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1. Introduction

An alternative title for this talk is

What is Known About Low Energy Constants and Quark Mass Dagece in Chiral Pertur
bation Theoryfrom the Continuum

In order to discuss this a short introduction to Chiral pdxdtion Theory (ChPT) is given with an
emphasis on some of the aspects that have been known to coeéigion, the choice of quantities
to express the expansion in. The remainder can be split ivenview of the existing calculations
in two and three-flavour ChPT and quark mass dependencesarakef the quantities of interest
in both cases. | restrict myself here to the cases where foiloop calculation is available and to
guantities of interest to the lattice community. | also nednyou of the existing partially quenched
calculations at two-loop order. In the remainder | will usdey p® in the chiral counting, next-to-
next-to-leading order (NNLO) and two-loop order as synosyauen though strictly speaking the
two-loop diagrams are only part of the NNLO result.

A review of orderp® ChPT is [1] and several more references to lectures as wdlless
containing the long two-loop expressions can be found imtblesite [2]. | want to point out those
by Sharpe aimed at lattice QCD practitioners [3].

2. Chiral Perturbation Theory

Chiral perturbation Theory in its modern form was introduced by Gasser, Leutwyler anothWe
berg [4, 5, 6] and it can be defined as

Exploring the consequences of the chiral symmetry of QCD imdpontaneous breaking
using effective field theory techniques

The assumptions that are needed to allow a derivation from @l a full derivation can be found
in the paper by Leutwyler [7]. | do not intend to give a full dation here but only restrict myself
to a few comments.

Powercounting: In effective field theory, one assumes that there is a gageisplectrum which
allows to include only the degrees of freedom that are relelvalow the gap and treat the effects
of the degrees of freedom at higher scales perturbativdtyis clear separation of scales is the
first requirement. One then constructs the most general laggangian with the lower degrees
of freedom in agreement with the symmetries and their ra@tim. Unfortunately, this leads to an
infinite number of parameters and hence there is no preitycléft. If there exists a way to organize
the series in terms of order of importance, then we can waikrdoy order and have predictivity
at any fixed order in the importance. This is typically ackeby introducingoowercounting.

Unitarity: In Ref. [7] one uses strongly the fact that the only singtiksiat low energies in
Green functions come from poles and cuts of the light degrefgeedom and that all the remaining
vertices can be expanded. This is where unitarity playsesinahe derivation of ChPT from QCD.

ChPT: ChPT is the effective field theory built with the GoldstonesBns resulting from the
spontaneous breakdown of chiral symmetry in QCD as primegraks of freedom. The power-
counting usetlis basically dimensional counting in momenta and (mesorgsesm The expected

IThere are different countings possible, the one here istimard one. References can be found in [1] and the
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breakdown scale is the scale of resonances, so for enemgiesdam, standard mesonic ChPT
definitely does not work. The breakdown scale depnds a biv@channel.

Chiral Symmetry: In QCD with three light quarks of equal mass, they are fultginhangeable
and we have 8J (3)y symmetry. But looking at the QCD Lagrangian

Zoep = Zd igLPaL +igrDOr — My (GRAL + ALOR)] (2.1)
g=u,qa,s

we see that fomq = 0 we have a separate interchange for the left and right-libgdarks:G, =
SV (3)|_ x (3)R

Chiral Symmetry Breaking: The fact that the vacuum expectation valgg) = (q gr+0raL) #
0 leads to the spontaneous breaking3df(3),. x U (3)r to J (3)y. The eight broken generators
lead to eight massless degrees of freedmoh make their interactions vanish at zero momentum.
The latter fact allows to produce a consistent powercogntirChPT. This is illustrated in Fig. 1.

p? (p?)?(1/p?)?p*=p*

(p?) (1/p%) p* = p*
Jd*p p*

Figure 1: An illustration of the power-counting in ChPT. On the left aee the lowest order vertex with

two powers of momenta or masses, the meson propagator witimterse powers and the loop integration
leading to four powers. On the right-hand side we see twoloop-contributions and how the counting on
the left leads to the same powet for both diagrams. This counting was generalized to all axrite[4].

