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1. Introduction

The quantum entangled states leave room for épd;lystems described in terms of other than
the usual Lie algebraSJ(2). They are governed by either representations of braid gBaypor
Yangian algebras. The Yang-Baxter equation and Yangiagbedghad been well established for
long timé 8. On the other hand entangled st&e% play important role in quantum information.
A special interest in this paper is to set up the close relalip between quantum entanglements
and Yang-Baxter approach. We shall point out that such aemimm is not only looking natural,
but also deep singnificant.

2. Yangian and Entangled States

2.1 Yangian and Bell States

For aN spin—% system, the Yangian can be realized in terms of

N 3
| = ZS (§F=2): (21)
J_Zu.s+— Y S xS (2.2)
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The setY = (I,J) forms Yangian associated wiJ (2). The operators act on tensor space and
L are free complex parameters. The essential differencegle@tWangian and Lie algebra is in the
parametergy;. It can be checked thatandJ satisfy the relations given by Drinféld? and the
RTT relations~7! for the simplest rational solution &{(u)-matrix. The independent commutation
relations are

la,lgl =i€apyly,  (a,B,y=1,23) (2.3)
[la,Jp] = i€apydy, (2.4)

and® )
[J3, (34, J-]] = Z(lsJi —Jl)ls, (2.5)

whereJ,. = J; +iJo. Based on Eq. (2.3), Eg. (2.4) and Jacobian identities @Baust all the
commutation relations given by Drinfeld witty g, = isaﬁy[sl. The realization (2.2) is general. A
special model means a particular value of the parametdnskt

It is known that the spin triplet, spin singlet and Bell stater a two spin system read

e 1) Wi= (1 +11)) =11
11 = W= L B _ o
o=H1D-111) gro=FA 1D+ 27 fg: HH ﬁii ) :Si
Yra=111) V2 (2.6)
Wa=L(11) - [11) =14)
spin singlet spin triplet Bell states

We see that the statefyo = W4 and Yo = W3 are entangled states, wherapg and g1 1 can
be decomposed into two direct products, i.e. they are neinghed states. However, taking the
linear combination ofp;; andy; 1 to yield W; andW,, then they form entangled states. The Bell
states possess the maximal degree of entanglémdntparallel to the transitions for three states
of the spin triplet we may ask what kind of operators can meadesitions between twi; states
(i=1,2,3,4). The answer is through

It can directly check the following transitionsa & p1,b = u», andJ, is taken as,/—1J; for
simplicity)

%|1) = (a+b)[2), %2) = (a+b)[1);

Kl3) =(a—b+1)4), K4 =(a-b-1)73); (2.7)
Wl1) = (a+b)[3), J|2) = —(a—b+1)|4);

U|3) = (a+b)[1), Ji|4) = —(a—b—1)|2); (2.8)

2[1) =(@a—b+1)[4),  R[2)=—(a+b)[3);
X|3) =(a+b)|2), b4y = —(a—b—1)[1). (2.9
where|i) = W; (i =1,2,3,4). Becausdl),---,|4) form orthogonal and normalized states, Egs.

(2.7)-(2.9) gives a & 4 representation al. We shall show that the staté$ (i = 1,2,3,4) are
eigenstate od? with ab = —7.
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The following graphs explain Egs. (2.7)-(2.9).

1) < 12)
A A
u B2y
Vg {
13) S |4)

Fig 1. Whena—b=1,3;|4) = J|4) = 33|4) = 0;
whena—b=—1,3|2) = J|1) = J3|3) = 0.

Fig 2. By taking the particular values of parametaendb, some of the

transitions can be controlled in only one direction.

The Bell states are the pure entangled states for a systéntwatspins. They possess the max-
imal degree of entanglement and is the simplest member adrBerger-Horne-Zeilinger (GHZ)
entangled states for multi-spin systé?n'2. Before going to the general GHZ states let us intro-
duce an operatcf) which takes the four statég (i = 1,2,3,4) as eigenstates. Therefore, it may
describe the overall property for the four states.

Observing that

1) = (a+b)%1), JH2) = [(a—b)* - 1]|2);
J3) = (a+b)%3), A4 = [(a—b)*—1]|4).
B1) = ~[(a-b?~1j1),  FEJ2)=—(a+b)*2);
313) = —(a+b)?[3), B4 = ~[(a—b)*~1]|4).
J1) = (a+b)?D), J|2) = (a+b)*|2);

B3 =[@-b3?-1]3),  J4) =[(a+b)*-1]|4).

Noting that
1
2= E(Jf SNCENES) (2.10)
(here we use/—1J, instead of the usuak) and by taking
(a+b)?=[(a—b)?-1], (211)
- ab= 1 (212
- 47 .
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we obtain 3 1
2y = S(a+ b)2|i) (ab= -7) i=1234 (2.13)

With the normalization we introdud® ~ J2(ab = —23):

a2 L

—=J) =i, i1=1,2,3,4, 2.14
@ =N (214)
that acts on the four Bell states as the identity. It expldhescommon property dfi), i.e., Q

indicates the fact that four Bell states have the same defrm@anglement.
On the other hand, if we take

. 2
Qli) = 3

(a+b)?=—[(a—h)?—1], (2.15)
i.e.
a?+b%= % (2.16)

the four statesl), |2),|3),|4) are divided into two sets (I) and (Il) such that there are ttetes
in each set. The sets (I) and (Il) are the eigenstate® ofa = 1,2,3) with opposite signs of
eigenvalues, namely, fa@? +b? = 1 we have

JEI) = A1), 3E) = (=A)[1)
) = AN, FN) = (=)
BN = AN, B = (=)

where

A=2ab+1, [I)=]1) and [3), |II)=1]2) and |4)
I'=1) and [4), 1I'=1]2) and |3),
I =|1) and [2), 11" =13) and |4) (2.17)

So with the actions o2 (a = 1,2,3) respectively, instead we have the following decompasiti
different from the usual decompositionrx2 = 3@ 1 for J (2):

202=2a2. (2.18)

With the normalization we can introdude~ J2, (a2 +b?= 1,0 = 1,2,3):

~oL 1 . . . Al 1 . . .
T)i) = 2ab+1‘]§|l> = i), Vi) € setl :T|i) = 2ab+l‘]§|l> = i), V|i) e setll. (219

It shows that under the actions f the whole tensor spac%@ % is decomposed into two blocks
corresponding to the eigenvalues 1 antl of T respectively. It differs from the paritl® = 1 for
spin triplet and -1 for spin singlet.

