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QCD thermodynamics Il Frithjof Karsch

1. Introduction

The QCD vacuum has a complicated structure that manifests itself most praiyiimethe
confinement of quarks and gluons and the spontaneous breakingalfsghmmetry. These non-
perturbative properties of QCD are known to be temperature depeaddntventually will dis-
appear at high temperature; at least in the limit of vanishing quark massegpeet that QCD
undergoes a phase transition from a hadronic phase to a new phaseoofided quarks and glu-
ons in which chiral symmetry is restored. It has been speculated thatdtwele: be two separate
transitions in QCD at which quarks and gluons deconfine and chiral symgets restored [1] 2],
a scenario that has indeed been observed in lattice calculations of gaagieshwith fermions
in the adjoined representatiofj [3]. In QCD with quarks being in the fundéahespresentation,
however, it seems that at least for vanishing quark chemical potentraligha unique transition in
the chiral limit at which quarks and gluons deconfine and chiral symmetsyrgstored.

While in massless QCD the chiral condensate is a unique order paramethirbdisymmetry
restoration, there is no counterpart for deconfinement. The Polyakqy ehich is an order pa-
rameter for deconfinement in the limit of infinitely heavy quafks [5], is nereat all values of the
temperature whenever quarks have finite masses. Nonetheless, tinéirdeggroperties of the
QCD transition are clearly reflected in the behavior of bulk thermodynamiergables, e.g. in the
rapid rise of the energy or entropy density as well as in the sudden senedluctuations of light
and strange quark numbers. The sudden change in the latter reflectsetiagidib of many light
degrees of freedom, quarks and gluons, which dominate the propefties thermal medium at
high temperature. In the chiral limit these sudden changes go along witHasiitigs in bulk ther-
modynamic observables, the specific heat as well as quartic fluctuatitime liht quark number
diverge or develop a cusp. At the same temperature the chiral ordemptar and its derivative
with respect to the quark mass, the chiral susceptibility, show singulavtoehdn this limit it
is obvious that the singular behavior in observables related to deconfieme chiral symmetry
restoration, respectively, are closely related. To what extent this ctdagon persists also for
non-zero values of the quark masses then becomes a quantitative qtiestisimould be answered
through numerical calculations in lattice QCD.

This became of particular interest in view of a recent calculafipn [6] thegested that there
might be a large difference in the transition temperature related to deconfibeimservables on
the one hand and observables sensitive to chiral symmetry restoratior athigr hand. It has
been suggested that in the continuum limit this difference can be as largeMs\2 However,
calculations performed with#(a?) improved staggered fermiong [, 8] so far did not show such a
large difference.

In this write-up we will discuss some results from lattice calculations conagtthia inter-
play of deconfinement and chiral symmetry restoration. As these resuishieeen presented in
July/August of 2007 in a very similar format at the '4th International Whdgs on Critical Point
and Onset of Deconfinement’ and at the 'XXV International Symposiurhattice Field Theory’
the write-up of these talks has been splitted into two parts. In the first[flame[@liscussed recent
results on the QCD equation of state. In this second part we will conceminatesults that can

1LargeN; arguments suggest that the situation could be more complicated foremorgaark chemical potential
.
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give insight into properties of the QCD transition itself. We will focus hereagmresentation of
results obtained witl’(a?) improved staggered fermion formulations. Results obtained with the
1-link, stout smeared staggered fermion actign [6] have been presarieth meetings separately

(1.

2. The transition temperature

Before entering the discussion on deconfinement and chiral symmetoyatisn, let us briefly
summarize the current status of calculations of the QCD transition temperaiagevarious dis-
cretization schemes. The goal here is, of course, to determine the trarisitigerature in the
continuum limit of lattice regularized QCD with its physical spectrum of two lighd arheavier
strange quark mass. While the heavier quarks, e.g. the charm quarksnfloence thermody-
namics at high temperaturg J1I] 12], they are not expected to affectathsitton temperature. In
fact, even dynamical strange quark degrees of freedom seem tdittl@vmfluence on the value
of the transition temperature. Differences in the transition temperatures(@f21)-flavor and
3-flavor QCD still seem to be well within the current statistical and systematiertainty. This is
in agreement with the observed weak dependence of the transition termperatine light quark
mass or, equivalently, on the light pseudo-scalar meson mass,

roTe(mps) — roTe(0) ~ A(romps)? (2.1)

