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1. Introduction

Since the work of Banks and Casher [1] it has been known tleatathr eigenvalues of the
QCD Dirac operator are related to the breaking of chiral sytnn Later Leutwyler and Smilga
[2] showed that the low energy partition function for QCD wamversal and could be determined
directly from the finite volume chiral Lagrangian. This leda set of sum rules for inverse powers
of the Dirac eigenvalues. Shuryak and Verbaarschot [3] thesovered that these sum rules could
also be obtained from a Random Matrix Theory (RMT) based drakciymmetry. Thus the low
eigenvalue spectrum of the RMT is also universal and agrégsQCD. By now this agreement
has been extensively checked by lattice simulations.

Since the RMT results contain an explicit volume dependesree use for them has been
to extract infinite volume results from finite volume lattisenulations. This was first done for
the chiral condensate [4] since that was the only availablameter in the RMT. Since then it
was realized that the low energy partition function of quett QCD with a chemical potential
also depends on the pion decay constant as does the eigesWaju The determination of exact
results for the low eigenvalue distributions of quenchedQ@th a chemical potential [6] has then
provided one way to extract both constants in quencheadatiimulations [7]. The eigenvalue
distributions for unquenched QCD are also know [8], but duthe complex action they are not
practical for current simulations. One alternative thag baen suggested is to use an imaginary
isospin chemical potential [9]. Then the action is real asd a Hermitian eigensolver can still be
used. However for the unquenched simulations this reqgjeserating lattices with an imaginary
isospin chemical potential which, although it does not eaarsy complications, it is not generally
done.

The ideal case is to consider partially quenched ensembitesenthe dynamical simulation
is performed at one chemical potential (preferably zera) the eigenvalues are extracted using a
different (nonzero) chemical potential. We thus consideenvables of the form

. Nt
=3 [ din (o)) e 5 [ detP () +m] (1.1)

whereS; is the gauge action arfg( i) is the Dirac operator with quark chemical potentiallf the
observable only depends on the low energy (zero momenturdgsniben the results are universal
and can be evaluated using a chiral effective theory suchMiB. Rhe observables we consider
here are correlations of the Dirac eigenvalues so that

O(X) = Zé%zl—Ak(xn {§62<22—A4<X>>---} (1.2)

with Ak (X) the complex eigenvalues &f. Partially quenched eigenvalue correlations with an imag-
inary isospin chemical potential have recently been phbti§10] and details of the calculation for
a real chemical potential will appear elsewhere [11]. Heeepresent some details on the RMT
used along with a sample of the results.
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2. Dirac eigenvalues from partially quenched partition functions

One way to calculate correlations of Dirac eigenvaluesamfthe partially quenched partition
functions

o Mg defD(us) +my]
ANIN ) = [ d/Aje 5™ ' 2
NeNo ({Me M}, { s [ Hb }) / [Ale HE'LE?ildeW(Nmeﬂ 1)

The partially quenched eigenvalue density for one dynarfleaor, for example, is given by [12]

P1(Z, Ho|My, 1) = 71T0ﬂ9223.z({m1,z,2[rm,rr_b},{ul,uo,—uolub,—ub}) o (2.2)
My=2My=Z, lip=Ho
The presence of the extra (conjugate) flavors with negativie required when the eigenvalue
spectrum of the Dirac operator is complex. The necessatitiparfunctions can then in principle
be obtained from zero momentum chiral Lagrangians, howiese are only known for certain
cases. The purely fermionic partition function is given by [

: 1 1
Zneo= /( du del(U)Vexp<§ZVTrM{U +U') - zlFZVTr[u,Q][UT,Q]> (2.3)
U(Nt)
whereZ andF are the tree level condensate and pion decay constantlaamd Q are diagonal
matrices ofmy and s respectively. The bosonic partition functi@g is also known [6]. So far
no direct evaluation of a partially quenched chiral Lagranghas been performed. Instead the
partially quenched partition functions can now be evaldiéitem RMT.

3. RMT for QCD with a chemical potential

Here we will consider a variant of the RMT introduced in [8]hél' Dirac matrix in a chiral
basis is written as (for zero mass)

0 iaf®+bi®
— . 3.1
71 (iafcbubfeﬁ 0 ) G-

Here® and© are complex N + v) x N matrices withv the topological charge. We start with a
more general form of the Dirac matrix wheae = a(T, us) andbs = b(T, us) are functions of the
temperature and chemical potentials that we will determimd. The QCD partition function with
Nt quark flavors can now be modeled as

Nt
Z— [ dodo exp(-aNTr[®'o -+ 0']) [ det1mi) (3.2)
=1

The constantr sets the average eigenvalue spacing and will also be deiednmext. We could
absorb it intoa andb, but instead will choose a normalization such teéf,u = 0) =1 and
b(T,u=0)=0.
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The coefficients can be determined by comparing to the chagtangian at nonzerag. The
mapping follows very closely to that far = 0 given in [13]. First the fermion determinants are all
written in terms of Grassmann variables as

det(Zs +m¢) = /‘dLﬁI.ZdLﬂI.Z exp [mf Z Lﬁkf LIka + Lﬁlf (ias® + bt ©) L/sz + L,l_lzf (ias®' + beT)wlf}?,B)

Then the Gaussian integration over the matrideend®© can be performed. The result is
—t o f —f  f arag — brbg — f
z0 / D ddy ,dy; ,exp [mf Z P W + % Tg% wfu?;’wz] . (3.4)

If we consider only a baryon chemical potential such thaflallors have the same chemical po-
tential us = g, the coefficient of the four fermion term becon{e$(T, ug) — b?(T, ug)]/aN. At
zero temperature we expect that the partition function do¢slepend on the baryon chemical po-
tential. We can ensure this in the RMT by settafg0, ) — b?(0, u) = 1. For nonzero temperature
this will not be the case and one can leave the functeoasdb independent. As was mentioned
previously [14], this could possibly be used to help map bat®@CD phase diagram.

