
the compactification of extra dimensions, provided by, &gluza-Klein (KK) and string theories
[1, 2, 3, 4], involves an extra dimension which is not comjigct, as pointed by Randall-Sundrum
model [5, 6]. This extra dimension implies deviations on Kavis law of gravity at scales below
about 0.1 mm, where objects may be indeed gravitating in mionensions. The electromagnetic,
weak and strong forces, as well as all the matter in the uséyevould be trapped on a brane with
three spatial dimensions, and only gravitons would be atb¥o leave the surface and move into
the full bulk, constituted by an AdSpacetime, as prescribed by in Randall-Sundrum model [5, 6]

Certainly black holes (BHs) are among the most fascinatimfy@unterintuitive objects pre-
dicted by theoretical physics. One of the astonishing feateoncerning BHs comes from the
effects produced by the gravitational extreme limit asstee] with these objects, as the bending
of light, the redshifting of clocks or high energy astroplegs phenomena. An interesting claimed
effect occurs at the neighborhood of BHs; it seems that stradD gravitational waves (GWs) can
interact with electric and magnetic fields to produce etautgnetic (EM) waves [8, 9, 10, 11, 12].
For a detailed complete list see [13]. This is described asi@ahtransformation of electromag-
netic and gravitational fields due to the strong fields presetine neighborhood of some BHs [7],
and it is a well known corollary of the non-linearity of Eiegt-Maxwell equations. For instance,
when a plane gravity wave passes through a magnetic fieldbriates the magnetic field lines,
thus creating EM radiation [12]. In particular we are instegl to focus this interesting aspect in
the context of extra-dimensional braneworld scenario$ (fbf a review see [15]). The evolution
of gravitational wave perturbations in braneworld Ran&alhdrum cosmology have been exten-
sively investigated in [16], where it was demonstrated & znode of the 5-dimensional graviton
is generated, while the massive modes remain in their vaiata.

The main aim of this paper is to present an alternative wapsen/e extra-dimensional signa-
tures present in the electromagnetic spectrum of someigalai particular proposal to accomplish
it, using the Randall-Sundrum model, was proposed by [1B,Hére we will use a brane-corrected
Einstein-Maxwell equation to derive an useful system ofggacovariant equations proposed by
[20], and we assume the possibility of GWs modes generat@eittyrbations in extra-dimensional
sections of a Reissner-Nordstrgem BH. Extending Novikoesuit, we calculate the braneworld
corrections concerning Einstein-Maxwell equations. GVW&las interact with the electromagnetic
field of a BH to produce EM waves. Recent calculations usiraméworld scenarios [21] show
that most massive BHs can possess an extended extra-dimahntil — the black string. Pertur-
bations on the black string — e.g. caused by mergers among-BHisoduce vibrating modes
known as Kaluza-Klein (KK) modes, capable to propagate irspacetime due to the geometrical
projection of extra dimensions in 3D space. This paper iamiged as follows: in Sec. 2 we solve
Eisntein-Maxwell equations on the brane in the neighbaothofoa Reisnerr-Nordstrgm BH, using
an eikonal approximation involving a null tetrad, and wevar¢hat in the Randall-Sundrum model
there are more terms due to braneworld effects, involving tre amplitude of the perturbation in
the EM potential, and the amplitude of perturbation in theérra¢hat endows the 3-brane. We also
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discuss our results and the graphics obtained in Concludergarks.

2. Solutions of Einstein-Maxwell equations on the brane

Itis possible to project extra dimensions in the 3D branespad generate corrections in Ein-
stein field equations by a Gauss-Codazzi extrinsic curegtupjection treatment [22, 23]. The as-
sociated corrected Einstein equations induced on the baasamind,-simmetry, Israel-Darmois
junction conditions and the Bianchi identities, read [19], 1

2
K
Guy = _/\gw+K2TW+67yW—£W, (2.1)
whereS,, is given by [15, 19]
1 1 a 1 aB 5

whereT? = (T,%)2. The termé&),y is the projection of the Weyl tensor on the brane andenotes
the cosmological constant.
Denotingh,,, = 89,y andh = h,7, from the perturbations of the Christoffel symbols given by