The further extension of Bell states goes along two linese 9mextended to the fundamental
representation oBJ (n) algebras. The other is to multi-spin system.
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2.2 Yangian and SJ(3) entangled states

The Gell-mann matrices, satisfy
[F)MFIJ]:”:)\[JVFV ()\’uavzl""as)? (220)

whereF, = $1,. To the later convenience, we dendigby

1 V3 1 _ 1 .
Hi= V23, Ho = V2(—ZA3+ —Ag),E1 = 1. = —(A1+iAp), EL1=1_ = —(A1 —iAy),
1 3, H2 (23 28)1 +\/§(1 2), E_1 \/2(1 2)
Er— U, = = (g+iAr), Eo=U — ——(Ag—iAy),Es =V_ = ——(As+iks)
2 — +_\/§ 6 7), BE-2= 7_\/5 6 7),B3— 7_\/5 4 5
andE_ 3=V, = %()\4— iAs). Explicitly, we have

1 0 O 00 O 01 0 0 0 0
Hl(o -1 O),H2<0 1 o),a(o 0 O),El(l 0 o),
0 0 0 00 -1 0 0 0 0 0 0
0 00 0 0 0 0 0 1 0 0 0
EZ(O 0 1),E2<0 0 0),E3(0 0 o),E3 (o 0 o). (2.21)
0 00 010 0 00 100

Denoting byli, j) = |i)1]j)2 (i, ] = 0,1,2) in the tensor space &J(3) ® J(3)* where the
basis|i); = up,u; anduy in SJ(3) fundamental representation (quark states) gig= uy,u;
andu; are dual base (antiquark states), ##(3) entangled states with the maximal degree of
entanglement were given ? as follows.

o = L (00 + 1) + 22)

V3

wi = \if<|00>+w|11>+w2|22>> (2.22)
gt = 7<|00>+w2|11>+w|22>>

= 7<|01> 12) +[20))

y? = 7<|01>+w|12>+w 20)) (2.29)
? = 7<|01>+w2|12>+w|20>>

= 7<|02>+|10>+|21>>

g = 7<roz>+wuo>+w 21)) (2.24)
g = %<roz>+w2\10>+w121>>
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wherew® = 1. The construction of Egs. (2.22)-(2.24) is easy to be sided. Sincapfl) is
a maximally entangled state, any decomposable unitargftvemationsU; ® U, generate equiv-
alent ones, wherd; andU, acts on the space &J(3) and SJ (3)*, respectively. Taking; =
diag (1, w, w?) or diag (1, w?, w) andU, = 1 we find L,Uél) and Lﬂf). To ensure the unitarity and
maximal degree of entanglement, theis unique. _

To find the Yangian operators which make transitions@ffﬂ(i, j =1,2,3), we introduce (see
the Appendix) the Yangian operators acting on the tensarespi(3) @ U (3)* ag!418

1
Y = {Fy,dp =aF" +bF? + Ecﬁ,wFV(l) F?h (2.25)

wherec,, s =i fyv o are the structure constants@J (3).
Further we introduce the linear combinationuf (3) generators to form the new basis’(=

1)

10 O 1 0 O 010 0 0 1
Hi=|l0 w 0|, H=|0 « 0]|],E=(0 0 1|,E;=(w 0 0,
0 0 &? 0 0 w 100 0 w? 0
0 1 0 0 0 1 0 01 0 1 0
E,b=[ 0 0 w|,E,=[w? 0 O0|,E4=[1 0 0],E3=(0 0 «?].
w 0 0 0 w O 010 w 0 0

(2.26)

Hi = Hi— w?H,, Hj=H;— wH,
E; =E1+E,+E_ 3, E)=E1+ wEx + W?E_3, E/ 3 = E; + W?Ez + WE_3,
Ej=Es+E 14+E » E'; =E3+wE 1+ @’E 5, E' , =E3+ w’E_1+ wE ». (2.27

The set Eq. (2.27) forms(3) algebra. Interms of Eq. (2.27) the Yangian operadgks; ), J(H5),J(E7), - - -

can be defined. According to the action of Yangian operatorthe tensor spac8J (3) ® U (3)*
((1,0)®(0,1)) that is expressed in terms df, H, andE.;(i = 1,2, 3) given in the Appendix, after
lengthy calculations we find the following results.

IHD WY =y IH Y =y
JHDWY = @-byd?  IHY Y = Ty (2.28)
JHD Y = Ty? IHY Y = (a—b)ys”

IHDY? = pys?  I(HYY? = ay?
JHDY? =Bys?  IHYY? = ay? (2.29)
IHDY? = el I(HyY? = ayl?

IHDYE = ayl®  IHY Y =gy
IHDYY =ay® Iy e = By (2.30)
IHDYY =ay® Iy = gy
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wherea =a—bw?,f=a—bw,y=a-b-3 1=a-b+3 w®=1

JEDYY = yy? JEHYY = yyi? JE Y = yy?
JEPWY =way?  IEHY = waw@ JE YUY = way® (231
JEPYY = ?Byl?  IEPYY = Byl IE Y = By
JEPY? = (a-b)y? JENYD =By IE Y = ay?
JENW? = wayl®  IEPYY = w@a-bjys?  IE Y = wpy® (232
J(E/)LIJ(Z) — wZBW(3) J(E/)LIJ(Z) — O)ZGl‘U(?’) J(E/ )w(z) — w2(a_ b)w(?’)
1 3 3 2 3 1 -3 3 2

IEDW? =t IEY —wagl”  IEL U - ZBL/—’3
JEDYY =wayl?  IEHWY =wpys?  IE. 3>w“ wrgl? (233
IEDYY = ?ayl?  IEPYP = wrgl®  IE WP = waulb.

JE Y = yy¥ JE Dy =y JE Yy =y
IEHWY =Byl IE DY =w?Be®  IELHYY =By (234
JEHWY =way®  IE DY =way®  IE Y = way?

<Eé)w£2) = vwi” JE PP = pysY IE NP = ayh
JENY? = By IELDYY = Payl  IE Y = Pyt (235)
(E3)L.U3 = wa L/—’3 J(El_l)q—’éz) = w“/—’i” J(E/—z)w:g,z) = wp Llél)
JEHYY = (a—b)y? JE DY = ay? JE WY =By

JENWY = ?BuYl?  IE DY = wa-b)y?  IE Y = Payl?  (236)
JEHYY = wayl®  IE DY =wy?  IE LYY = w@a- by

In Egs. (2.28)-(2.36) all thepj(m)(m,j =1,2,3) are given by Eqgs. (2.22)-(2.24) that are with the
maximal degree of entanglement. The Egs. (2.28)-(2.36)ssw that thepj(m) provide a nice set
of basis which makes the representatiory ¢l (3)) given in the Appendix in simple way.

