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1. Introduction and Overview

Bethe's ansatZl]| for solving a one-dimensional integrable model was and remains a powerful
tool in contemporary theoretical physics: 75 years ago it solved one of the first models of quantum
mechanics, the Heisenberg spin chaily {oday it provides exact solutions for the spectra of certain
gauge and string theories and thus helps us understand their d@pbstter. Since the discovery
of integrable structures in plana#” = 4 supersymmetric gauge theoi/-{6] and in planar 11B
string theory orAdS; x S [7, 8] the tools for computing and comparing the spectra of both models
have evolved rapidly. We now have complete asymptotic Bethe equa$ighd vhich interpolate
smoothly between the perturbative regimes in gauge and string theory and which agree with all
available data.

In this note we will focus on the S-matrit]] in the excitation picture above a ferromagnetic
ground state. We start by reviewing the algebraic construction of the S-matrix i2.9ecSec.3
we subsequently show that this S-matrix has indeed a larger symmetry algebra: a Yangian.

2. The Universal Enveloping AlgebraU(su(2]2) x R?)

In this section the results on the S-matrix of AAS/CFT shall be reviewed from an algebraic
point of view. The applicable symmetry is a central extengjaf the Lie superalgebrsu(2|2)
which we consider first. We continue by presenting the Hopf algebra structure of its universal
enveloping algebra and its fundamental representation. Finally, we comment on the S-matrix and
its dressing phase factor.

Lie Superalgebra. The symmetry in the excitation picture for light cone string theoryAdiss x
S and for single-trace local operators.ifit = 4 supersymmetric gauge theory is given by two
copies of the Lie superalgebraZ, 13]

b= s5u(2|2) x R? = psu(2[2) x R>. (2.1)

It is a central extension of the standard Lie superalgebug®|2) or psu(2|2), see [L4]. Itis
generated by theu(2) x su(2) generatorsh?,, £%g, the superchargeQ*p, &% and the central
charge, B3, K. The Lie brackets of theu(2) generators take the standard form

[mabamcd] = ngad - SS%Cba [2’06[372}/5] = 623/’80‘5 - 6512)/[3’
[R%, Q4] = —83Q" + 38397, [£%5, Q%] = +82% — 35574,
[R%, &%) = +656% — 3636%, [£%5,6%)] = —85 6% + 385 6°. (2.2)

The Lie brackets of two supercharges yield

{Q%, 6%} = 65£%5 + 05N + 5565 ¢,
{Q%,Q%} = e epd'B,
{Ga/j,gc(s} = Saceﬁgﬁ. (2.3)

The remaining Lie brackets vanish.
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MR = R 1+ 1R,
AL% = L% ®@1+1® £%,
AQ% = Q% R1+% T2 0%,
AS% =G @1+ % 1 ® 6%,
AC=CR1+1xC,
AP=PR1+% 2P,
A =RQ1+U DR,
A =UQU.

Table 1: The coproduct of the braided universal enveloping algelftg.U

Where appropriate, we shall use the collective syndfidr the generators. The Lie brackets
then take the standard form

(34,38 = fE83C. (2.4)

For simplicity of notation, we shall pretend that all generators are bosonic; the generalisation to
fermionic generators by insertion of suitable signs and graded commutators is straightforward.

Hopf Algebra. Next we consider the universal enveloping algeb(g)wf . The construction
of the product is standard, and one identifies the Lie brackefs\ith graded commutators. For
the coproduct one can introduce a non-trivial braidibg [L6]

M =31+ w N et (2.5)
with some abeliahgeneratorZ (a priori unrelated to the algebra) and the grading
R =[L]=[¢]=0, [Q=+1, [6]=-1 [B]=+2, [R=-2 (2.6)

The coproduct is spelt out in Tab.for the individual generators. The above grading is derived
from the Cartan charge of tls&(2) automorphism14] of the algebrd and therefore the coproduct
is compatible with the algebra relations.