- . 1 . .
3k, = (<, — ¢ 1y —hy, ) and denotindqy = hyy — 5hgyv, it follows that the variation of

Eq.(2.1) gives
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kuv;;\)\ B k)\u;v;)\ - k/\v;u;)\ - Eguvk;)’\/\ B 6755/#” + 5éauv - K25TW =0, (2'3)
where
2
3S = —Quv (45FamF MEACE,P _ F2(28F,pF 20 — FagF, 7 hP2) + %h""‘lrmalr,ﬁur ANMFARS FoF 2)
h(F2)2  (F?)? h F2
— G ( : )~ 2) hyy — EFZFW,FVC’ + 5 OFmu P+ OFanF “*Fa(uF, " — F 2R, "OF i Fy)a
1 F2
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F2 = (F,9)2, and the variation of electro-vacuum momentum-energycefig, = (F5,F9 —
10uF?)/4mis given by

1 1
AT5Tyy = OFuaF % + FuadF § + FuaFhhy" — 2 MuvF? = S0 8FpF P
1 1
Variation of Maxwell equations is written as
: : 1
OF“fy —KaoF P k7 g —le PRV Sk 0 @)

Besides, given a local chafk?} on the brane, there are electromagnetic 1-form field patknti
A = A dx anda = a,dx°, respectively associated with the electromagnetic 2-féeld F =
FuvdX Adx’ and its variationrdF, whose components are related by

Fuv - AV7IJ - Au7v, 6FIJV - av7u - a“7v. (27)
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Egs.(2.3) and (2.6) are invariant with respect to the gaugpsm

huv = huv - gu;v - Ev;ua
ay — ay+ @y _EaAu;or _EO;(uAaa (2.8)

and the conditionka‘?ﬁ = 0 = a9, eliminate the arbitrariness of gauge maps. As proposed by
Novikov et all [20] the geometrical optics approximations

ay = O(by+&cy +---)expiS/e),
Kyv = O(Kyv + €My + ) exp(iS/€) (2.9)

are used in Egs.(2.3) and (2.6), and denotipg- Sq, by setting the terms of order 2 ande !
equals zero, the following relations are obtained:

IB.Bb“+2IBb“.B =g (%F“BKGG—FVBKV“> (2.11)

These relations are analogous for the classic case projpysidvikov [20], but when we incor-
porate braneworld effects, we have from Eq.(2.3) that

12 sk + 2Py + 2Pl + k1P gy = T, (2.12)
where
2 B F?
Tuv = 20uvbigle (FOPF?—2F yF”"FUV)Jr? (bpla)Fy® = bpulaF, )
+bipla)F Ry, (b[ula]F\,B + byl FupFPYF, @ + FﬁaFV(VF“)V) . (213)

The first relation in Eq.(2.10) — the eikonal equatidfi, = 0 — classifies the constant phase
surfaceS = constant is a null surface, and is characterized by nultigsias given by the integral
lines x* = x#(A), defined by the equatio%% = [H(x). A complex null tetrad I, n¥, m*, m*)
can be constructed in such a way that the unique non nullrspadducts are given bi#n, =
—1, m*my = 1. Besides, they also satisffm’, = 1¥n", = 0=1¥my, and by the choice

Kyy = 2(Hm,my, +Hm,m,) (2.14)
whereA = A(r) is the amplitude associated with the perturbation in the@ieagnetic potential,

multiplying Eq.(2.11) bym* and Eq.(2.12) byn"*m" the following system of coupled equations is
obtained:

dA

a - A — (ﬂ)H,
dH
o PH = @A+ [O(A) @FqF,f +hyF2mim” (2.15)
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whereg = F,yI1#m* andp = —%Io’a. If we compare our results with the classical ones in [20], we
see that there the system of equations

dA —
J—PA = @H,
dH

come from Einstein-Maxwell equations for the 4D case, givgn

) 1 )
A A A A
kuv;)\ —k IR k ViAo quvk;/\

1
—2KPF o Fyp — szFZ + 0k FapF, P + KTy — 2F S, 0F,) g + g F P8R =0

together with Eqg.(2.6). The teril (A)qua(vFu;’ + h,sz arises in fact by braneworld effects
and can be used to detect possible extra-dimensional @thydsfects. For the case of a Reissner-
Nordstrem BH, the brane-corrected metric is givenghydx! @ dx’ = —H(r)dt® dt+ ﬁdr ®
dr+r2dQ ® dQ, where