with d ~ 1, A<0.05. To be specific we have used here the distapaxtracted from the static
quark potential (see part [][9]) to set the scale Tor The weak quark mass dependencdofs
consistently found in calculations wit#i(a?) improved staggered fermionf [7,] 16] 17] as well as
with Wilson fermions [1B[ 14} 35]. This has been taken as an indication éintiportance of a
large number of rather heavy resonances for building up the criticalitons, e.g. a sufficiently
large energy density, needed to deconfine the partonic degreegdbfrein QCD. As these heavy
resonances are only weakly dependent on the quark mass values thehiiglhtsector of QCD
may play a subdominant role for the quantitative value of the transition temperatiile it does,
of course, control the universal properties of thermodynamic obbdgs in the chiral limit. In
2-flavor QCD for instancg the scaling exponemt appearing in Eq. 21, will be related to critical
exponentsf§, o) of 3-dimensionalQ(4) symmetric spin modelsl = 2/36 = 1.08.

In Fig. f}(left) we show results on the quark mass dependence of thetirartemperature
obtained in calculations with the p4fat3 staggered fermion action on lattices withliffeoent
values of the cut-offaT = 1/4 and 1/6 [[{]. As expected, in addition to the obvious quark mass
dependence df; also a dependence on the cut-aiffjs clearly visible. Asymptotically the cut-off
dependence is expected to be proportionafta.e. we expect to find

roTe(Mps, Np) — roTe(0,00) = A(romps)d + B/N2 . (2.2)

2The discussion carries over to the light quark sector of (2+1)-flav@DQHowever, in this case one has to keep
in mind that a second order transition point might be reached already@t-aero value of the light quark mass. This
effectively will change the universality class of the transition fra) to Z(2) and modifies the singular structure of
the free energy.
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Figure 1: Left: Quark mass and cut-off dependence of the transitimptature calculated with the p4fat3
staggered fermion action on lattices with temporal exdnt 4 and 6 []7]. Right: Transition temperatures
determined in several recent studies of QCD thermodynarfkiesm top to bottom the first two data points
show results obtained in simulations of 2-flavor QCD usiravet improved Wilson fermions on lattices
with temporal extenN; = 8, 10 and 12[[23[ 4] andl; = 4 and 6 [1F], respectively. The remaining data
points have been obtained in simulations of QCD with 2 ligldy masses and a physical strange quark
mass. They are based on calculations with staggered fesnising the asqtad action & =4, 6 and 8
lattices [1F], the p4fat3 action dw, = 4, 6 [[1] and 1-link, stout smeared actionNp= 4, 6, 8 and 10 lattices
[. Circles indicate that the determination of the traiosittemperature is based on observables sensitive
to chiral symmetry restoration, i.e. the chiral condensatd susceptibilities deduced from it. Squares
indicate that observables sensitive to deconfinement hese bised to determine the transition temperature,
e.g.the Polyakov loop, its susceptibility and/or light atcinge quark number susceptibilities. The diamond
indicates that both sets of observables have been analy¥igl the exception of results presented El[lS]
all calculations aimed at an extrapolation to the contindiomt (N; — o) for physical values of the quark
masses. All results have been rescaled to a common physalalssing o = 0.469 fm ].

This ansatz generally is used to extrapolate to the continuum limit and to exteatiatisition
temperature]. = T¢(0,). Of course, when using E@.Z for an extrapolation to the continuum
limit one has to make sure that the asymptotic scaling regime has been reacHeef. [J] the
extrapolation is only based on two different values of the lattice cutadff= 1/4 and 16, which
may not be close enough to the continuum limit. This has been taken into adcdhatanalysis
performed in Ref.[]7] by estimating a systematic error for the possible scdlatations. This lead
to an estimate of the transition temperatilige= 192(7)(4) MeV with the second error denoting an
estimate for the systematic uncertainty in the extrapolation. An earlier analy8ismed with the
asqtad action on lattices with temporal extBipt= 4, 6 and 8 but smaller spatial volunié; /N; =
2, lead to the estimaf& = 169(12)(4) MeV [[L@]. Both calculations currently get improved in a
systematic comparison of simulations performed with the p4fat3 and asqgtad antiattices of
size 328 [g].

In calculations with the p4fat3 action Polyakov loop and chiral susceptibilitgs been ex-
amined. The transition temperature has been determined by locating peakseiistiseeptibilities
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Figure 2: Disconnected part of the light quark chiral susceptibgibhd the Polyakov loop susceptibility (left)
[ and the quartic fluctuations of the light quark numbeglt) @] calculated on lattices with temporal
extentN; = 4 in simulations with the p4fat3 action.