Furthermore, obviously, for the lower indgxof the states,uj(m)(j,m = 1,2,3), the above
operators are the following permutations, respectively

STCREY G BT EY e I TR G B AR G

J(E/_3):<; i 2),3(5@):(1 g g),J(E’_l):@ 2 i),J(E/_Z):@ i 2)

An interesting discrete operator similarit(ab = —%1) shown in Eq. (2.12) fo8J (2) can be
found. Itis the extension af? for Y (sl (3)) corresponding to the Casimir operatorsbf3) under
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the inner product ™y :
3

2 1
Q= Z(H1@H1+H @ Hz) + Z(H1 @ Ha + Ha @ Hy) + Z(Ei ®E +Ei®E) (237
i=

that acts on the octet wave function ; = |02) = %(lﬂf + oy + w2y (in fact, J2 acts on

the whole vector spadé(1,1) by a constant) and singlet orngy = L[J](_l) yields

8 2 3
Fwy g = [g(az +b%) + §ab - Z]Wl,l = pW1, (2.39)
8 16
FPwoo = [é(a2 +b%) — 5 ab—6lwoo. (2.39)
By identifying both of eigenvalues we arrive at
ab= —g, (2.40)

i.e., under the choice of Eq. (2.40) the total nine statesestiee same eigenvalues #f. After
renormalization we hav@s = %JZ as the identity multiplication. Making transformatiéwy 1,---,voo} —

ij(m)(m,j =1,2,3) and Eq. (2.21) (2.26), then under the new basis given by Eqg. (2.26), we still

haveJZij(m) = p(,uj(m) if ab=—Z. Sincewj(m) describe the maximal degree of entanglement and all
the wave functions (including the Octet and singlet) shaeestame eigenvalues, we can imagine
that theJ? may be related to the maximal degree of entanglement. OslyidheJ? with ab = —%
is the natural extension & with ab = —% for J(2).

The above discussions can be viewed as a realization offihesentation theory fof(sl (3))14-16

based on the entangled states.

2.3 Maximally entangled states for U (n)

The maximally entangled states f8J(3) can be extended to the tensor prod8dt(n) ®
DV (n)*, that is, the tensor product of the fundamental repregentay = (1,0,---,0) of J(n)
and its dual representation = A; = (0,---,0,1). We choose the basis df(n) as follows.

0 w 0 0 w? - 0
H/: ’H/: H/2: . PR
1o o 0 2= (Hy) 0 0 . 0
0 0 w1 0 0 w?(n-1)
1 0 0
0 1! 0
H . = (HH"1= , " =1 241
no1=(Hp) o o 0 (2.41)
0 0 )
010 0 0 1 0 0
00 1 0 0 0 w 0
EY=10 0 0 ol.E=| o o0 o o |, -,
000 1 0 0 0 w2
1 0 0 0 w1 0 0 0
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01 o0 0
0 0 ol 0
EY-]0 0 o o |; (2.42)
n
00 o0 o’
w 0 0 0
0 0 01 0 0 0 1
10 00 w 0 0 0
EMY— 10 1 0 o EMY=|0 o of,-,
0 0 00 0 0 0 0
00 10 0 0 w1 0
o o 0 1
w10 0 0
EMV | o w2 00 (2.43)
0o o0 0 0
0 0 - o

In this subsection, for any index> n we take the valu@’ < n satisfyinga = & (modn) and we
still denote it bya. The wave functions take the forfis

W = 1,m) 4+ L2, m+ 1) 4 - 4 M VKD m— 1)
n .
w(k—l)(J—l)‘j7m+ J - 1>7 (kvm: 1727" '7n)7 (244)

=1

whereli, j) = [i)a]])2 (i,j = 1,2,---,n) are basis states in the tensor spac&8dfn) @ J (n)*,
liyy = 1,---,n are base of the fundamental representation with the weigkt (1,0,---,n) and
|j)2 =1*,---,n* are the dual base.

We can choose a standard bafig} of sl (n) under the inner produd(x,y) = Trxy, VX,y €
d(n). Then the Yangian operators acting on the tensor sfa¢e) ® SJ (n)* are given by (see Eq.
(2.25) and the Appendix)

Y = {4, :a|§,1>+b|§,2>+%cm|3l>|g2>} (2.45)
wherec,y are the structure constants $fn) under the basigl,}. On account of the base of
s (n) given by Egs. (2.41)-(2.43) and the wave functions given Qy 2.44), the actions of the
Yangian operators are given as follows.

Wl — (@a—b-DW, k=1
J(H)) LIJI((Z): (a-bt g()lsp(ll)7 k=n- 1_.i (2.46)
Vo =(@-bW, k#Ln+1l-i
LIJl((m) =[a— bwi(mfl)]wl((f)i, m=2,---,n

10
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IED W) (a— b+ Dk Dy (2.47)
U by 1,k7én+2—i

W — (el (D) — p-Dm-DyQM D) m 21 nyq—j

wherei=1--- n;j=1,---,n—1. It can be checked that the above generalized relationedace
to the given actions foBJ (2) andSU (3).
Furthermore, rewriting the above basis Eqgs. (2.41)-(2a43pllows.

-|-i(1) =H ,i=2-nm Ti(j) = E(J+l) Jdg=1---nj=2---,n (2.48
we have
. n .
Ti(n _ Z w(.-l)(k—l)a“kal, for j=1,i #1, (2.49
K=1

where (exm)ij = &idmj. Then for the entangled wave functions given by Eq. (2.44¢, Egs.
(2.46)-(2.49) can be rewritten as (fog 1, j # 1)

J(-ﬁ(j>)w|(<m) = JaI = DY —polt =DM 4 = d+k 110m4 j—110 DD 5k15m1] ,T;rjl Y,
(2.50)
Whenn = 2, they reduce td(Ty”) = J5, J(T\?) = 31, I(T,?) = I, W& = |1), W = |2),
qJ(Zl) =—|3), LIng) = —|4) and yield all the results in the subsection § 2.1.
Whenn = 3 they reduce ta@," = H], T\" =H}, T/? = E}, T}? =E}, T\ =€ ,, /¥ = E,,
T2(3) =E',, T3(3) =E’, and LIJl((m) = ¢’|£m) are exactly the entangled states &t (3). It yields all
the results in the subsection 8§ 2.2.