Chiral Perturbation Theories: ChPT is a very large subject, more than 3500 papers cite at
least one of the three basic papers. The name ChPT also istgiwevariety of different theories
exploiting the chiral symmetry of QCD. These include apatiien to baryons, mesons and baryons
containing heavy quarks, vector mesons and other resamamckof course the light pseudoscalar
mesons. Within the latter we can distinguish between tesavith two, three or more flavours, also
in the partially quenched varieties, as well as includireggbmagnetism and the weak interactions
nonleptonically and the possibility of treating the kaoradgavy particle. This talk restricts itself
to the standard two, three or more flavour sector with strateyactions and couplings to external
currents. This is the part that has been most fully pushedder €.

Lowest order Lagrangian: The Goldstone Bosons live on the manif@gdH with G = SJ (ng ) x
U (ng)r andH = U (ng )y for ng flavours of quarksG/H has again the structure 88 (ng) and
can be parametrized by a matrix

° n +
Btk T K
U(p) =expliv2d/R), with ®(x)=| m -Z+0 KO [ (22)
K- KO -2k
6

talk by S. Descotes-Genon[8].
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2 flavour 3 flavour 3+3 PQChPT
PP FFB 2 F,Bg 2 FyBg 2
p* I 743 LLHT 1042 LA 1142

PP ¢ 52+4 CI  90+4 K/ = 112+3

Table 1: The number of parameters+contact terms for the varioustghb€hPT.

Here | have indicated the traceless mathixn terms of the known pseudoscalars for the case of
ne = 3. The lowest order or orde®® Lagrangian contains two terms

% = (F2/4) {(D,UTDFU) + (xTU + xUT)} | (2.3)

with a covariant derivativ®®,U = d,U —ir U +iUl,, which includes the left and right external
currents: r(l)y = vy + (—)ay. The scalar and pseudoscalar external densities are @utivic
X = 2Bo(s+ip) with the quark masses included in the scalar density:..# + ---. The notation
(A) is the trace over flavourBrg (A).

NLO Lagrangian: The Lagrangian at ordgr* was classified in [5, 6] and is for = 3

% = L1(D,UTDHU)2 + Ly(D,U DU ) (DFUTDYU) + Lg(DHU TD,UDYU TDLU)
+L4(DFUTDLU) (xTU + xUT) + Ls(D*U DU (X TU +UTX)) + Le(xTU + xUT)2
+Lr(xTU — xUT2+ Lg(xTUXTU + xUTxUT) —iLe(F, D*UDYUT + F}; D*UTDU)
+L1o(UTFRUFY) + Hy(FR FRHY - ELFSY) - Ho (x ) - (2.4)

The constantd; in this Lagrangian are generally known as Low-energy canstéLECs). The
constantdH; have values dependent on the definition of currents/dersatnd the terms are called
contact terms. The LECs absorb the divergences of loopatiagorder by order in the powercount-
ing. The finite part is denoted Ry and depends on the subtraction sqakend the renormalization
prescription.

Number of parameters. The number of parameters at the various orders is shown inITab
The orderp? is from [9], orderp* from [5, 6], orderp® from [10] after an earlier attempt [11]. The
partially quenched results are derived from tiaeflavour case [12, 13]. The difficulty in obtaining
a minimal set can be seen from the recent discovery of a neMiaelin thens = 2 case [14].
Since the normal case is a continuous limit of the partiallgreched case, the resulting LECs are
just linear combinations of partially quenched LECs usimg €ayley-Hamilton relations given in
[10]. The general divergence structure at this order islkatgovn [15]. The parameteB+# By and
F # Fy are the two versus three-flavour lowest order constants.

Chiral Logarithms. The main predictions of ChPT are twofold. 1) It relates psses with
different numbers of pseudoscalars. 2) It predicts noryéinalependences at higher orders, often
referred to generically aShiral Log(arithm)s. As an example, the pion mass for = 2 is given
at NLO by [5]

F 322 2

The notationM? = 2B = B(m, + my) is used a lot in the remainder. Thedependence cancels
between the explicit dependence in the logarithm and théidingependence ith.