(see FidR(left)). This lead to consistent results on larger volumes, altrgysfamatic deviations
have been observed for smaller spatial volumes, e.g\N§giN; = 2. Calculations performed with
the 1-link, stout smeared actiof] [6] on lattices with temporal extent rangong ft; = 4 up to

N; = 10, on the other hand, suggest that there exist differences in the locdtibe peak posi-
tions in chiral susceptibilities and inflection points determined for observéikieshe Polyakov
loop and strange quark number susceptibility. These differences sdsdme increasingly sig-
nificant with increasing\;. In this analysis a transition temperature related to chiral properties
is determined to b&; = 151(3)(3) MeV while observables related to deconfinement suggest a
transition temperaturé ~ 175 MeV. For further discussion of these calculations see fl$o [10].

In the Wilson formulation a discussion of chiral symmetry restoration becomes immlved
than in the staggered case. For this reason only observables relatecotdfidement;.e. the
Polyakov loop and its susceptibility, have generally been analyzed in switie¥/ilson fermions.
Compared to calculations of the QCD transition temperature performed withesejfigrmions in
(2+ 1)-flavor [8,[7 [ 1] and 3-flavof[19] QCD, calculations with clover-imyed Wilson fermions
(L3, [14,[1F] performed in 2-flavor QCD typically use rather large quadssesmpgio>1. This
makes an extrapolation to physical masses difficult. Nonetheless, a swaigdrtd application of
the scaling ansatz, Ef]. .2, for extrapolations of the transition temperatune w the physical
values of the pion masspgo ~ 0.32, yields results that are in reasonably good agreement with
values determined within staggered fermion formulations. The current stéteculations of
transition temperatures with Wilson and staggered fermions is summarized [rj(iggnt)L

3. Deconfinement and chiral symmetry restoration

The relation between deconfinement and chiral symmetry restoration in @Sbden dis-
cussed since a long timfg [}, 2]. Although both phenomena seem to be relptedics on different
length scales lattice calculations seem to suggest that both phenomena ataperoximately the
same temperature even at finite, non-zero values of the quark masgesaevieeof the symmetries
related to confinemeni(3) center symmetry) or chiral symmetry breakir®f (n¢) x SUr(nt))
are realized exactly. In calculations with almost physical light quark maasgs physical value
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of the strange quark mass this has recently been confirmed on lattices withré¢ewientN; = 4
and 6 in a detailed analysis performed witlia®) improved staggered fermionf [7]. The gradual
restoration of chiral symmetry with increasing temperature is signaled bygelsan the light and
strange quark chiral condensates and the corresponding susceibilitie

_ . Tadnz T 9%InZ

<ww>q—\7m ) Xm’q:VW ; (3.1

whereq =1, sfor the light and strange quark sector, respectively. The onsetaaidmement, on
the other hand, can be examined through an analysis of the Polyakolz g its susceptibility,

XL,

1 Nr
L= ;Trnglu(nom> , Xe=Ng ((L%) = (L)?) , (3.2)

whereU,, 4 5 denote the gauge field variables defined on temporal links of a lattice ofi$Ne
Some results for the light quark chiral susceptibiljy,, and the Polyakov loop susceptibility, ,
calculated in a simulation with a physical value of the strange quark mass artd gu@yrk mass
that corresponds to a light pseudo-scalar mass of about 220 Mevh{ = 0.1) on lattices of size
164 are shown in Fig]2(left).

As can be deduced from this figure the Polyakov loop susceptibility dadgsrovwide a strong
signal for deconfinement in calculations with light dynamical quarks; tHgaRov loop itself is
non-zero at all temperatures and rises smoothly through the transitiomreffiis results only in
a shallow peak irx,, which nonetheless is in good agreement with the peak position in the light
quark chiral susceptibilityym, .

