
P
o
S
(
L
A
T
2
0
0
6
)
1
0
8

Transverse spin densities from lattice QCD

QCDSF and UKQCD Collaborations: M. Göckeler, a Ph. Hägler ∗,b R. Horsley, c

Y. Nakamura, d D. Pleiter, d P.E.L. Rakow, e A. Schäfer, a G. Schierholz, f ,d H. Stüben g

and J.M. Zanotti c

aInstitut für Theoretische Physik, Universität Regensburg, 93040 Regensburg, Germany
bInstitut für Theoretische Physik T39, Physik-Department der TU München,
James-Franck-Straße, 85747 Garching, Germany

cSchool of Physics, University of Edinburgh, Edinburgh EH9 3JZ, UK
dJohn von Neumann-Institut für Computing NIC / DESY, 15738 Zeuthen, Germany
eTheoretical Physics Division, Department of MathematicalSciences, University of Liverpool,
Liverpool L69 3BX, UK

f Deutsches Elektron-Synchrotron DESY, 22603 Hamburg, Germany
gKonrad-Zuse-Zentrum für Informationstechnik Berlin, 14195 Berlin, Germany
Email: phaegler@ph.tum.de

We present selected results from recent lattice QCD calculations of moments of quark helicity flip

generalized parton distributions (GPDs) and transverse spin densities of quarks in the nucleon.

Our dynamical simulations are based on two flavors of clover-improved Wilson fermions and

Wilson glue. The large number of datasets for different values ofβ andκ allows us to study

scaling violations and the pion mass dependence of our results. We find significant contributions

from some of the quark helicity flip GPDs, giving rise to strongly distorted quark densities in

impact parameter space.

XXIVth International Symposium on Lattice Field Theory
July 23-28, 2006
Tucson, Arizona, USA

∗Speaker.

c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/



P
o
S
(
L
A
T
2
0
0
6
)
1
0
8

Transverse spin densities from lattice QCD Ph. Hägler

1. Introduction

This work is part of a systematic effort by the QCDSF/UKQCD collaboration toinvestigate
the structure of hadrons (see e.g. [1–5]), and in particular the spin structure of the nucleon [6],
in lattice QCD. Thanks to their probability density interpretation, generalized parton distributions
(GPDs) in impact parameter space [7] are an extremely valuable tool for thestudy of the transverse
spin structure of the nucleon [8]. Lattice results for transverse spin densities of quarks in the
nucleon not only show distinct correlations of spin and coordinate degrees of freedom [4, 9], but
they may also for the first time allow for predictions on intrinsic transverse momentum dependent
distribution functions like the Sivers and the Boer-Mulders functions [10], which can be accessed
experimentally in semi-inclusive DIS and Drell-Yan scattering [11–13]. Basic building blocks of
the transverse spin density (to be defined in section 3) are the twist-2 quarkhelicity flip (tensor)
GPDsHT , H̃T andET [8, 14], which parametrize nucleon matrix elements of the bilocal tensor
operator on the light-cone:

〈
P′Λ′

∣∣
∫ ∞

−∞

dη
4π

eiηx q̄
(
−

η
2

n
)

nµσ µν⊥γ5U q
(η

2
n
)
|PΛ〉

= u(P′,Λ′)nµ

{
σ µν⊥γ5

(
HT(x,ξ , t)−

t
2m2 H̃T(x,ξ , t)

)
+

εµν⊥αβ ∆αγβ

2m
ET(x,ξ , t)

−
∆[µσν⊥]αγ5∆α

2m2 H̃T(x,ξ , t)+
εµν⊥αβ Pαγβ

m
ẼT(x,ξ , t)

}
u(P,Λ) , (1.1)

whereν⊥ = 1,2 , f [µν] = f µν − f νµ , ∆ = P′ −P is the momentum transfer witht = ∆2, P =

(P′+P)/2, andξ =−n·∆/2 defines the longitudinal momentum transfer with the light-like vector
n. The Wilson line ensuring gauge invariance of the bilocal operator is denoted byU .