~ 2 A~
M2 — 2B+ <28m> [ 1 |og(25m)+2|§(u) T (2.5)
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LECs and choice of u: The LECs, likel; in (2.5), have to be determined experimentally or
from lattice calculations. They can be quoted in severalswv&prng = 2 Ref. [5] introduced

I = (322 /) I} (1) — log (m&/p?) (2.6)

which arep independent and are proportional to the LEG$t = my). Forng = 3 some of the
corresponding are zero and no good equivalent definitiorLp&xists. Here we always quote the
L{ (u). The scaleu is in principle arbitrary but becomes relevant when usirtgregtes for higher
order constants. Choosing= m;, mk or m, puts some of the chiral logs to zero and thus obscures
one of the main predictions of ChPT. At a scalez 1 GeV experimentally.; ~ 0 and this would
clash with largeN. type estimates of the LECs. For these reasons, many ChPiitiprears use
H=my,=0.77 GeV.

What quantities to expand in: The ChPT expansion is in momenta and masses. However, one
first has to decide whether to expand in lowest order quastitike F, 2B, or physical masses
and decay constants, lika;, mx,m,,Fr, Fc. The latter is also not unique since relations like the
Gell-Mann—Okubo relation and kinematical relations kket + u = 2m2 +2mg for nK-scattering
can be (and are heavily) used to rewrite expressions. Thisdsotrivial but can change much
how a series convergence looks as shown below for a simplagga Similar questions are also
discussed by [8]. | personally prefer to use physical maasesdecay constants rather than the
lowest order quantities. The physical quantities are Blpidetter known and the chiral logs are
created by particles propagating with their physical mammen Also, thresholds appear in the
right places at each order in perturbation theory.

Avery simple example: Take the relationsn; = mg/ (1+amy/fo), fr= fo/(1+4bmg/fo),
as exact. We can expand to NNLO in several ways

mn:rrb—a@Jraz@ngm fr=fo 1—b@+b2ﬁg+~- (2.7)
mn:rno—aﬁhra(b—a)%jtm fr=fo (1—b¥+b(2b—a)%+---> (2.8)
s T n m
My = My 1—aﬂT+abﬁg+--. (2.9)

fr fa

The coefficients in the expansion and the actual numeridakseclearly depend on the way we
write the results. The plots in Fig. 2 show the convergenceafe 1, b= 0.5 andfo = 1. Only
knowing the first three terms one would draw very differenbaosions on the quality of the
convergence from Fig. 2 for the different ways of writing #gansion.

3. Two-flavour ChPT at NNLO

References to ordgr® and p* work can be found in [1]. The first work at NNLO used disper-
sive methods to obtain the nonanalytic dependence on kiieahguantities g2, s,t,u at NNLO.
This was done for the vector (electromagnetic) and scatanfetor of the pion in [16] (numeri-
cally) and [17] (analytically) and fortrr-scattering analytically in [18]. The work of [18] allowed
to put many of the full NNLO ChPT calculations in two-flavounET in a simple analytical form.
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Figure 2: On the leftm; as a function ofry for the expansion in terms of,/ fo (2.7) and on the right for
the expansion in terms ofi;/ f; (2.8). Shown are the full resultsng) and the first three approximations.

Essentially all processes of interest are calculated to @Ky in ChPT starting withyy —
P [19, 20], yy — - [21, 22, 23],F; andmy [22, 24, 25, 26],mre-scattering [24, 25], the
pion scalar and vector formfactors [26] and pion radiatieeay mr — ¢vy [27]. The pion mass is
also known at ordep® in finite volume [28].

The LECs have been fitted in several procesl;,dsom fitting to the pion scalar radius [27, 29],
I3 from an estimate of the pion mass dependence on the quarlesn@s29] andy, I, from the
agreement withrir-scattering [29]1_6 from the pion charge radius [26] amgl— Is from the axial
formfactor inrt— Zvy. The final best values are [26, 27, 29]

lp=-04+06, l;=43+01, l3=29+24,

3.1
l,=444+02, lg—ls=30+03, Ig=160+05+0.7. 3-1)

It should be noticed that we do not have a good determinafidsfoom the continuum.