2.4 GHZ stateswith 3 spins

Now we turn to maximally entangled states formed by 3 spimsthis example there are 8
independent entangled stat8s!?:

l . — 1 _ .
l . — 1 _ .

1 . _ 1 B .
5)) = ﬁ(\ TIN+11T1); 16)) = fz(’ TN =111h);
1 gy - L _
7)) = ﬁ(\ I +1TL0); 18) = ﬁ(! I =11L).
Similar to 821, S ® S ® S3 can be decomposed into three sets:
(I) |1)) and|2)) that withl3 = +3

(1) [3)), 15)) and|7));
(1) |4)), [6)) and|8)).

11
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The action ofl is listed below (wher@ = 1;,b = pp andc = p3 in Eq. (2.2)).

J|1) = (c=1)[3)) +b[5)) + (a+1)[7)); A|2)) = (c—1)[4)) +b[6)) + (a+1)8));
H3)) = (e+1)[1)) +al5) + (b= 1)[7)); Ji4)) = (c+1)[2)) —al6)) - (b-1)[8)); (252
H[5)) =bl1)) +a[3)) +c[7); 4|6)) = bj2)) —a4)) —c[8));

A[7) =(a=1)[1) + (b+1)[3)) +c[5)); A|8)) = (a—1)[2)) - (b+1)[4)) —cl6));

B|1)) = (1-c)|4)) —bl6)) — (a+1)[8)); R/2)) = (1-c)[3)) —b[5)) — (@+1)[7));

2[3)) = (c+1)[2)) +a6)) + (b-1)[8)); R2|4)) = (c+1)[1)) —al5) - (b-1)[7)); (253
J[5)) = bl2)) +al4)) +c[8)); J|6)) = b|1)) —a[3)) —c[7));

7)) = (@=1)[2)) + (b+1)|4)) +c[6)); R[8)) = (a—1)[1)) - (b+1)[3)) —c[5));

%|1)) = (a+b+0)[2)); %32)) = (a+Db+0)[1));

%[3)) = (a+b—0)|4) - [6)) —[8)); Js|4)) = (@+b—0)[3)) —[5)) — [7)); (2.54)
£[5)) =[4)) +(a—b+0)[6)) —[8)); J36)) = [3)) + (a—Db+c)[5)) —[7));

(7)) =14) +16)) + (-a+b+0)[8); Jl8)) =3)) +5) + (—a+b+c)[7)).

By (2.54), we obtain the action d¢ as follows.

311) = (a+b+c)?1));
312)) = (a+b+c)?2));
313)) = [(@+b—c)*~2]3)) - (2a+1)|5)) + (1~ 20)|7));
J2|4)) = [(a+b—c)*>—2]|4)) — (2a+1)|6)) + (1 — 20)|8)); (2.55)
J15)) = (22— 1)|3)) + [(a—b+0)*~2]|5)) — (2c+1)|7));
J316)) = (2a—1)|4)) + [(a—b+0)* ~2]|6)) — (2c+1)|8));
JI7)) = (2b+1)|3)) + (2c—1)[5)) + [(—a+b+0)* —2]|7));
J3518)) = (2b+1)|4)) + (2c— 1)|6)) + [(—a+Db+c)* - 2]|8)).
Therefore there are the following transitions
[ «—— 11,
) —B) W) —L)
£[2)) — [3)) . 24)—I1) .
w2) —14) " 020 ey —2) " O (258
J[1)) — [4)) B[3)) —12))
W —I8) L wE)—)
J[2)) —[5)) . 2[6) — 1) .
22— (&) 21&2 26— [2) " tcajg, (257)
J|1)) — [6)) J[5)) — 12))

12
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R
2 — o > _ 7
w2y — 8y O PO gy ) Pk (259)
1)) — [8)) LI7)) — [2))
eIl 1l «—— 1l
75_l a=_1
%13)) — 5)) T2 e —) 2
B —10) " e B e b#lﬁ’ (259)
#3 a=1
Bs) —3) ,_ TE s Bls)— ) |
o) — ) T PTIIEVE gy g b—g;_fﬁ, (260
2
=bt 342 a=c—3+2
By —3) T2V B — ) ~3
B8y — ) " 7 BB —e) or bc#% - (28

Similar to the Bell states, we are able to find the conditiaisBed by the parameteasb and
¢ such that all the 8 entangled states are eigenstates of énatop)?(a, b,c). The calculation is
lengthy. We first selb = a+ c and then find the sufficient condition

@ =it 2 B0ty s + e (262

whereA = ++/3i andh is a free parameter. The fact thEtgets the same eigenvalue for the 8 en-
tangled states indicates that the operdfomay be related to the maximal degree of entanglement.

2.5 Extended GHZ stateswith 4 spins

There are 2= 16 independent entangled states as follows.

1 ) .
|1)=72(| T+ 12) = (ITTTT>—| LD,

%\

1 . .
|3)=72(| T+ L) 14) = (ITTTl>—| LT

%\

1 . .
|5)=\72(| TN+ LT 16) = (ITTlT>—| WTD):

g
7= 5 1T+ 18)= 7<| T =1 LTLL); (269
9= \ifu WD+ 1L0): 110 = 7<| P = TLL);

11— 7<mu>+|m>> 12)= (1 1111} = 147

19 = 7(1 T+ 1) = (1 1110 = 11

19 = (T +] 1140 118) = Z( 1110 = | 1110)

13
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We list the actions ofl on the above 16 states with = a, u, = b, uz = candpu, = d in Eq.
(2.2) in the following.

B = (d- 23+ (e~ 3)[5) +(b+ 2)[7) + (@t 2)[9);

[2) = (d- )4+ (e 5)l6)+ (b+ 5)18) +(at )10y

B[3) = (d+ 2)1) + (b— )11+ (at )13 + (¢~ 2)[15);

B4 = (d+ )2+ <b—3>12> 214+ (c—)[16);
J1]5):(c+%)\1)+(a+%)11)+(b—5)]13)+(d—%)\15);

1[6) = (c+5)[2)— (at )12+ b—3)114)+(d—%)\16);

[7) = (b— 2)1)+ (@ )11 + e+ )13 + @+ )[15);

1[8) = (b—2)2) + (A~ 2)12) + (c+ 5)[14) — (a+ 5)[16); (264
J1|9>:<a—§>|1>+<c+§>11>+<d—§>|13>+<b+§>|15>;

H10) = (@ )[2) ~ (c+ 5)12 — (d— 5)[14) — (b+ 2))16)

B = (b4 2)[3) + (@~ 3)5) + (d+ 5)[7) + (e~ 5)19);

H12) = (b+)|4) — (@~ 5)6) + (d+3)[8) ~ (c— 2)[10)

W13 = (@ 2)[3) + (b+5)5) + (e~ H)I7) + (d+3)(9);

14 = ~(@- 2)l4) + (b+5)6) + (¢~ 5)/8) — (d-+ 5)[10);

5)
1

208+ (@ 2)[7)+ (b 2)9);

31/15) = (c+ g’)|3) +(d+5
1

B[16) = (¢ 2)4) + (d+2)6) — (a—5)|8) (b 3)[10);

and the actions fad,|i) (a0 =2,3, i=1,2,---,8) are shown in the Appendix B1-B3.

