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limit.
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1. Large-N limitsof QCD

The idea behind therientifold planar expansion is an old one. Because of its inherent non-
perturbative features, QCD is a very hard theory to solvewéiler, one can approximate QCD
with some other (possibly simpler) theory, in order to abtmalytical, if approximate, predictions.
Real QCD is arflJ (3) gauge theory with six quarks in the fundamental representag¢ach one
with a well-defined non-zero mass. Therefore, theoriesgpptoximate real QCD can be built by
slightly changing some parameters. For instance, it isdabat changing the number of colours
and studying the largh} (or planar) limit can lead to an acceptable approximation. One can also
change other parameters, like the masses of the up and daavksgas the chiral limit is very
interesting to study.

In order to compute a largd-limit, one needs to define a multicoloured version of QCD.
Usually, one chooses & (N) gauge theory with quarks in the fundamental representatibere
the coupling constarg? is replaced by /N. When the number of colours approaches infinity, this
theory becomes quenched, that is a pure gauge theory withkgghahaving as classical external
sources.

This is not the only way to generalise QCD to the cas8l ablours. Consider the following
simple fact: the antifundamental representatioB4(3) is the same as the antisymmetric one. In
fact, thanks to the invariance of the fully skew-symmegig tensor, a one-to-one map between
the two representations exists.

0 = %SiijJk Q= ey
q—U*q iff Q—-uUQuUT (1.1)
Thus, the multicoloured QCD can be alternatively definedreSLAN) gauge theory with quarks
in the antisymmetric representation (the coupling corigfamust be replaced by/N in this case,
too). In what follows, | will refer to this theory aarientifold QCD. Now the question is: what is
the planar limit of orientifold QCD?

In the case of one massless flavour (but this result can bededdo the case of more than one
flavours), Armoni, Shifman and Veneziano proposed thantif@d QCD is equivalent to super
Yang-Mills in the planar limit [1, 2, 3]. This conjecture im&wn asorientifold planar equivalence.

In the class of strong-interacting theories, the supersginmones play a unique role. In
fact, thanks to supersymmetry, some non-perturbativetgiggncan be analytically computed. If
the orientifold planar equivalence holds, the correspumdjuantities in QCD can be estimated
up to 1/N-corrections. This is the case, for example, of the chiraldemsate in QCD, that can
be estimated from the gluino condensate in SYM, obtaininglaevconsistent with the numerical
simulations [4, 5].

At the present, the validity of the orientifold planar equ@nce is matter of controversy. Ar-
moni, Shifman and Veneziano claimed to have provided aoig®oproof of this conjecture [6]. In
a recent work, Unsal and Yaffe assert that a dynamical dondwas missing in the proof: the
equivalence holds if and only if the charge conjugation simnis not spontaneously broken in
orientifold QCD [7].

In the future, we could get hints from numerical simulatiabsut the validity of the orientifold
planar equivalence. Computationally, this is a very haatblam. In fact, simulating a gauge theory
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with fermions in a two-indices representation (the dimensif the representation grows |iké?)
has a time cost growing roughly liRé®. (Whilst, for a pure gauge theory the simulation time grows
roughly like N3.) Deferring this problem to future studies, it is interegtio understand what it is
possible to assert about orientifold planar equivalen¢eduen lattice-discretized theories.

In this paper, | will give a sketch of the proof of orientifgidanar equivalence on the lattice in
the phase of strong coupling and large fermionic mass. Alddtaersion of this proof is available
in [8].

2. Planar equivalence on the lattice

Let us focus on the following two theaories on the lattice:
AdjQCD. Gauge theory with one Majorana fermion of mass the adjoint representation.

AsQCD. Gauge theory with one Dirac fermion of mass$n the antisymmetric two-indices repre-
sentation.