There is also information on some combinationspdfLECs. These are basically via the
curvature in the vector and scalar formfactor of the pion] [@6d two combinations frontrt-
scattering [29] from the knowledge &k and bg in that reference. The orde® LECsc are
estimated to have a small effect iox;, f;; and rrr-scattering.

Let me now show a few dependences on the quark madd34a 2Brh. First for m?. expanded
in analogy with (2.9). A surprise is how small the NLO and NNt@rections are for the values of
the input parameters given in (3.1) afjdu = 0.77 GeV) = 0. The full result is extremely linear as
can be seen in the left plot in Fig. 3 The linearity is a consege of the fitting parameters as can
be seen in the right figure in Fig. 3. Similarf as a function oM? expanded as in (2.8) is shown
in Fig. 4. The values o2, F; andM? are determined selfconsistently from the ChPT formulas
guoted in [26] via an iterative method.

4. Three-flavour ChPT at NNLO

4.1 Calculations

In this section | will discuss several results at NNLO in masdhree-flavour ChPT. In general
the formulas here are much more involved than in two-flavduPTand while the expressions have
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Figure 3: The pion mass squared as a function of the quark madd¥ia 2B, left with inputs as in (3.1)
and right withlz = 0, both are fong = 2 ChPT.

0.12

0.1 |

0.08 [

0.06 [ LO

Fr[GeV]

0.04

0.02

0

0 0.05 0.1 0.15 0.2 0.25
M? [GeV?]

Figure 4: The pion decay constant as a function of the quark massI¥ia: 2B, for ng = 2 ChPT.

been reduced to a series of well-defined two-loop integthks latter are evaluated numerically.
Most recent calculations use the subtraction scheme sgeaif[15, 25] but many do not, also the
reduction to numerical integrals is done differently byfetiént groups which makes comparisons
very difficult in the case of disagreement, see e.g. the di&on in [30] about the numerical
discrepancy with [31].

The vector two-point functions were among the first cal@dan therrandn flavour quantum
number channel [32, 33] and in tKeflavour quantum number channel [32, 34]. The isospin break-
ing for thepw channel was done in [35]. The disconnected scalar two-foimdtion relevant for
bounds orL}, andL§ was worked out in [36]. The remaining scalar two-point fimas are known
but unpublished [37]. Masses and decay constants as wellas/actor two-point functions were
the first calculations which required full two-loop intetgradone in theTrandn [32, 38] and theK
channel [32]. The full isospin breaking contributions tosses and decay constants are in [39].

At this level many expressions were known but a full fit of LEGsxperimental data could
be carried out only aftel,4 had also been evaluated to NNLO [40, 41]. The vacuum expewctat
values in the isospin limit were done in [41], with isospiredking in [39] and at finite volume
in [42].
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The vector (electromagnetic) formfactors for pions andnsawere calculated in [43, 44, 45]
and in [45] a NNLO fit forLg was performed.L], can be determined from the axial formfactor
in i, K — ¢vy. The NNLO calculation is done, but no data fitting was perfedid6]. A rather
important calculation is th&,; formfactor. This calculation was done by [30, 31] and a mathe
interesting relation between the value at zero, the slogdtacurvature for the scalar formfactor
obtained [30]. | will present some results #r; below.

Calculations for scalar formfactors including sigma ternsl scalar radii [47] andrrr [48]
andriK-scattering [49] have been performed as well and used te filaits onL} andLg. Finally,
the relations between thieandL! have been extended to the accuracy needed to comparepSrder
results in two and three-flavour calculations [50] and theas been some progress towards fully
analytical results fom? [51] and ik -scattering lengths [52].

I am aware of a number of calculations in progress, includjng: 31T and isospin breaking
in K¢z [53], preliminary results were reported in [54], the sumdegrals needed for the masses at
finite volume [55] and the relations between the two and tHes@ur orderp® constants [56].