Observing eq(2.64) and Appendix B we can get the transitimteeen GHZ states as given
in the subsection §2.

In a short conclusion, for the two types of maximally entadgdtates where one type is formed
in terms of fundamental representationsSof(n) and the other is regarding multi-spin systems, we
have showed the following statements.

(1) Yangian operatorgy(a,b,---) act on the whole Hilbert tensor space formed by all the
maximally entangled states. They make the transitions dmtwhe singlet and multiplet. The role
played by Yangian in entangled states is similar to what Igelaras do within reduced subspaces
with fixed 12. In this sense we may say that the maximally entangled stzagsprovide an explicit

14
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Yangian representation, i.e. they are described in termsopff algebra. The point here is that
Yangian is formed by 2-body operators.

(2) The operators of the Casimirs of Yangians with the sp&tiaice of parameters are the
discrete eigen-operators of the considered entanglegsstiitmay serve to describe the maximal
degree of entanglement.

3. GHZ statesand Yang-Baxter equation

For a given set of GHZ states (and the extension to the fundeinepresentations &J (n))
in section 2 we have pointed out that the different GHZ staresconnected through Yangian
operators. Another point of view is to generate GHZ stategdan the natural multi-spin states.
For Bell states it was first pointed out by Kauffman and Lonoafd that the matrix

1 0O 01 1
1 0 1 10 1 1
Bs=— =—(1 3.1
-1 0 0 1 -1

transforms the statgg1,7/,/7,11)T to the Bell stategW;, W3, —W4, —W,)T given by Eqg. (2.6).
For the Bell states the relatéx)-matrix and Hamiltonian were found in Refs. [18-19]. We shal
show that Eq. (3.1) can be extended to more general GHZ states

3.1 Symplectic matrix and general GHZ states

Observing the Bell states given by Eq. (2.6), GHZ states &pid system shown by Eq. (2.63)
and the general GHZ states (maximally entangled statesj diy/2°

1
—(|my, R =+ — My, —mp, -+, — 3.2
\/z(llmz My) £ — My, —my M) (32
that are generated through the transformation magix
Bu=1+M, (N=2"ie, N=4,16---,22"=nP), (3.3)
where
(S,S) (S,S— 1) (%7_3) (_%73) (—S,—S+ 1) (—S,—S)
(s.9) 1
(ss—1) 1
1 : |
M=-— (3-9 1
\/é (_%73) -1
(—-s,—s+1) -1
(—s,—9) -1
(3.4)

i.e. M is aN x N matrix, whereN = (2s+ 1)2 is the number of sping= 3,3,3,---. We label the
matrix M in terms of the indices appearing in Eq. (3.4) for both the ama the column oM, then
the elements are given by

Mij = €(i)8 %5, (i) =1, fori >0, -1, fori <0;i,j,kl=ss-1,,-s (3.5)

15
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It is easy to find that

M2 =1, (3.6)

and calculation gives
MiMii1 = —MizaMi, (Mi = Mij;1), (3.7)
MiMj:MjMi for ‘i:”ZZ. (3.8)

With the help of Eq. (3.3) and Egs. (3.5)-(3.8), it can be prbthat the matriBy (N = 4,16, ---)
satisfies braid relation:
Bi BH,]_Bi - BH,]_Bi Bi+]_. (39)

The matrixBy has two distinct eigenvalues

(Bn—A1)(Bn—A2) =0, (3.10)
where 1 1
M=——(1+4i), Ay = —=(1—1). 311
The Eq. (3.9) also admits@deformation solution
B(a) = 1+ M(a), (312
where
M(a) = > e(i)aijlij){—i -]l (313
1]
andq;j satisfy
4j9-i—j =1, Gijd-jkG-ij = Qjk- (3.14)

For instance, for GHZ states with 4 spirss={ % soN = 16), we conclude that the transformation
matrices generating GHZ states wis+ 1) components satisfy braid relation.

3.2 Yang-Baxterization of By-matrix

Since theBy-matrix does have two distinct eigenvalues, it can be Yaagt®ized td?:-22
R(x) =B+xB~! (3.15)
that satisfies the Yang-Baxter equation (YBE):
ROOR10¢)R () = Ra (V)R (¥)Ri41.(X). (3.16)
For more explicit physical meaning we introduce a new vagialjor
x = e?% (3.17)

through
1-xX . 1-y .
u= m - —|tanel, V= 1—_’_y - —|tan62, (318)

16
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then the sum of two velocities efandv corresponding tay = €(®11©2) should be

u+v

v 1+uv’ (3.19)
and the YBE reads
R (©1)R11(01+©2)R(©2) = Ri11(©2)R (01 + ©2)R (1), (3.20)
ie.
RUR (1 RV = Ria(WR( R (W) (321)

The Eqg. (3.19) is nothing but the sum of two velocities in sple@lativity with c = 1. It is easy
to understand the Eq. (3.19) if one observes the more gefioenalof B4 shown in Eq. (3.13. It
takes the form of Lorentz transformation.

In terms of the defined velocity we obtain the solution of YBE

R(©) =1+ uM = 1—itanOM. (3.22)
In difference from the familiar rational solution of YBE
R(u) = 1+ uP, (3.23)

and making comparison with Eq. (3.22) the permutafda replaced by a symplectic structuve
which takes the form shown by Egs. (3.13) and (3.14).

To look for further physical meaning of Eq. (3.22) we shoultifthe Hamiltonian for the
system.