We should define the remaining structures of the Hopf algebra: the antipode S and the counit
€ [15, 16]. The antipode is an anti-homomorphism which acts on the generators as

S) =1, S#)=u"* SF=-w"MWH (2.7)

el)=¢e#)=1, eF=0. (2.8)

LCuriously, we can include the supersymmetric gradind)? in the generato?/ to manually impose the correct
statistics. This is helpful for an implementation within a computer algebra system. In thig«casrild anticommute
with fermionic generators.
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Cocommutativity. This coproduct is in general not quasi-cocommutative as can easily be seen
by considering the central charg€s K in Tab.1. To make it quasi-cocommutative we have to
satisfy the constraintsLp]

Pe(A-2%?)=1-2") P, Ko(l-2%%)=01-%?) ek (2.9)
They are solved by identifying the central charg&s] with the braiding factorZ as follows [L6]
P=ga(l-%1?), RK=ga (1-%2). (2.10)

This leads to the following quadratic constraint
PR—ga P —gak =0. (2.11)

It was furthermore shown iri[/] that the coproduct is quasi-triangular, at least at the level of central
charges, see alsa§).

Fundamental Representation. The algebrd) has a four-dimensional representatids][which
we will call fundamental. The corresponding multiplet has two bosonic statesnd two fermi-
onic statesy®). The action of the two sets efi(2) generators has to be canonical

R|0°) = &519%) — 38319°),
£l = 831w*) — 385 1w"). (2.12)

The supersymmetry generators must also act in a manifegt®y x su(2) covariant way

Q%|9°) = asdk|y®),

Q%|wP) = be®Peg|9?),

&% 9°) = ce®eyp|yP)

&% yP) =d8f[9?). (2.13)

We can write the four parameteash, ¢, d using the parameteré, Y and the constanty o as

+

o X

xt .
d:\/gW (1—> (2.14)
The parameters® (together withy) label the representation and they must obey the constraint

1 1 i
+ oy =
X +x+ X g (2.15)

The three central charg€s®3, R and% are represented by the valued?, K andU which read

C1141/x"x B Xt g . Xt

They furthermore obey the quadratic relat@h— PK = %. Note that the corresponding quadratic
combination of central charge® — B K is singled out by being invariant under thg2) external
automorphism.
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Fundamental S-Matrix. In[13, 17] an S-matrix acting on the tensor product of two fundamental
representations was derived. It was constructed by imposing invariance under the glgebra

[AFA,.7] = 0. (2.17)

We will not reproduce the result here, it is given itv]. Note that we have to fix the parameters
& =U = /xt/x” in order to make the action of the generators compatible with the coproduct
(2.5.2

This S-matrix has several interesting properties. Firstly, it is not of difference form; it cannot
be written as a function of the difference of some spectral parameters. Secondly, the S-matrix could
be determined uniquely up to one overall function merely by imposing a Lie-type symretry (
[13]. This unusual fact is related to an unusual feature of representation theory of the dgebra
The tensor product of two fundamental representations is irreducible in almost all £gses [

Intriguingly this S-matrix is equivalent to Shastry’s R-mati@d] of the one-dimensional Hub-
bard model 22]. Furthermore the Bethe equatioris3] contain two copies of the Lieb-Wu equa-
tions for the Hubbard modePB]. These observations off] establish a link between an important
model of condensed matter physics and string theory (complementary to the @dp.in [

Finally, let us note that one can derive (asymptotic) Bethe equations from the S-matrix and
thus confirm the conjecture i®]. So far this step has been performed in two different ways: by
means of the nested coordinalg[and the algebraic0] Bethe ansatz.

Phase Factor. The remaining overall phase factor of the S-matrix clearly cannot be determined
by demanding invariance undgr The phase factor was computed to some approximation from
gauge theoryZ5] and from string theory46—29]. The problem of an algebraically undetermined
phase factor is in fact generic. Usually one imposes a further crossing symmetry relation to obtain
a constraint on it. Indeed the known string phase factor is consistent with crossing syntogtry [

as was shown ind[1]. By substituting a suitable ansatzZ for the phase factor into the crossing
symmetry relation a conjecture for the all-orders phase factor at strong coupling was magle in [

A corresponding all-orders expansion at weak coupling was presentdd)in The latter
conjecture was obtained by a sort of analytic continuation in the perturbative order of the series.
Let us illustrate this principle by means of a very simple example: Consider the rational function
f(x) =1/(1—x). It has the following expansions at= 0 and atx = o

00

f(x)*=° Zoanx”, F) ="y bx " (2.18)
n= n=1

with a, = 1 andb, = —1. When we consides, andb, as analytic functions of the index, we can
make the observation (“reciprocity”)