In what follows, | use the Wilson discretization for the Qiraperator
Dy = 8y — K> {(ro— Yu)RUu(X)]8cr iy + (o + Vi) RV ()] iy } (2.1)
o

wherek is the hopping parameter aRds the appropriate representation which the fermions lgelon
to. The Majorana fermion is defined by introducing the squaot of the fermionic determinant in
the partition function. Thus the (not normalized) stateitiweights of the gauge configurations are

pag(U) 2U = eSvV) detDpg (U)? 2U
pas(U) 2U = e~V detDs(U) 2U (2.2)

for the two theories, wher§y (U ) is the Wilson action for the gauge field.

In the next Section, | will prove that the expectation valfi@ @roduct of Wilson loops has
the same larg® limit in the two theories, in the framework of large-cougjimnd large-mass
expansion. More precisely, {f#;} are Wilson loops on the lattice, one has that

N-eo NK T T (2:3)

K
where the equality holds for each term of the expansion di bo# expectation values as a power
series in ~! andk.

3. Planar limit in the strong-coupling and large-mass phase

As a first step, let us perform the hopping expansion of thaifamic effective action (for the
details, see [9]):
S = —logdeDy = N S k() #r(a) (3.1)

acs
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where? is the set of all the closed paths linking nearest neighbourghe lattice,L(a) is the
length of the pathar, #&r(a) is the Wilson loop along the path in the representatioR, c(a) is a
representation-independent coefficient &hds 1 for AsQCD or ¥2 for AdjQCD.

Using standard relations, Wilson loops in the adjoint antisgmmetric representations can
be written in terms of Wilson loops in the (anti-)fundamémépresentations:

1 dpo Lo
étrAdJ(U)_z{\truy 1}_ ItrU |

trAs(U) = %{(trU)z—trUZ} %(trU) (3.2)

Here, the approximations are valid in the planar limit.
Putting all together, the actions of the two theories can begem as:

2N? 1
Sagi(U) = — <1——RetrU> tW
g (V) 3 % N p o;gK a) [ (a)|?
2N? 1 1
Ss(U) 2 (1——RetrU >+— K- @) (tr (a))? 3.3
) 3 % N p 20,;5 (a) (r7 (a)) (3.3)

where?” (a) is the Wilson loop alongx in the fundamental representation. It is clear that the
orientifold planar equivalence is based on the possibilftyeversing the orientation of one of the
two Wilson loops coming from the fermionic effective actiorhe full strong-coupling and large-
mass expansion of the statistical weights in (2.2) is obthiny expanding the exponent&l® as a
power series.

In order to compute the partition function, one can replaessixponential in the integral with
its power series, and fully expand each of the terms. Thdipartunction is finally obtained as a
sum of graphs.

Each graph is an integral over all the link variables of a pobdf some plaquettes (times
2N/A) coming from the Wilson action and some couples of Wilsorpo@imesk-(@) c(a)/2)
coming from the fermionic effective action. It can be shodA][that at leading order in/N the
effect of the integration over the gauge group is to perforink¥¢ontractions between couples of
U anduT: 1

UijUg — Nc‘ikc‘iﬂ . (3.4)

As a consequence, we can use all the machinery developedefaistial perturbation theory.
For example, the expectation value of a Wilson loop is giverihe sum of all the “connected
graphs” (times the appropriate combinatorial factor) wiith insertion of the Wilson loop. The
“connected graphs” are those which cannot be written as duptoof two other graphs of the
theory.

A graph can be represented as a possibly disconnected esbrdaaded by Wilson loops and
tiled by plaquettes, that are sewn by Wick-contractions {&gure 1).

As in the usual 't Hooft expansion [11], graphs are propodiao NX, wherey is the Euler
characteristic of the surface:

X=2C—-2H-B (3.5)

whereC is the number of connected componetisis the number of handles amlis the number
of boundaries.