3.3 Hamiltonian and evolution

Since any(2s+ 1)? x (2s+ 1)? matrix By has two eigenvalues

1 . 1 .
Bn——=(1+1)|Bn——=(1—-1)] =0, 3.24
[=X ﬁ( )][Bn ﬁ( )] (324)
and 1
Ru(X) = By +XxBy = E[(1+x)1+(1—x)|v|]. (3.25)
SupposeD is a natural basis without entanglement, then GHZ sté#tesgiven by
W =Byo. (3.26)
For instance wheN = 4, we havé’18
W, @ 1 0 0 1\ /11 by
W, [0 1 O 1 1 o7} d,
w— - =B . 32
Wy ~—e | v2l 0o -1 1 0|1 | os (3:27)
Wy —-® -1 0 01 1l Py

The wave functio¥(x) should be normalized, so instead of &) we should use the normalized
B(x)-matrix
Bu(X) = p(x) YZRu(x), p=1+x (3.28)

17
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to generaté¥(x) such that

W(x) = Bn(X)P. (3.29
From Eqg. (3.28) it follows
i 0L|;)((X) _ |(0BaN)§X) Bﬁl(X))W(X) —H (X)W(X), (330)
where
H(x) = aB{;'X(X) Byl(X). (3.31)

Taking Eq. (3.28) into account we get

H() = 19000 HR09) (p() HR0) ™ = —ip(x) M. (332

To obtain time-independent (“real") Hamiltoni&h(x = 1), a new variablé is introduced through

cosO = p(x)*%, sinf = xp(x)*%, (3.33
i.e. q
X >
36 = 1+x°=p(x). (3.34)

From Eqg. (3.30) it follows
O0W(x) dx dx
"“ox do~"¥dp
We then obtain the Schrddinger equation with the Hamiltonia

w(x), (3.35)

Hn = —iM (3.36)
0W(0)
|W =HnW(6), (3.37)
where the Schridinger equation works in the space of paeai¢tat plays the role of “time" and
H= iaB—(e)B—l(e) (6=0). (3.38)
00
ForN =4, 1
For generaN we have
n—1
1

V2
In this picture the GHZ states can be generated through tleten with the parametef. The
wave function¥(8) is thene "M éw(g = 0).
For a givenli(x)-matrix we are able to discuss algebras through the RFT apbrdt can be
made based on the direct calculation. We are not going taiskisihie subject here.
ForN = 4 the Hamiltonian with the nearest neighbor interactioresatke form

Hnne1 ~ Gr¥0r)1(+1- (3.41)

18
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In the usual manner we define the Hamiltonian on a chain
n n

that iso* andg? at the alternative lattice. It is different from the Heiserdchain derived based
on Iinml(u) = 1+ uP,n+1 Which was first introduced by C.N. Yang to describe Swmatrix for
d-interaction modé¥. In fact, Eq. (3.42) provides a unitary transformation.

3.4 Braid group matrix of GHZ with 3 spins

In the subsections (3.1)-(3.3) we have set up the relatiprsttween GHZ states with even
number of spins and braid group representations. The agioos is straightforward because of
N = n? for By beingm x mmatrix, i.e., 4x 4,16 x 16,64 x 64,---. However, for the GHZ states
with 3 spins, we meet thBg-matrix, but 8 cannot be written ag’. We should use the coupled
Yang-Baxter equations to determiBg for the givenB4. The general braid relations whesis , So
andSz: are involved had been given by Drinfeld-Jimbo fornitfa2®

33cis _ irdidi.
S12S35; = S3S515S:: (343
lj 11 j; j; 11 lj
S12S55 S12 = $3512 S (3.44)
11 lj lj lj lj 11
Stz S5 = S350 (3.45)

Egs. (3.43)-(3.45) determir®? andS:! for the givenS23. For the 6-vertex solution &3 (4 by

4 matrix) theS/z andSz! can be explicitly given based on the general theor§io# of Drinfeld ,
Kirillov and Reshetikhin. However, whe®? takes the symplectic form shown by Eq. (3.1), we
should find the new solutions & andSz!. The calculation is lengthy and shown in the Appendix
C. Theresultis

1 1
1 1
1 1
Bg=Si7 = % _11 1 , (3.46)
-1 1
-1 1
1 -1
and
1 1
1 -1
1 -1
13 1 1 1
e 1 , (347)
1 1
1 -1
1 -1
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where the other elements of the matrices are zero. Notirtgsé%ﬁég # 1. The matrixBg = Si2
transforms the decomposable 3-spin states to GHZ states3veipins as follows.

) 1111)
3 111
5) 1)
7) 31| [L1T)
e |75 | (348)
) 1)
L o
2 L)

where the LHS of Eq (3.48) is given by Eq. (2.51). Noting tHamging a sign of individual wave
function does not change the maximal degree of entanglemvertonclude that the LHS and RHS
of Eq. (3.48) are connected each other by the solution ofllbedations Eqgs. (3.43)-(3.45) provided
S22 is fixed to beB,.

4. Conclusion

There exists the close relationship between the GHZ typeaximmally entangled states and
Yang-Baxter approach. On the one hand, the Yangian algatserides transitions for entangled
states and possibly? with special choice of dependent parameters is relatedetondximal de-
gree of entanglement. It is quite natural to introduce Yangperators for GHZ states. On the
other hand, the matrices transforming the natural spisetestates to GHZ type of entangled
states obey braid relation. The idea is similar to the spgtarcture ofSO(2n) representations
and braiding’~28, but here we meet sympletic structure.They can be YangeBiard to yield
R(x)-matrix and lead to Hamiltonian which governs the evolutiwacess of wave function with
respect to the variablé. From the point of view of statistiés! the Schodinger equation we
introduced may dictate the fractional statistics for dfat 0.

We hope that possibly the Yang-Baxter description of erleghgtates may help to set up a
hidden connection between entangled states and topologiaatum field theorg®-39. Of course,
the general definition of entangling degree has not beenestdblished, so there may be long way
to go.
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Appendix A: The Representations of the Yangian Y (5 (3))

In general, the definition of Yangian was first given by Dridfen Refs. [1-2]. Let{l, } be an
orthonormal basis of a simple Lie algelfeover C with respect some invariant inner prodyct).
The YangianY (¢) associated t¢/ is the Hopf algebra ove€ generated (as an associative alge-

bra) by elements$, andJ, with relations (summation over repeated indices is alwaygetstood

hereafter):
Dl =cawlv, [ Il =cuwdy (A1)
2) [, B W =1, B, Wl = argvapylla, g, Iy} (A2)

3) [ duls o, Il + (o, Iils (a5 Jull = (@ pvapyCorv +agrvapyCrpv)ilas 1g; Jy}i (A3)
where thec, ,, are structure constants f, and

1 . .
A\ yvapy = ﬂc,\aacumcvypcmp, {X1, X2, X3} = XiXjXc (symmetric summation (A4)
i ] £k
4) co-product:

Al ) =1 ®@1+1x1), AJy) = ®1+1RJ, +%C)\pv|v®|u (A5)
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In the case/ =9 (2), (A1) implies (A2), and fot7 # 9 (2), (A3) follows from (A1) and (A2).
When¥ = d(n), we have the following conclusion. Let (Ky) be taken as the inner product
of d(n), and{l, } be the orthonormal basis. Then there is a homomorphism ebedg (but not a
Hopf-algebra homomorphism)
g1Y(s(n) — U(d(n) (A6)

such that
£ =% £000) = 2 3 Tr(x(lu+ 1yl Ty (A7)
AU

It is shown in Ref. [15] that for the fundamental represeatet ofd (n) with the weights
)\1 = (1,0""’0)3)\2 = (O’l’ ao)""’)\n = (ana ,l)a (A8)

the action ofJ(x) given by Eq. (A7) is justix for anyx € d (n), wherea is a constant (in the case
d(2), a =0). So for any fundamental representatiofd;) of ol (n) anda € C, we can construct a

representation of (d (n)) with the actions given by
X — X, J(X) — ax, (A9)

and we denote it by (A;)(a).
Next we turn to the case af(3). According to the inner product Xy, we can obtain an

orthonormal basis df (3):

A 1 ~ 1 A 1 A .
Hl = TZHL HZ = %(Hl‘{'ZHZ)a Ei = TZ(EI +E7i)> E*i (EI - E*i), I = 172737

(A10)

1
_\/_—_2

whereH1,Hy, Ej,E_;j are given in Eg. (2.15).
The homomorphism of algebras Y (s (3)) — U (d(3)) as in (A7) is given by

X— X, ¥xed(3)

1 1 1
J(H1) — E_S(le +HiHz +HoHyp) — Z(EzE_z +E 2Bp) + Z(E3E—3 +E_3E3)

-1 1 1
J(H2) — ?(sz +HiHo+HoHp) + Z(ElEfl +E_1E1) — Z(EsEfs +E_3E3)

1 1

1 1
JE-1) — 1_2((H1‘|'2H2)E71+ E,l(H1+2H2))+Z(E,3E2+E2E,3)
-1 1
J(Ez) — E((2H1+H2)E2+E2(2H1+H2))—I—Z(EgE_l—l—E_lEg)
-1 1
JE_2) — E((ZHl +Ho)E 2+ E_>(2H1 +H3))+ Z(E_3El +E(E_3)
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1 1
J(Eg) —_— 1—2((H1 — H2)E3 + E3(H1 — Hz)) + Z(EIEZ + EzEl)
1 1
JE-3) — 1—2((H1 —H2)E 3+ E 3(H1—Hz)) + Z(E—lE—2+ E 2E 1)

After the direct computation, we know that for the fundanaérgpresentation o (3) with weight
(1,0), €(3(x)) = x and for the fundamental representationsdB) with weight (0,1) (the dual
representation ofL,0)), £(J(X)) = —x.

Therefore, according to the co-product given by Eq. (A5).cae consider the representation

of YangianY (sl (3))
W =V(1,0)(a) @V (0,1)(b) =V(1,0)(a) @V (1,0)*(b). (Al11)
In another form, we can rewrite it as in Eq. (2.19). As repnéstions ofdl (3), we have
W =V (1,0)(a) ®V(1,0)(b) = V(1,1) &V (0,0), (A12)
whereV (1,1) can be regarded as the 8-dimensional adjoint represemtaitsb(3) with the basis
Noo(H1) =100) —[11), ngo(Hz) = [11) — [22), wz_1(Ex) = [01), w_12(E2) =12),
wy1(E3) =1(02),w_21(E_1) = |10), Wy _2(E_2) =|21), w_1 _1(E_3) = |20); (A13)
andV (0,0) = Cis the trivial representation af (3) with the basis
Voo = |00) + |11) +[22). (Al4)

Under the above basis, the actions)of) onW =V (1,0)(a) ®V(0,1)(b) are given by

la-b) 2%@-b 0 0 O 0 0 0 Z@a-b+3)
ia~b) -ia-b) 0 0 O 0 0 0 —ia-b+3)
0 0 atb 0 0 0 0 o 0
0 0 0 -a o0 0 0 0 0
J(H1) — 0 0 0O 0 a O 0 0 0 ; (A15)
0 0 0 0 0 —(atb) 0 0O 0
0 0 0O 0 0 0 b O 0
0 0 0 0 0 0 0 —b 0
a—b-3 0 0o 0 O 0 0 0 0
ia-b) -ia-b) 0 0 0 0 0 0 —i(a-b+3)
~%(a~b) —i(a-b) 0 0 0 O 0 0 3(a—b+3)
0 0 -b 0 00 0 0 0
0 0 0 a+tb 0 0 0 0 0
J(Hz) — 0 0 0O 0 bo 0 0 0 , (A16)
0 0 0O 0 Oa 0 0 0
0 0 0O 0 0 0 —(a+th) © 0
0 0 O 0 00O 0 -a 0
0 a-b-3 0 0 00 0 0 0
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Through the direct calculation, it is easy to find that theocast of Y(d(3)) on W can be

regarded as

pa(¥) 2(a— b)Jaa() + (@t b)paa() (8= b+ Maa(¥
o (P 5) a0 (¢ (@b Mz(x ") ey

wherepaq(X) is the adjoint representation €f3), Jaq(X) is the action o€ (J(x)) given by Eq. (A7)

on the adjoint representatiol;2(x) andMa1(x) are the 1x 8 and 8x 1 matrices, respectively.

Appendix B: Actionsof J for GHZ stateswith 4 spins

1) = ~(d- )4~ (c—3)[6) — (b+ 3)/8) — (a+ 3)[10);
Bi2)= ~(d- )3~ (¢~ 3)5) ~ b+ 5)|7) ~ (at 2)[9);

BI3)= (A4 )[2) ~ (b- 312 + (at )14~ (¢~ 2)]16)