A nonlinear sigma model is obtained by using a Hubbard-&t@atitch transformation to
break apart the four fermion terms and then integrate ouBtiassmann variables. This gives

Z:/dae‘“NTmTUdeI(a+M)N+Vde1(aT+P+ M) (3.5)

with o aN¢ x N¢ complex matrix and® = AcTA—Bo'B— o' such thaP = 0 atus = 0. We also
defineA, B andM to be the diagonal matrices af, bs andm; respectively. For smaih; and s
the determinants can be expanded as

deto +M)NVdet(o"+P+M)N = exp(NTr[In(cTo) + Mo+ (M+P)a™1]) . (3.6)

At T = 0 we can also use the relatiéd — B?> = 1 to expandA asA ~ 1+ B?/2 which we will use
below. Form; = 0 andy; = 0 the largeN saddle point is given by o = 1/a. Thus the Goldstone
manifold is simply the unitary group [13]. The low energy titaon function is then

/dU detU)" exp(NTrvaM{U +UT} —NTrU,B|U",B]) . (3.7)
By matching terms with (2.3) we find that
2V
G
Y,
b(T =0,u) =~ UFy/ 55
aT=0,u) ~ 1+ uzei . (3.8)

4N

With these definitions we then have a RMT that maps directlp dhe zero momentum chiral
Lagrangian. We note that th@(u?) term ina above only contributes to the overall normalization
of the patrtition function. We can therefore neglect it forgnobservables. However quantities like
the partition function, particle number and related susbg#ities will depend on it.
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Figure 1: Real part of the one flavor eigenvalue density for dynamicaésm = 0O at different chemical
potentialsu. The peaks have been clipped for better illustratiopft/V = 2,4.

4. Partially quenched eigenvalue correlations

A nice feature of the above RMT is that the partition functiwan be rewritten directly in
terms of the eigenvalues of the Dirac matrix (3.1). This wagimally done for the unquenched
model where the dynamical and valence chemical potentialalbthe same [8]. It is also possible
to do this for the partially quenched case, although theltseb@come much more complicated.
Due to space constraints we will only show plots of some ofréfsellts and save the details of the
calculation for a future publication [11].

As a review we first show results for the one flavor eigenvaleesdy [8, 15]. In figure 1
we plot the real part of the density for dynamical mass: O for different values of the common
chemical potentiat. At = 0 the eigenvalues are purely imaginary. For smiathey begin to
spread out into the complex plane, but still show the cheargtic oscillations along the imaginary
axis due to chiral symmetry. For larggrthose oscillations disappear and a new set of oscilla-
tions appear around the real axis. These oscillations gkperentially with the volume and also
change sign unlike the ones for small They are not seen in the quenched density and are in turn
responsible for producing a nonzero chiral condensate [16]

We now start with the one flavor density aE+/V = 2 and lower the dynamical chemical
potential u; as the valence chemical is held fixedugt= u. This is show in figure 2. The peak
that is seen near the real axis (which is clippegig/V = 1.9) stays at about the same height
as y; varies. However the background density increases fillinthenvalley along the real axis
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Figure2: Real part of the partially quenched eigenvalue density &bernce chemical potentighF /V = 2
with dynamical massy = 0 and different dynamical chemical potentigls The peak has been clipped for
better illustration apnF vV = 1.9.

until the oscillations are completely coverediat= 0. At this point the density looks more like
the quenched density shown in figure 3 than the one flavortresbe main differences between
the quenched and patrtially quenched in this case are thalbgeale and the relative size of the
“bump” along the real axis.

We can also extend these results to a complex chemical gteriuding a purely imaginary
one. This could be used to test analytic continuation of ftias from imaginary to real chemical
potentials. An imaginary chemical potential can also beldsefitting the low energy constants
2 andF. However in this case it is better to consider the mixed eiglere correlation between a
valence and dynamical eigenvalue [9, 10], since it is muckersensitive to the chemical potential.

5. Conclusions

We have shown results for the eigenvalue correlations digigrquenched QCD with differ-
ent dynamical and valence chemical potentials. This coeilageful for fitting low energy constants
on existing lattices generated at zero chemical poteritied.also possible to generate the low en-
ergy partition functions with different chemical potetdifor each flavor from these results. This
could then be applied, for example, to study three flavor Q&duitionally the extension of the
RMT to include coefficients which are general functions ohperature and chemical potential
may be useful for mapping out the QCD phase diagram.
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Figure 3: Partially quenched (left) and quenched (right) eigenvdkesity for valence chemical potential
UoF vV = 2. The dynamical chemical potential for the partially queetisp; = 0 with dynamical mass
my = 0. Note the different scales.
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