2GM 2G/Q*
) + 3 )
C°Rrnbrane  C“RrNbrane

H(r)=1

Q* denotes the bulk-induced tidal charge, dmtgénotes the AdSbulk radius. HerelQ @ dQ = dQ?
denotes the 3-volume element related to the geometry of dhi&rde andRrnbrane denotes the
braneworld-corrected Reissner-Nordstrgm radius [15198,

GM 1 /G?’M?
RrNbrane= —5~ + — < 2

12
— " 2.17
M2 26Q) 217)

It follows from Eq.(2.15) that the amplitude = A(r) associated with the perturbation in the elec-
tromagnetic potential satisfies the differential equation

2 1 /H(r d 2™
<W - (# _ 1> ot PR +1—4H(r)> A(r) =0. (2.18)

This equation can be solved in a neighborhood excluding ithgukarity points, and for a wide
range of radial values, we obtain different forms for thepipias, and some of them are depicted
below. The scalar par associated with the perturbation of the electromagnetld,fgiven by
OAH = aH = AmH + An¥ is transformed in the perturbation of gravitational fieldsaciated with
the black hole. Also, by numerical computational reasomsethis only a little range where the
solutions are 'well-behaved’ — to be understood as the naitti of A(r) up to third derivatives.
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Figurel: In both graphics, the dashed line indicates the branewawitdected amplitude of the EM potential
perturbation, and the full line shows the amplitude of the idtential perturbation in the Novikov’s classical
formalism framework. In graphi) the initial conditions are given b(0.91) = 0.1, A’(0.5) = 0.3, and in
graphic(b) they areA(0.82) = 0.1, A'(0.5) = 0.3
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Figure2: In both graphics, the dashed line indicates the branewawtdected amplitude of the EM potential
perturbation, and the full line shows the amplitude of the dtential perturbation in the Novikov’s classical
formalism framework. In graphi¢c) the initial conditions are given b#(0.91) = 0.1, A'(0.5) = 0.3, and in
graphic(d) they areA(0.82) = 0.1, A'(0.5) = 0.3

3. Concluding remarks and outlooks

We solved Eisntein-Maxwell equations on the brane and hams how to obtain the braneworld-
corrections of the perturbations in the EM potential aroamkeissner-Nordstrgm black hole. These
corrections are illustrated by the graphics in Figures 1 2nd@’he system of coupled equations
obtained in [20] has, in a Randall-Sundrum braneworld steneore terms involving only the
amplitude of the perturbation in the EM potential, and theokinde of perturbation in the metric
of the 3-brane.

The system of equations given by Egs.(2.16), implies thatice [I#(|A? + [H|?)]., = 0,
meaning that the total number of photons and gravitons iserwed. On the other hand, the brane-
corrected system of equations, given by Egs.(2.15) doesamsterve the total number of photons
and gravitonson the brane although it can be shown that this total number is in factseoved
on the braneplus the bulk. This last statement is a theorem involving the A&k geometry
and it is beyond the scope of the present paper to explicitiyeit. All these figures show, in
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accordance to [18], that the effective Reissner-Nordstradius Rry is not determined by the
usual classic equation4 CZZCF’;Q"N + C2Q22 = 0, but by the brane-corrected Reissner-Nordstrgm radius
Rrnbrane[18], given by Eq.(2.17). These corrections can also beexeki and generalized, using
most general — e.g., Kerr-Newman — black holes and branesepsig different codimension
[24]. Also, the relationship between mutual transformadieof EM and gravitational fields can be

described and investigated in terms of quasinormal modg<2H].
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