2This identification removes all braiding factors from the S-matrix ifd] [which will thus satisfy the standard
Yang-Baxter (matrix) equation, see ald®[19, 20].
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Of course there are various ways in which the two functigtisand—1 could be related, but the
choice @.19 appears to work for a surprisingly large class of functidrisivas proved in 36] that
it does apply for the conjectured expansion of the phase factor. Very useful integral expressions
for the phase have recently appeareddn, 38]. The dressing phase can also be obtained as an
effective quantity B9] (see also 40]) from the scattering mediated by a non-trivial vacuum state
[41, 24, 42). While this is certainly encouraging in general, it is at the same time strange from the
Hopf algebra point of view to use an S-matrix which does not obey the crossing rela®ct0].
This calls for further investigations.

Several tests of the phase have recently appeared, they are based on four-loop unitary scattering
methods 43], numerical evaluation44, 45|, analytic methods44, 36, 46, 47] and on taking a
certain highly non-trivial limit §8].

3. The YangianY (su(2]2) x R?)

In the section we investigate Yangian symmet,[50] for the above S-matrix. We will
start with a very brief review of Yangian symmetry for generic S-matrices &kep] for more
extensive reviews), and then we apply the framework to the S-matrix discussed above.

Yangians and S-Matrices. Typically the symmetries of rational S-matrices are of Yangian type.
The Yangian Yg) of a Lie algebrgg is a deformation of the universal enveloping algebra of half
the affine extension gf.

More plainly, it is generated by thg-generatorgg” and the Yangian generatoﬁé. Their
commutators take the generic form

[~A’3B] — féBgC’
[3%,35) = 1655°, (3.1)

0,
}H =0,
IR REC IR £  fonk I 1PIEST. (3.2)

The symbolfagc = gADgBEng represents the structure constaf@@ with two indices lowered

by means of the inverse of the Cartan-Killing forgye andgge. The bracket§ } and| | at the

level of indices imply total symmetrisation and anti-symmetrisation, respectively. Fihalya

scale parameter whose value plays no physical role. The first two relations lead to a constraint
on the structure constant£®. The third relatiofi is a deformation of the Serre relation for affine
extensions of Lie algebras.

3Among other physical examples, we have identified circular Maldacena-Wilson [8djpsr{d non-critical string
theory B5] where this reciprocity can be applied. Furthermore, summation by the Euler-MacLaurin formula (also known
as zeta-function regularisation) is consistent with it. | thank Curt Callan, Marcos Marifio and Tristan McLoughlin for
discussions of this principle.

4Forg = su(2) it has to be replaced by a quartic relation.
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The Yangian is a Hopf algebra and the coproduct takes the standard form

AP = ol+iedh
AP =301+ 103+ IAfh3B®3C. (3.3)

wherefa = gsp fEP. The antipode S is defined by

S(3A =3 S(EA) = 30+ IRfATECIP, (3.4)

e(l)=1, e =¢e@ =0 (3.5)

For the study of integrable systems, the evaluation representations of the Yangian are of special
interest. For these the action of the Yangian generatdis proportional to the Lie generators

3Mu) = Augh|u). (3.6)

Here |u) is some state of the evaluation module with spectral pararoet@ihis Yangian repre-
sentation is finite-dimensional if therepresentation is. One merely has to ensure that the Serre
relation @.2) is satisfied. This is indeed not the case for all representations of all Lie algebras. The
power of the Yangian symmetry lies in the fact that tensor products of evaluation representations
are typically irreducible (except for special values of their spectral parameters). This allows for
simple proofs (e.qg. for the Yang-Baxter relation) by representation theory arguments.