2
Bl4) = (A4 D)|1)— (b )11 ~ (a+ 313 ~ (¢~ )15
Bl5) = (c+3)[2) + (a+ 3)12) — (b— 5)|14) — (d - 5)[16);
B16) = (c-+ )I1) — @+ 3)10) — (b— 5)13) — (A~ 5)[15);
BI7) = (b-5)12)~ (@~ )12~ (c+ 5)114) + @@+ 5)[16);
B[8) = (b—5)|1) ~ (@~ )11~ (c+ 5)]13 — (a+ 5)[15); (B1)
B19) = (@- 2)[2) +(c+ 3)12) + (A~ 5)[14) + (b-+ 2)]16);
BI10) = (a~ 2)[1) ~ (c+ )11~ (d— 2)[13) - (b+ )[15);
Bl = (b+ 2)[4) + (@~ 5)6) + (d+3)[8) + (¢~ 2)[10);
Bl12) = (b+ 2)I3) ~ (@~ 3)5) + ([d+3)[7) — (c— 3)I9);
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Bl13) = (@~ 2)/4) + (b+ 2)6) + (c—)[8) + (d+3)[10);
Bl14) = ~(@a- 2)[3) + (b+5)8) + (¢~ 5)7) — (d-+)[9)
B[15) = (¢4 3)[4) +(d+5)6) + (a- 3)18) + (b~ )[10);
BI16) = (c+5)13)+ [+ 3)5) — (- 3)7) (b 5)I9);
J3|1) = (a+b+c+d)[2);
J3|2) = (a+b+c+d)|1);
J[3) = (a+b+c—d)[4) —|6) — |8) — 10);
J|4) = (a+b+c—d)[3)—|5)—|7)—9);
J|5) = |4) + (a+b—c+d)|6) — |8) — |10);
J|6) =[3)+ (a+b—c+d)[5)—|7) — |9);
J|7) =|4) + |6) + (a—b+c+d)|8) — |10);
J|8) = [3) + |5) + (a—b+c+d)|7) — |9); (B2)
33|9) = |4) +|6) +|8) + (—a+b+c+d)|10);
J3|10) = |3) +15) +|7) + (—a+b+c+d)|9);
J|11) = (a—b+c—d)|12) + 2/16);
J|12) = (a—b+c—d)|12) — 213);
J|13) = 212) + (a— b—c+d)|14) + 2/16);
J|14) = (a—b—c+d)|13);
J;3]15) = (a+b—c—d)|16);
J|16) = —2|11) — 2/13) + (a+b—c—d)|15).
J|1) = (a+b+c+d)?1);
J12) = (a+b+c+d)?2);
J213) = [(@+b+c—d)?—3]|3) —2(a+b+1)|5) — 2(a+c)|7) —2(b+c—1)|9);
J2|4) = [(@a+b+c—d)?—3]|4) — 2(a+b+1)|6) — 2(a+¢)|8) — 2(b+c— 1)[10);
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J2|5) = 2(a+b—1)|3) +[(a+b—c+d)?>—3]|5) —2(a+d +1)|7) — 2(b+d)|9);
J2|6) = 2(a+b—1)|4) + [(a+b—c+d)?—3]|6) — 2(a+d + 1)|8) — 2(b+d)|10);
J|7) = 2(a+¢)[3)+2(a+d —1)|5) + [(a—b+c+d)>—3]|7) — 2(c+d +1)|9);
J2|8) = 2(a+c)|4) + 2(a+d —1)|6) + [(a— b+c+d)>—3)|8) — 2(c+d +1)|10);  (B3)
J219) = 2(b+¢)[3) +2(b+d)|5) +2(c+d — 1)|7) + [(—a+b+c+d)>— 3]|9);
J2110) = 2(b+¢)|4) + 2(b+d)|6) +2(c+d — 1)|8) + [(—a+b+c+d) — 3]|10);
J211) = [(a—b+c—d)?—4]|11) — 2(a—b+c—d+2)|13) + 2(a+ b—c—d)|15);
J2|12) = [(a—b+c—d)?—4]|12) —2(a—b—c+d)|14) + 2(a—b+c—d —2)[16);
J|13) = 2(a—b+c—d—2)[11) 4 [(@a— b—c+d)?>—8]|13) + 2(a+b—c—d)|15);
J2|14) = 2(a—b—c+d)[12) + (a—b—c+d)?14) + 2(a—b—c+d)|16);
J2|15) = —2(a+b—c—d)|11) - 2(a+b—c—d)|13) + (a+b—c—d)?15);

J2|16) = —2(a—b+c—d+2)[12) + 2(a—b—c+d)|14) + [(a+b—c—d)?>— g]|16).

Appendix C: Proof of Bg to satisfy braid relations Egs. (3.43)-(3.45)

For

S“:%Z(lJrM), M2 = a1, (C1)

where j=half integer, then braid relation f& ! reads

siisislh = slislishl. (C2
It leads to
M12M23M12 + M1 = M23M1oMo3 4 Moa. (C3
Setting the matriM to the form
M = PadadGocBa b + Vapda_cOb-dlaz—b. (C4)
The Eq. (B2) gives the relations
M12M23M1o = M2z, M23M1oMo3 = Myo, (CYH)
or
MiMi+1Mi = Mi1q, (Co)

with the allowed values gb, andvyy,, provided they satisfy one of the following three relations
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(@) All pa = Vap = 1; (C7)
1 a>o0 1 a>o0

®pa= ;| o Vd=_4 oo (C8)
1 a>o0 1 a>0b#aorb=a>0

(C)pa_—l a<0 "®7 _1 a>0b#aorb=a<0’ (€9)

The solutions (b) and (c) give the sarBez in which only vg, is survived. Together with

PaP-a = VaaV-a-a = VapV-a-b = —1, we get

M2=—1, and (S22)2— /257 +1=0. (C10)
Similarly, we set
raa 11 ad
g: Bb = paaéabaaﬁla;éia +qaa5a—b5a—ﬁ‘a;£ia + (Szz)Bb‘a’be(%’_%)7 (Cll)
and
1.aa 11 .0a
2! Bb = faa5aﬁ5ab|ayéia =+ gaa5a7[§5a—b|a;éia + (&2 Z)Bb |a,be(%,—%)' (C12

Substituting Egs. (C1), (C11) and (C12) into Eqgs. (3.433%3for j = g after calculation one
finds

1 1
Py =Py 3 =P34 =5 Py 3=~ 5
— JR— P 1 _— l .
U3=%-3=034= 5 3= "5
1 1
w=fu=fy=p =75 (€13
_ _ _ 1 B 1
95=943=933= 5 93= "5
Taking the labeling
31. 3 1,11 1 1 3 1
(a7a)_(575)7(27_5)7(572)7(57 5)7 7(_57_5)7
and
13 13 11 1 1 1 3
(B7b)_(575)7(__75)7(572)7(27 2)7 7(_57_5)7
then we obtain
1 1
Ps1 Q31 1 1
22 22 1 1
Ps_1 Qgz_1
S%%— 272 11 272 _i 1 1
B ° VZ -1 1
-3 P33 -1 1
9-3- P-3-4 —1 1
1 -1
(C14)
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