4.2 C!': estimates of orderp® LECs

Most numerical analyses at ordp? use a (single) resonance approximation to the opder
LECs. This is schematically shown in Fig. 5. The main undegymotivation is the larg&l. limit

m
0.S o] << mB.md o
) .

—>q2
T T

Figure 5: A schematic indication of the estimate of the org@iLECs by resonance exchange.

and phenomenological success at orgef57]. There is a large volume of work on this, some
references are [58, 59, 60, 61]. The numerical work | willakgas used the simple resonance
Lagrangian [25, 39, 41, 57]

1

1 fv igv
KA = _Z<Vqu“v>+§n'€/<VuV”>_2—\/§ v ffv>_2—\/§<VuV[UH>UV]>+ fx (VulW?, x-1),
1 1 fa
In = —Z<AuvA“V>+§m/2A<AuA“> - ﬁ(AuvffW%

1 1 1 -

L = E(D“S]“S— MES) + ca(SUHuy) +Cm(SX4 ), Ly = Eauplaﬂpl— Em?,,P12+ idnPL(X_).
fy =020, f,=-0025 gy=009 cn=42MeV, cy=32MeV, dn=20MeV,

my = mp =0.77 GeV,my = my, = 1.23 GeV,ms=0.98 GeV, mp, = 0.958 GeV. (4.2)

The values offy, gy, fy and fo come from experiment [25, 57] angl, andcy from resonance
saturation at ordep® [57].

The estimate of th€/ is the weakest point in the numerical fitting at present, haremany
results are not very sensitive to this. The main problem is tiee C which contribute to the
masses, estimated to be zero exceptjfoeffects by (4.1), affect the determination of the others.
The estimate is alsp-independent while th€ depend oru.



Quark Mass dependence at Two Loops for Meson Properties Johan Bijnens

The fits done here in [39, 40, 41, 47] try to check this by vagyihe total resonance con-
tribution by a factor of two, varying the scale from 550 to 1000 MeV and compare estimated
Cl to experimentally determined ones. The latter works welt, dgain the experimentally well
determined ones are those with dependence on kinematigbiesionly, not ones relevant for
guark-mass dependence.

4.3 The fitting and results

The inputs used for the fitting, see the more extensive disousn [39, 41], are

e Kyu: F(0), G(0), A from E865 at BNL[62, 63].

o N¥,, M, ME., Mg, electromagnetic corrections include the estimated titnieof Dashen’s
theorem ([64] and references therein).

(] Fn+.

Ft /Fre -

ms/h = 24. Variations withms/ri were studied in [39, 41].

Ly, Lg the main fit, 10, has them equal to zero, but see below and guenants in [36].

The results of this fit are summarized in Tab. 2. The errorsvarg correlated, this is shown in
Fig. 6 in [41] for the fit to then availablk,, data. As said before varying the estimates ofGhey

a factor of two, varying the: where the estimate of tf@ is done from 550 to 1000 MeV all stay
within the given errors. Varying the values Idf, L§ as input can be done with a reasonable fitting
chi-squared when varying im from —0.4 to 06 andL§ from —0.3 to 06. These alternative fits
were performed in [47] and variation of many quantities vii§hLg (including the changes via the
changed values of the othkel) are shown in [47, 48, 49]. Fit B was one of the fits that gaveago
fit to the pion scalar radius and fairly small correctionshte sigma terms [47] while fit D [65] is
the one that gave agreement witht and ik -scattering threshold quantities.

One point should be observed here, if one fits lattice data MitO formulas to obtain the!,
one should also use the NLO or ord#rfit values from Tab. 2 to compare with.

Note them,/my = O is never even close to the best fit and this remains true #oetttire
variation withL}, L. The value o, the pion decay constant in the three-flavour chiral limaf ¢
vary significantly, even though | believe that fit B is an erteecase.