Let us finally consider the connection to the S-matrix. The S-matrix is a permutation operator;
it acts by interchanging two modules of the algebra

V1@V, — Vo V. (3.7)
In particular, for the tensor product of two evaluation modules one has
S |ug, Ug) ~ |uz,uy). (3.8)
Invariance of the S-matrix under the Yangian means
83%, 7] = D37, 7] = 0 (3.9)

for all generator§?, JA. The existence of such an S-matrix is equivalent to quasi-cocommutativity
of Y(g). Note that only the difference of spectral parameters appears in the invariance condition:
We can write the action of the coproduct of Yangian generators on the evaluation nmaduje

as

AR = (U — Up) 3" ® 1+ UpAFA + AfeB @ 3C. (3.10)

Here the first equation i3(9) ensures that the term proportionalupdrops out from the second
equation. Therefore the S-matrix typically depends on the differeneeau, of spectral parameters
only.
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Yangians in AdS/CFT. Yangian symmetries for planar AAS/CFT have been investigategB|n [
both for classical string theory and for gauge theory at leading order, see5dlsé6€] Yangian
symmetry also persists to higher perturbative orders in both ma2iglST—60] and it is likely that
it also exists at finite coupling. This Yangian can be understood as a symmetry of the Hamiltonian
on an infinite world sheet or as an expansion of the full monodromy matrix. The Lie symmetry in
this picture ispsu(2,2|4) and the Yangian would be(¥su(2,2(4)).

Here we consider a different picture of well-separated excitations on a ferromagnetic ground
state and of their scattering matrix. In this picture the Lie symmetry reduces to two copiesof
the corresponding Yangian would b&fYy. Our Yangian should arise as a subalgebra of the full
Yangian Y(psu(2,2|4)) when acting on asymptotic excitation states.

Hopf Algebra. Let us now consider ). We have already studied the universal enveloping
algebra Uh). All we still need to do is to introduce one generaﬁﬁ‘rfor eachJ” obeying the
relations 8.1,3.2), and define its coproduct, antipode as well as counit.

In (2.5 we have defined a braided coproduct for the universal enveloping algebra. For consis-
tency with the Serre relations, we also have to apply an analogous braiding to the standard Yangian
coproduct

AP =T3P 1+ 23+ A3t ® o 3°. (3.11)

Note that lowering an index requires to use the inverse Cartan-Killing form of the algebra. In
the case ofy the Cartan-Killing form is degenerate and we need to extend the algebra by the
s[(2) outer automorphism, seé7]. Effectively, lowering an index leads to an interchange of the
automorphism generators with the central charges. We refrain from spelling out the Cartan-Killing
form or the modified structure constants. Instead we present the complete set of coproducts of
Yangian generators in TaB, where we also fix the value of

For the sake of completeness we state the antipade the counit

SN =-2"WF, G =0 (3.12)
Cocommutativity. An important question is if this coproduct can be quasi-cocommuttiie.
first step is to consider the central generatdrg3, K. For that purpose it is favourable to choose
suitable combinations
¢ =C+ga ¥ —gask,
P =P+ (P—200),
R=Rf-¢(R-2g907Y), (3.13)
for whon the coproduct almost trivialises
AT =C®1+10¢,
AP =P ol+uPeP,
AR =R el+% 22R. (3.14)

SNote thatfg. f5C = 0 here, so there is no contribution from the Lie generators.

6The braiding factors in3.11) turn out to be very important for the Yangian. It can easily be seen that without them
the coproduct cannot be quasi-cocommutative. This is in contradistinction to the universal enveloping algebra where the
braided as well as the unbraided coproduct are quasi-cocommutative.

"Note that the scalar produét’ — 3B&' — /P = €€ — 1PR — 3/Y is unaffected by the redefinition.
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AR%, = R0 1+ 10 R
+ IR @R — IR R MY
—i6% % e Qh - 30N 7 o6y,
+is26%, 7 Tty + 1880w w6,
ALY = L% @1+1 L%
— %ﬁay®£yﬁ + %Syﬁ ®£ay
4+ %Qac%_l(@ GCB + %Gcﬁ%+l®ﬂac
— 380U 6% - fo5 &% Tt e P,
Aﬁab=§ab®l+%+l®ﬁab
— %Say%H@QYb—F%QYb@Say
— IR T2 Q%+ 32% 0 R%
— 33U Tt Q%+ 32% 0 ¢
+ 1eMepg P 1069, — 1eepq&Y, % P 2R,
NG =6 0l+ U 1o 6d
+ IR 6% — 16% M,
+iertee?, - 168,08,
+iew 6% - 16% e
— 1e%es AU T @ Q0+ 36%%550° % P @ R,
AE=C®1+10¢
+PU PQR— KU TP,
A =Pol+ % 2oR
— U PP+ P,
AR=RR1+% 2R
+ECU PR R-ARC.