In the forward limit,∆ = 0, HT is equal to the transversity distribution,HT(x,0,0) = δq(x) =

h1(x) for x > 0 andHT(x,0,0) = −δ q̄(−x) = −h̄1(−x) for x < 0. Furthermore, the integral of
HT(x,ξ , t) over x gives the tensor form factor:

∫ 1
−1dxHT(x,ξ , t) = gT(t). Essential for our in-

vestigations is the probability density interpretation of the GPDs in impact parameter space for
ξ = 0 [7]. For e.g. the quark GPDHq(x,ξ = 0, t) one finds that

q(x,b2
⊥)≡

∫
d2∆⊥
(2π)2e−ib⊥·∆⊥Hq(x,ξ = 0, t =−∆2

⊥) (1.2)

is the probability density for finding an unpolarized quark of flavorq with longitudinal momentum
fractionx and positionb⊥ = (bx,by) relative to the center of momentum in a nucleon.

For the computation of the tensor GPDs in lattice QCD, we transform the LHS of Eq. (1.1) to
Mellin space by forming the integral

∫ 1
−1dxxn−1 · · · , resulting in nucleon matrix elements of towers

of local tensor operators

O
µνµ1...µn−1
T (0) = AµνSνµ1···µn−1q̄(0)σ µνγ5i

↔
Dµ1 . . . i

↔
Dµn−1q(0) − traces, (1.3)

which are parametrized in terms of tensor generalized form factors (GFFs) ATni, BTni, ÃTni andB̃Tni.

Here,
↔
D = 1

2(
−→
D −
←−
D ), andS andA denote symmetrization and anti-symmetrization respectively.
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Figure 1: Results for the lowest moment of the GPDET(x,0, t) for up (left) and down (right) quarks for a
givenβ ,κ-combination. Corresponding p-pole fits are shown by the shaded error bands.

For the lowest momentn = 1, we have [14,16]

〈
P′Λ′

∣∣Oµν
T |PΛ〉 = u(P′,Λ′)

{
σ µνγ5

(
AT10(t)−

t
2m2 ÃT10(t)

)

+
εµναβ ∆αγβ

2m
BT10(t)−

∆[µσν]αγ5∆α

2m2 ÃT10(t)

}
u(P,Λ) . (1.4)

The parametrization for higher momentsn≥ 1 in terms of GFFs and their relations to the moments
of the GPDs can be found in [16].

2. Numerical results for the lowest two moments of the tensor GPDs

The calculation of moments of GPDs in lattice QCD follows standard methods basedon nu-
cleon two- and three-point functions and has been described in detail in the literature [1,3,17].

This work is based on lattice simulations withnf = 2 flavors of dynamical non-perturbatively
O(a) improved Wilson fermions and Wilson glue. Computations have been performedat four
different couplingsβ = 5.20, 5.25, 5.29, 5.40 with up to five differentκ = κsea values perβ ,
corresponding to lattice spacings as small as 0.07 fm and pion masses as low as 400 MeV. The
scale has been set usingr0 = 0.467 fm. The computationally demanding disconnected contributions
are not included in this analysis. We expect, however, that they are small for the tensor GFFs [3].
We use non-perturbative renormalization [18] to transform our results totheMS scheme at a scale
of 4 GeV2. More details of the simulation can be found in [2,3,19].

In Fig. 1, we show results for the lowest moment of the GPDET(x,ξ , t) (calledBT10(t)) as
a function of the momentum transfer squaredt. The lattice parameters in this case areβ = 5.29,
κ = 0.13590, corresponding to a pion mass ofmπ ≈ 600 MeV and a lattice spacing ofa≈ 0.08 fm.
For the extrapolation to the forward limit (t = 0) and in order to get a functional parametrization of
the lattice data, we fit all our GFFs (generically denoted byF(t)) using a p-pole ansatz

F(t) =
F(0)(

1− t/(pm2
p)