In Fig. 6 we show how the threshold paramet&}anda3 depend on the variation witk],, L.
a8 always agrees well with the result of [29] wh#é only agrees well within a limited region [48].
For comparison, the order values ar@ = 0.159 anda3 = —0.0454. The planes in Fig. 6 indicate
the resultsad = 0.220+0.005, a3 = —0.0444+0.0010 [29]. The same study was performed for
niK scattering lengths in [49] with the results of the Roy-Steianalysis [66]. The resulting limits
on the input values of}, Ly are shown in Fig. 7. The resulting region called fit D in Tabs2 i
10~°’L£1 ~ 0.2, 10°’Lg ~ 0.0. This general fitting obviously needs more work and systenséudies
and constraints from lattice QCD arj, L§ will be very useful.

4.4 Mass dependence and other results for selected quangs

I now show the dependence of a few quantities on the input esas§hese are updates of
the plots shown in [41] and also some new onesffai0) in K;3. The masses squared and decay
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fit 10 samep* fit B fitD
103} 0.434+0.12 038 044 044
1035 0.73+0.12 159 060 069
10°Ly  -235+£037 291 -231 -2.33
10°LY, =0 =0 =05 =02
10°L 0.97+0.11 146 082 088
103L% =0 =0 =01 =
10°LY  -031+014 049 -0.26 -0.28
10°L% 0.604+0.18 100 050 054
103 5.934+0.43 70 —~ —~

2Borh/m2, 0.736 0.991 1.129 0.958

mé: p*,p® 0.006,0.258 0.008;0 —0.138,0.009 —0.091,0.133

mz: p*,p® 0.007,0.306 0.0750 —0.149,0.094 —0.096,0.201

m: p*,p® —0.052,0.318 0.013;0 -0.197,0.073 —0.151,0.197
my,/ My 0.45+0.05 0.52 0.52 0.50

Fo [MeV] 87.7 81.1 70.4 80.4
£:p%p® 01690051 0220 0.1530.067 0.159,0.061

Table 2: The fits of theL] and some results, see text for a detailed description. Thewlaquoted at
u = 0.77 GeV. Table with values from [39, 45, 47, 49, 65]. At presthet best fits to use for comparison
with the lattice are fit 10 at NNLO or ordgf* depending on the order of the lattice fit.

constants are written in the form analogous to (2.8) as glubdi in [32] (note the erratum of [39]
and the formulas given in [2]). A selfconsistent setgf mg, mZ, Fr, Boms andBorhwith the fitted
values ofL{ andF, is determined for each input value of two masses. This is @griterating the
formulas till convergence is reached. NNLO reproduces thesipal values at the physical point.

We shown, for fit 10 and fit D keepingms/r = 24 and varyingms in Fig. 8. The same
dependence but fang is shown in Fig. 9. The large corrections for fit 10 come frora kaon
mass. This is shown in Fig. 10(a) where we pigtwith rfixed to its physical value and vangs.

The decay constants and ratios are shown as a functiom af fixed ratioms/r for Fy in
Fig. 10(b),F« in Fig. 11(a) and~ /F in Fig. 11(b)

Let me finally discuss some results of the calculatioiKgf[30]. One major point is that the
scalar formfactor can be written as

fo(t) = 1— %(C£2+C§4) (g — m%)z + %(ZC£2+C54) (Mg + ) — %tZC£2+A(t) (4.2)
A(t) containsno C' and only depends on thé at orderp®. All needed parameters C! for f, (0) =
fo(0) can thus be determined experimentally or fromthe lattice via the slope and curvature f(t).

The dependence df_(0) — 1 on the masses is shown in Fig. 12. The left plot shows the thre
corrections, ordep*, orderp® pure two-loop part and ordef theL!-dependent part as well as the
sum of those three. It does not include the contribution ftoeCf. The right plot shows the same
contributions divided bym2 —m2)?. Both are shown as a function o with i fixed. Note that
in the right plot both ordep® corrections are rather flat except near the physical piosmas

10
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Figure 6: Therrrrscattering lengths in three-flavour ChPT as a function ofrthat values ot} Lg used in
the fits.a§ left, a3 right. See [48] for details, from [48].
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Figure 7: The bounds oh}, Lg from rirrand ik -scattering threshold parameters. Left where the bound
from a% shown in Fig. 6 is the most stringent. RighiK. White regions are allowed. The region of fit D,
compatible with both, is indicated by the circle. From [49].