Table 2: The coproduct of the Yangian generators ithY.

The combinatiore’ is already cocommutative, and in order to make the generﬁl’o@ cocom-
mutative we have to set as above ihq2.10

o~ o~

B =igupP, R =igugh (3.15)

with two universal constantsy andug. With this choice,@, qA3 R also become cocommutative
because they differ frord’, 3, & only by central elements.
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Fundamental Evaluation Representation. For the fundamental evaluation representation we
make the ansalz
L) =ig(u+uo)IN2). (3.16)

By comparison with $.133.15 we can infer thatu has to be related to the parameters of the
fundamental representation by
u:x++i—L:x’+i+i—:l(x++x*)(1+1/x+x*) (3.17)
xt 29 x- 29 2 ' '
Furthermoreuy andug in (3.15 have to both coincide with the universal constant= uyp = Uug.®
The eigenvalues of the redefined central elements of the Yangian within the evaluation repre-
sentation read -
¢ - ?E +iguC, P —igwP, K’ =iguoK. (3.18)

As an aside we also state the eigenvalue of the quadratic combination
CC—1PK — 1kP=CC — iPK’ — IKP = lig(u+up). (3.19)

Fundamental S-Matrix. Using the coproducts in TaB.we have confirmed that the S-matrix is
also invariant under all of the Yangian generators

[A3A,.7] = 0. (3.20)

We have used a computer algebra system to evaluate the action of the Yangian generators and the
S-matrix1° To show invariance requires heavy use of the iden@ity 9. Superficially it is very
surprising to find all these additional symmetries of the S-matrix. The deeper reason however
should be that the coproduct is quasi-cocommutative. We have thus proved quasi-cocommutativity
when acting on fundamental representations.

It is interesting to see that the S-matrix is based on standard evaluation representations of the
Yangian. Nevertheless, it is not a function of the difference of spectral parameters. This unusual
property traces back to the link between the spectral parametsi theh-representation parame-
tersx® in (3.17). The latter is again related to the braiding in the coprodBidt1j.

As our S-matrix is equivalenti[/] to Shastry’s R-matrix, our Yangian is presumably an exten-
sion of thesu(2) x su(2) Yangian symmetry of the Hubbard model found @]

4. Conclusions and Outlook

In this note we have reviewed the construction of the S-matrix with centrally extend2@)
symmetry that appears in the context of the planar AdAS/CFT correspondence and the one-dimensio-
nal Hubbard model. We have furthermore shown that the S-matrix has an additional Yangian
symmetry whose Hopf algebra structure we have presented. This Yangian is not quite a standard
Yangian, but its coproduct needs to be braided in order to be quasi-cocommutative. This fact is

8We believe, but we have not verified that this is compatible with the Serre relafidis (
9t is conceivable that a further consistency requirement fixes the valug pfesumably to zero.
1%e have also confirmed the invariance of the singlet state fouritB]n [

10
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intimately related to the existence of a triplet of central charges with non-trivial coproduct and
leads to the wealth of unusual features of the S-matrix.

In connection to the Yangian there are many points left to be clarified. Most importantly
the representation theory needs to be understood. Which representatiptift &b evaluation
representations of ())? At what values of the spectral parameters do their tensor products become
reducible? This information could be used to prove that the coproduct is quasi-cocommutative.
Also the Yang-Baxter equation for the S-matrix should follow straightforwardly. It might also give
some further understanding of bound sta@& 63).

Then it would be highly desirable to construct a universal R-matrix for this Yangian and show
that it is quasi-triangular. This would put large parts of the integrable structure for arbitrary repre-
sentations of this algebra on solid ground much like for the case of generic simple Lie algebras.

Some further interesting questions include: Is this Yangian the unique quasi-cocommutative
Hopf algebra based oh? Does the double Yangia®(] exist and what is its structure? Can
the s[(2) automorphism of the algebra be included at the Yangian level such that the coproduct is
quasi-cocommutative? What would the representations be in this case?

Acknowledgements. | thank C. Callan, D. Erkal, A. Kleinschmidt, P. Koroteev, N. MacKay,
M. Marifio, T. McLoughlin, J. Plefka, F. Spill and B. Zwiebel for interesting discussions.
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