)p , (2.1)

depending on the three parametersF(0), mp and p. It turns out that in most cases we do not
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Figure 2: Study of discretization errors of the tensor chargeAT10(0) = gT(0) for up (LHS) and down (RHS)
quarks at a pion mass ofmπ ≈ 600 MeV.

have sufficient statistics to determine all three parameters from a single fit to the data. For a given
generalized form factor, we therefore fix the powerp first by hand, guided by fits to selected
datasets, wherep is not allowed to vary withβ andκ. The forward valueF(0) and the p-pole mass
mp are subsequently determined by a fit to the lattice data. For the examples in Fig. 1, we find

B
u
T10(0) = 3.32(10) with mp = 0.882(87) GeV (for p = 2.2) andB

d
T10(0) = 2.06(6) with mp =

0.900(53) GeV (for p= 2.5). We have checked that the fits do not show a strong dependence on the
exact value ofp. In order to determine to what extent our calculation is affected by discretization
errors, we plot as an example in Fig. 2 the tensor chargeAT10(0) = gT(0) versus the lattice spacing
squared. The pion mass is approximately held fixed atmπ ≈ 600 MeV. Within errors, the results
do not show a clear dependence ona. At the same time, the still limited number ofβ values
does not allow for a definite extrapolation to the continuum limit. We will thereforeneglect anya
dependence of the GFFs and leave a more careful study of the continuumlimit for future works.

The pion mass dependence of the lowest moment of the GPDET(x,0, t = 0) is shown in
Fig. 3. Since we cannot expect the recent one-loop calculations in chiral perturbation theory [20]
to be applicable to our data, we refrain from using them to extrapolate our results to the phys-
ical pion mass. Following common practice, we extrapolate the forward moments and the p-
pole masses to the physical pion mass using a linear ansatz of the forma+ bm2

π . The results
of the corresponding fits are shown as shaded error bands in Fig. 3. At mπ = 140 MeV, we
find B

u
T10(0) = 3.13(19) andB

d
T10(0) = 1.94(12). These comparatively large values already in-

dicate a significant contribution from this tensor GPD to the (transverse) spin structure of the nu-
cleon, as will be discussed in the next section. Since the (tensor) GPDET(x,ξ , t) can be seen as
the analogue of the (vector) GPDE(x,ξ , t), we may define an anomalous tensor magnetic mo-
ment [10],κT ≡

∫
dxET(x,ξ ,0) = BT10(0), similar to the standard anomalous magnetic moment

κ =
∫

dxE(x,ξ ,0) = B10(0) = F2(0). While the anomalous magnetic moments of the up and the
down quark are both large and of opposite sign,κup

exp≈ 1.67 andκdown
exp ≈ −2.03, we find large

positive values for the anomalous tensor magnetic moments for both flavors,κup
T,latt ≈ 3.13 and

κdown
T,latt ≈ 1.94.

3. Lattice results for the lowest two moments of the transverse spin density

The xn−1-moment of the density of transversely polarized quarks (with spin vectors⊥) in a

4
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Figure 3: Pion mass dependence of the lowest moment of the GPDET(x,0, t = 0) for up (left) and down
(right) quarks. The shaded error band shows an extrapolation to the physical pion mass based on an ansatz
linear inm2

π .

transversely polarized nucleon (with spin vectorS⊥) at impact parameterb⊥ is given by [8]

ρn(b⊥) =
1
2

∫ 1

−1
dxxn−1

(
F +sj

⊥F j
T

)
=

1
2

{
An0(b

2
⊥)+si

⊥Si
⊥

(
ATn0(b

2
⊥)−

1
4m2 ∆b⊥ÃTn0(b

2
⊥)

)

+
b j
⊥ε ji

m

(
Si
⊥B′n0(b

2
⊥)+si

⊥B
′
Tn0(b

2
⊥)

)
+ si
⊥(2bi

⊥b j
⊥−b2

⊥δ i j )Sj
⊥

1
m2 Ã′′Tn0(b

2
⊥)

}
. (3.1)

Definitions of the functionsF and F j
T can be found in Ref. [8]. The impact parameter depen-

dent GFFsAn0(b2
⊥), ATn0(b2

⊥), . . . in Eq. (3.1) are related to the momentum space GFFsAn0(t),
ATn0(t), . . . by a Fourier transformation as in Eq. (1.2). Their derivatives are defined by f ′ ≡ ∂b2

⊥
f

and∆b⊥ f ≡ 4∂b2
⊥

(
b2
⊥∂b2

⊥

)
f .