Orientifold planar equivalence A. Patella

(4)
g o

Figure 1. On the left, a graph of the expectation value of a Wllson loapAdjQCD. On the right, a
similar graph for AsQCD. (1) Inserted Wilson loop. (2) Platie. (3)(trU)2 from a Wilson loop in the
antisymmetric representation (from the fermionic deteamt). (4)|trU |2 from a Wilson loop in the adjoint
representation (from the fermionic determinant).

Figure2: Both graphs are related to AdjQCD. The graph in (a) is a planar its Euler characteristic is 1.
The graph in (b) is a subleading one; it contains a loop ardliter characteristic is-1.

Since graphs may be represented by disconnected surfaes; seem that the Euler charac-
teristic indefinitely rises by adding connected componeiftss is not the case. It can be shown
that one can add connected components without introducingraphs only by also adding bound-
aries, in such a way that the leading poweNbis not modified by the presence of the fermions.
In the planar limit, only graphs with the highest possibldegwcharacteristic survive. These are
graphs (as in figure 2a) without handles and without looe (lhose in figure 2b).

At this point, we have developed all the tools we need to ptbheeorientifold planar equiva-
lence. Let us see it with an example. Consider the first gmapigire 3. Apart from the combina-
torial factor, its value is:

1
T = Sercacs <tru<E> D w2y P ED 5023 5 32<3>>C (3.6)

where(-) represents the integration with respect to the Haar meakutiee planar limit,

1
gAdj ~ §C1C2C3 <trU ) 2ED 4y (l)>
<tru<1>TtrU @1y <3>T@<172»3>> <trU <2>@<2>> <trU <3>@<3>> : 3.7)

Since the integration measure is invariant under the toamsftionU — U, the following equali-
ties hold:

<trU Wty @T gy BT 32(1’2‘3)> = <trU Oyyu@yu® 32(1’2‘3)T>
gAdj ~ %iJClCQCg <U'U (E) L@(E’]') trU (1)>
(OB P02 (@ 3 (O 20) @
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Figure3: Onthe left, a graph of the expectation value of a Wllson laopAdjQCD. On the right, a similar
graph for AsQCD. The latter can be obtained from the formierpky by reversing all the directions of the
link variables in the central connected component. Theldahehe graphs refer to the Wilson loops.

the latter being equal to the planar limit of the followingagh (represented in the right side of
figure 3) in AsQCD:

Gas = 102G (U, w2 0, 7 ED 1231 52) 3 >C . (3.9)

This mechanism does not work with subleading graphs. It aigh to see the graph in the
figure 2b to realize that no connected component can be tentyjsreversed to get a graph of
AsQCD.

This result has a general validity. Since the integratiomsnee is invariant under the substi-
tutionU — UT, one can reverse all the directions in a connected compowéhbut changing the
value of the graph. Since planar graphs do not contain lampscan independently choose which
connected components to reverse. Reversing the direatiossme components is equivalent to
interchanging#as < %WAdj. In this way, one can change the representation of the ferama in-
terchange Dirac with Majorana fermion. No change in thefamehtsc(a ) is needed, because they
are representation-independent. In conclusion, planavaence comes from the graph-by-graph
equality of expectation values of the two theories.

4. Conclusions

The results obtained are based on the possibility of expagrttie expectation values as power
series iM ~! andk. Of course, a phase transition can exist in the plane). Thus, the present
work proves the orientifold planar equivalence only in t@age containing the poit = « and
Kk =0.

It is known that pureSJ (N) gauge theory in two dimensions on the lattice has a phase tran
sition in the planar limit (also at a finite volume) betweenrtrarsg-coupling and a weak-coupling
phase [12]. Moreover, Kiskis, Narayanan and Neubergerl4Bshowed numerically that such a
phase transition exists in four dimensions, too.

At the moment, the phase structure of gauge theories withiéms in a two-indices represen-
tation is not known.

Clearly, it is also conceivable that the strong-coupling Emge-mass phase does not contain
the continuum limit (that is ad = 0 andk = ). In this case, no information can be inferred on
the validity of the orientifold planar equivalence betwelea two theories on the continuum.
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