In part | [9] we have presented results on bulk thermodynamic obsesiab.g. the energy
density €/T%), as well as light and strange quark number susceptibilities/T?). At least on
lattices with temporal exteritl; = 4 and 6 they both rise rapidly in about the same temperature
range. In both cases this is due to the deconfining nature of the QCD tranagiandicated in the
introduction both quantities are sensitive to the liberation of many light quatigluon degrees of
freedom. In the chiral limit the sudden rise of, egy.T4 and | s/T? seems to be closely related
to the singular behavior of the QCD partition function that arises from thenatson of chiral
symmetry. To be specific let us discuss here the chiral limit of 2-flavor Q& footnote 2). The
singular part of the free energ¥, is controlled by a reduced 'temperatutehat is a function of
temperature as well as the quark chemical poteptiglRZ]. The latter adds quadratically to the
reduced temperature in order to respect charge symmetry-ato,

2
fs(T, g) = b1 fs(thY 2@y ~ 1279 with t = ’T Tl ¢ <‘T‘q) : (3.3)
C

Te

whereb is an arbitrary scale parameter anddenotes a critical exponent. As a consequence the
specific heat as well as the quartic fluctuations of the light quark nunaper, ((Ng) — 3(N2)),
show singular behavior at the critical point O that is controlled by the same critical exponent

NdZInZNt_a g 0%z

otz T T

Cv

~t% , for pg=0. (3.4)
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Figure 3: Preliminary results of the hotQCD collaboratic[lh [8] for thgange quark number susceptibility
calculated on lattices of size 3using two different’(a?) improved staggered fermion actions, asqtad and
p4fat3 (left). The vertical lines indicate a band of temperas, 185Me\< T < 195MeV, which charac-
terizes the transition region in thé, = 8 calculationsl]S] (see also Figs. 4 and 5). The right handdigu
shows a comparison of calculations performed with the B4dation on lattices of temporal exteNt = 4,

6 [23] and 8 [B] and with the 1-link, stout smeared actionXgr= 4, 6, 8 and 10[[6]. Note that different
conventions have been used to define the temperature sealtefd)

Unlike the Polyakov loop susceptibility the quartic fluctuations of the quark rmunfitus provide
a strong signal for deconfinement. This is shown in Hig. 2(right). In tacomparison ocf:j calcu-
lated here in (2+ 1)-flavor QCD with light quark masses that correspond to a light pseudiaisc
(pion) mass of about 220 MeV [23] and earlier calculations in 2-flavob@@th 10 times heavier
quarks corresponding to a pion mass of about 770 MeV [25] show thafuthrtic fluctuations rise
strongly with decreasing quark mass.

In Fig. 5 of part | [9] we have shown results for the strange quark remshbsceptibilityj.e.
the fluctuations of strangeness numjger (N2), calculated with the p4fat3 and asqtad actions on
lattices of temporal exteN; = 4, 6 [16,[28] and 8[]8] in (2+1)-flavor QCD and a light to strange
quark mass ration /ms = 0.1. TheN; = 8 results are preliminary results obtained by the hotQCD
collaboration. They are discussed in more detailJn [8]. These calculatioditate a quite good
agreement between results obtained with the two diffefaf) improved discretization schemes,
although in particular at temperatures above the crossover region sderemiies show up. This
is more clearly seen in Fif] 3(left) where we compare the preliminary resutineiol within both
discretization schemes &y = 8 lattices. These differences may be due to small differences in the
choice of quark masses that define the constant line of physics along thieicalculations have
been performed and may partly be also due to differences in the discretigatios for both actions
which may be abodt6% for N; = 8. These differences as well as the cut-off dependence of results
obtained orlN; = 4, 6 and 8 lattice with the asqgtad and p4fat3 actions are, however, small when

3In the infinite temperature limit deviations from the continuum valyg, ., can be calculated analytically.
For massless free staggered fermions on lattices with temporal éxteat8 this yieldsxfreaWEO/)(fSrEemEO =092
(asqtad), M8 (p4fat3), 147 (1-link,stout). Like in the case of the pressure and other bulk thernasdic observables,
cut-off effects in the quark number susceptibility ar¢a®) improved for the asqtad and p4fat3 action and only start

with 1/N# corrections in the infinite temperature limit.
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Figure 4: The difference of light and strange quark chiral conderssat@malized to its zero temperature
value as defined in ED.S (left) and the renormalized Palydéop expectation value (right). Shown are
results from simulations oN; = 4 and 6 lattice obtained with the p4fa{3]21] action as welpagiminary
results forN; = 8 obtained by the hotQCD Collaboratid [8]. The upper ax@ahthe temperature in units
of the distance extracted from the heavy quark potential. The lower temipegascale in units of MeV
has been obtained from this using= 0.469 fm ]. The vertical lines indicate a band of temperasyr
185MeV< T < 195MeV, which characterizes the transition region inkhe= 8 calculations.