For the numerical evaluation of Eq. (3.1), we Fourier transform the p-pole parametrization
in Eq. (2.1) to impact parameter space and take all required derivatives with respect tob⊥. The
(derivatives of) GFFs in impact parameter space then depend only on thep-pole massmp and the
forward valueF(0), both of which have been linearly extrapolated to the physical pion mass, and
the powerp.

Based on these results, we show in Fig. 4 the lowest moment of the spin densityfor a trans-
versely polarized quarks⊥ = (sx,0) in an unpolarized nucleon. The lowest moment of the density
is strongly distorted in positiveby direction for up and for down quarks due to the large positive

values for the tensor GFFsB
u
T10(0) andB

d
T10(0) (see previous section). This is in strong contrast

to the distortions one finds for unpolarized quarks in a transversely polarized nucleon [4, 9, 21],
where the down quark density is distorted in negativeby direction, due to the large and negative
anomalous magnetic momentκdown

exp = Bd
10(0)≈−2.03.

It has been argued by Burkardt [10] that the shifted densities in Fig. 4 are related to a non-
vanishing Boer-Mulders function [22]h⊥1 which describes the correlation of intrinsic quark trans-
verse momentum and the transverse quark spins⊥. According to [10] we have in particular
κT ∼ −h⊥1 . Following this conjecture, the lattice results presented in this work for the first time
strongly indicate that the Boer-Mulders function is large and negative bothfor up and down quarks.
It would be highly interesting to confirm this in experiment, e.g. through measurement of azimuthal

5
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Figure 4: Lowest moment (n = 1) of the density of transversely polarized quarks in an unpolarized nucleon
for up (left) and down (right) quarks. The quark spins are oriented in the transverse plane as indicated, where
the inner arrow represents the quark spin vectors⊥.
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Figure 5: Second (n = 2) moment of the density of transversely polarized quarks inan unpolarized nucleon
for up (left) and down (right) quarks. Symbols are explainedin caption of Fig. 4

asymmetries in semi-inclusive meson production at JLab [12] and in unpolarized Drell-Yan scat-
tering at GSI/PANDA [13].

An important question is whether the pattern we observe for the lowest momentof the density
in Fig. 4 is generic and to what extent it changes for higher moments of the density. In a first attempt
to address this question, we show in Fig. 5 then = 2-moment of the density . Encouragingly, the
direction and magnitude of the distortion is very similar to the lowest moment in Fig. 4.The
main difference is that the densities for the highern = 2-moment are more peaked around the
origin b⊥ = 0. This is expected and confirms what has been observed in lattice calculations in [15]
and [2].

4. Conclusions and outlook

We have presented first lattice results for moments of quark helicity flip GPDs for up and
down quarks with pion masses as low as 400 MeV. Within errors, we do not observe a significant
dependence of the extracted observables on the lattice spacing. We haveextrapolated our results to
the physical pion mass using an ansatz linear inm2

π . The lowest moments of the GPDET turn out
to be large and positive for up and for down quarks, giving rise to strongly distorted spin densities
for transversely polarized quarks in an unpolarized nucleon. According to Burkardt [10], this leads

6



P
o
S
(
L
A
T
2
0
0
6
)
1
0
8

Transverse spin densities from lattice QCD Ph. Hägler

to the prediction of a sizeable negative Boer-Mulders function [22] for up and down quarks, which
may be confirmed in experiments at e.g. JLab and GSI [12,13].

Further results and details of our comprehensive lattice study of the helicity flip GPDs and
transverse spin densities will be presented in a separate publication [23].
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