5. Even more flavours at NNLO (or PQChPT)

NLO Partially Quenched ChPT has been studied by many peogiéand to be very useful,
see [3] and references therein. The masses and decay dsratarknown to NNLO for almost
all possible mass combinations. Formulas were kept in tefrttee quark-mass expansion, analo-
gously to (2.7), to avoid the proliferation in physical mesgappearing in this case. The three sea
flavour masses and decay constants can be found in [12, 18n@#he two sea flavour results are
in [68]. Numerical programs are available from the auth@ise formulas are in the papers but can
be downloaded from [2]. The papers also contain discusabosit how to fit the NNLO LECs.
PQCHhPT NNLO results for neutral masses are in [69] and @egnetism was included in [70].
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Figure 8: mZ as a function ofm for fit 10 (left) and fit D (right) of Tab. 2 withms/rh fixed. Note the
difference in convergence properties between the two fits.
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Figure 9: mZ as a function ofms for fit 10 (left) and fit D (right) of Tab. 2 withms/ih fixed. Note the
difference in convergence properties between the two fits.
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Figure 10: For fit 10: (a)m? as a function ofms with mfixed. (b)F, as a function ofms with ms/rh fixed.
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Figure 12: For fit 10: (a)f; (0) — 1 (b) (f; (0) — 1)/(m& — m2)? as a function ofr2 with mg fixed.

6. Wishing lists and Conclusions

The conclusions are several lists. First a general wislidghd a comment on NNLO fitting:

e Quark mass dependenaa&rywhere

e A presentation of lattice results at a given quark mass pataded to the continuum and
infinite volume. Or, in general, results presented in a way #flows us ChPT practitioners
to use your data also later on when other inputs might be @thng

e More use of the existing NNLO calculations, if you have angeaisl how we can improve the
usability of the existing calculations, please tell us. But remember:

— The number of new parameters at NNLO is very small compareardeent lattice

fitting results. The new ordep® parameters are exactly the same in number as those

you add when you add an analytic NNLO fitting expression. Ywmrefore daot lose
any predictivity when including the full NNLO result and Inding the known NNLO

parts is definitely recommended.

— There is a small caveat to this, the orgl.ECs that show up in scattering now appear
at NNLO also for the masses and decay constamtshese LECs are well known for
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ne = 2, 11,1, from Eq. (3.1), andhe = 3, L', 5,L5 from Tab. 2. For the partially
quenched case, there is the unknown extra pararﬁgidﬂut a largel\; estimate gives
Lf =L, =0and thudf = 2L, [ = L5+ 4L}, (obtained by inverting (21) of [13]).

A more direct wishing list (with input from Berne) for two-flaurs is
° I_3 and errors.
° I;,: can the lattice check the relation betwdepas a function of the masses and the scalar
radius?
° IZ and [29]: Can the lattice check the strong correlation betwibe scalar radius arag?
e Isospin breaking irmrT scattering as = mg, important for CP-violation phenomenology.

A similar list for three flavours (the different points ar¢hex related)
LargeN; suppressed couplings like, andLg

ms dependence df,; andm?,

sigma terms and scalar radii

f. (0) in Ky3 from extrapolations of botli, (%) and fo(g?)

and my final comments

e Lots of analytical work is done in ChPT at NNLO, please usdl (@ite ©) it.
e Use the correct ChPT

— 2-flavour for varyingniand possibly folNs = 2 andN; = 2+ 1 at fixedmg (but have
different LECs)

— otherwise 3-flavour

— the various partially quenched versions

e Remember at which order in ChPT you compare things: NLO fth tadtice and continuum,
NNLO for both lattice and continuum. Fits put neglected ligbrder effects into the LECs.

And finally, ChPT and LECs played to my great pleasure a lavtgein many of the presenta-
tions at this conference, as summarized by S. Necco[71].lbaking forward to even more future
results from lattice QCD.
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