compared to results obtained with the 1-link, stout smeared staggered feaation [§] as shown
in Fig. B(right). The differences between the asqtad and p4fat3 calmsaiiothe one hand and the
1-link, stout smeared calculations on the other hand arise from two solfoesmall values dfl;,
the quark number susceptibilities calculated with 1-link staggered fermion aaiershoot the
continuum Stefan-Boltzmann result at high temperatures and reflect dimg stnt-off dependence
of thermodynamic observables calculated with this action. This is well-knowmappdn in the
infinite temperature, ideal gas limit and influences the behavior of thermadgrabservables in
the high temperature phase of QCD (see footnote 3 and also Fig.[R in [@])}théother hand
the differences also arise from the different choice for the zero tesyerobservable used to set
the temperature scale. While the temperature scale in the asqtad and p4fak&ticals has been
obtained from the static quark potential (the distangethe kaon decay constant has been used in
calculations with the 1-link, stout smeared action. Of course, this shouldakd a difference after
proper continuum extrapolations have been carried out. At finite vafitbs cut-off, however, one
should make an effort to disentangle cut-off effects in thermodynamicredisles from cut-off
effects that only arise from a strong lattice spacing dependence in dexeperature observable
that is used to define a temperature scale. In this respect, the scale pararegteacted from the
heavy quark potential is a safe quantity which is easy to determine; it hashedied in detail and
its weak cut-off dependence is well controllg¢d][P1], 24].

Let us now turn our attention to observables sensitive to chiral symmetigragisn which,
of course, is signaled by changes in the chiral condensatd (Eq. 3 afko is reflected in pro-
nounced peaks in the light quark chiral susceptibility as shown inFig. 2héshiral condensate
receives additive as well as multiplicative renormalization, one should lbak@opriate combi-
nations that eliminate the renormalization effects. An appropriate choice ibt@stia fraction of
the strange quark condensate from the light quark condensate andlizarthe finite temperature
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difference with the corresponding zero temperature difference,

N s(T)=-—— e . (3.5)

We note, that the strange quark contribution to this quantity will drop out intifraldimit; A (T) =
limm—od s(T) thus will become the standard order parameter for chiral symmetry restaratio
This normalized difference of condensates obtained in calculations witldfatS@ction on lattices
with temporal extenN; = 4, 6 [21] and 8 [B] is shown in Fid] 4(left).

In the right hand part of this figure we show results for the renormalizegaRov loop ob-
tained in the same set of calculations. As can be seen the most rapid chavgh puantities
occurs in the same temperature range also on lattices with temporal Bixten8 [§]. A cut-off
dependence, which shifts the transition region to smaller temperatures, i Visitioth observ-
ables. It, however, seems to be small and correlated in both observables.

The rapid change in the chiral condensate reflected ifFig. 4 by the dfip(#), of course,
is correlated to a peak in the light quark chiral susceptibiliy,, introduced in Eq[ 3]1. This
susceptibility actually is composed of two contributions, usually referred tbeasonnected and
disconnected patrt,

Xtot = Xm,lI = Xdisc+ Xcon (3.6)

with

Xdisc = 4N§NT {<(TI‘D|_1) 2) - (TI‘D|_1>2} )

Xeon = 3 > (0 (0D 0. (3.7)
HereD, denotes the staggered fermion matrix for the light quarks. In Fig. 5 we shsuits for
the disconnected part of the light quark chiral susceptibility and the comltaial susceptibility
obtained in calculations performed on lattices of siz&®®ith the asqtad and p4fat3 actions. This
is compared to the subtracted, normalized chiral conden&gs€Tl ), calculated with both actions
on the same size lattices. As can be seen the pealidg T2 as well asyot/T? obtained from
calculations within both discretization schemes is in good agreement andmamnds well to the
region of most rapid change iy ¢(T).

4. Conclusions

Studies of the thermodynamics of (2+1)-flavor QCD with a physical valuke$trange quark
mass and almost physical values of the light quark masses have beenmaetfit vanishing chem-
ical potential with two versions of’(a?) improved staggered fermions, the asqtad and p4fat3
actions. Already on lattices with temporal extdht= 6 they yield a consistent description of bulk
thermodynamics, e.g. of the temperature dependence of energy dertsipyessure. This also
holds true for the structure of the transition region and is confirmed throalglulations closer to
the continuum limit performed on lattices with temporal extdpt= 8. These calculations yield
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