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1. Introduction

The nuclear force is the essential ingredient in nucleasjgsy Since H. Yukawa has intro-
duced the pion 72 yeas ago [1], enormous efforts have bearetkto understand the origin of the
nuclear force [2]. At medium to long distances(l.2 fm), the nuclear force is attractive, which
is essential for the existence of bound nuclei. Furtherptbieenuclear force exhibits the repulsive
core at short distance £0.7 fm), which is intimately related to the stability of heavyatei and
neutron stars. The field theoretical treatment on the bdghegion and heavy meson exchanges
has reasonable success at long and medium distances. Hothevespulsive core at short dis-
tance, which was first introduced by R. Jastrow 56 years aggyitain the high energy behavior of
the NN phase shifts [3], has not been understood with firmreieal ground. Since the nucleons
begin to overlap at short distances, the quark and gluontstiel of the nucleon is expected to play
an important role. In this respect, the first principle ltQCD calculation is desired to serve as
the most powerful tool to attack the problems of the nucleazd. There exits a previous attempt
to apply the formalism of the statigq potential to NN potential [4]. However, the method which
employs the static quarks is not faithful to the scatteriatpaf nucleons.

We have recently generalized the method developed by CFsRA&llaboration [5] for the
77T scattering length and have carried out a first calculatiothefNN potential from lattice QCD
[6]. In our method, the Bethe-Salpeter wave function, whasgmptotic form leads to correct
NN phase shift in the asymptotic regime, is introduced tostrmict the NN potential through the
Schrddinger-type equation. The resulting NN potential &thshe qualitative features required
by phenomenology, i.e., the repulsive core at short digtaara the attractive well at medium to
long distances. In the report, we extend our previous caficuis by increasing statistics and by
introducing different quark masses corresponding to tlom phassesm;; ~ 380,529 731 MeV.
The results show that both the repulsive core and attraetele are enhanced in the light quark
mass region.

2. Theformalism

We begin with the Schrédinger-type equation, which is fiatisby the Bethe-Salpeter wave
function for the NN system,

(02~ 1) We() = my Y U (7. F)We(r) (2.1)
r/
Weap(t) = lim (O[T [pa(%.t)ng (5.0)] [NN(E)) (2:2)
wherer = X—Y. pq(X) andng(y) denote the standard local interpolating fields for nuclgons

Pa (X) = EabC(U; (X)C%db(x)) Ue.a (X), ng(y) = EabC(U; (Y)C%db()’)) dep(y), (2.3)

wherea, b andc denote the color indicest and3 denote the Dirac indice€ denotes the charge
conjugation matrix. (For derivation of Eq. (2.1), see R¢%.7, 8].) U(F,'), which does not
depend ork, plays a role of the non-local interaction kernel [8]. Thesthgeneral (off-shell) form
of NN potential after imposing constraints arising fromieas symmetries is analyzed in Ref. [9].
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By applying the derivative expansion up@ ﬁz), we obtain

U(r.T) = Ui(r,T") + (T1- T2)Ure (1) (2.4)
= gz(lzo)u(lzo)(r',r/)+@(|:1)U(|:1)(?7ﬁ)
ulEr)y =vl.5x—x)
VO =V 4 (81 8oVg + s+ (LS + {61 Lap- LIV + {610,670 by
~ Vg (1) + (81 GV (1) + S (1) + (- 9V (1) + O(), (2.5)

where2(=0) = (1-7-7,) /4 and2?('=Y = (3+ T, - T,) /4 denote the projection matriceslte- 0
andl = 1 subspaces, respectivelf, x} denotes the anti-commutatd®, = (61-7)(32-T)/r? —
G- Gy, L = —irx DandS= (G1+ 32)/2. V., V&, v v andvyy are functions ofz, [12, and
[2. We combine the 1st and the 2nd terms in the last Iinvégzér) EVO(I)(l’) + (01 G2) é')(r),
and refer td/c(')(r) as thecentral force VT(')(r) andVL('S)(r) are refereed to as thtensor forceand
the LS force respectively. These three forces play major roles in cotiweal nuclear physics.

In QCD, the closest concept to the quantum mechanical wawetifun is provided by the
equal-time Bethe-Salpeter (BS) wave function Eq. (2.2)teNloat Eq. (2.2) represents a probability
amplitude to find three quarks &and another three quarksyatlt is possible to show that Eqg. (2.2)
has a proper asymptotic behavior@t-y| — o [8]. For example, in théS, channel, we have

We () — é%(k)w. (2.6)
r
The BS wave function is obtained from the lafgbehavior of the “four-point” correlator of the
nucleon

(O[T [PRHNXHW(t =10)]|0) = 5 (O[p(X,0)n(Y,0)|m) e = "0) (n|W(t = 0)|0). (2.7)
n
Here W(t) = P(t)N(t) represents the wall source, whé@) andN(t) are defined as Eq. (2.3) with
the quark fieldsgy(X,t) replaced byQ(t) = S3q(X,t). Since contributions from all excited states are
exponentially suppressed in the latgegion, we are left with the BS wave function for the ground
state. In this report, we consider orﬂ&, and3S; channels whose BS wave functions are

:24RZO 5 (O2)ap (0
24;} 55 3 (0209)a(0

where the summations ovBre O are performed for cubic transformation group. The sumnmatio
for X are performed to select the zero total spatial momenta.

First we consider the Schrodinger equatiod$y channel. Owing to the identical nature of the
nucleons, two nucleon system18, channel is iso-vector. Since the contributions from theoen
force and the LS force vanish in this channel, we are left Withfollowing Schrédinger equation,

pa(R-r+>?)nB(>?)( NN(E)> (2.8)

pa(R-T+X)ng (X)|NN(E) )

<—i52+v<"1>(r)> Wrls) = k—zw(r-lso) (2.9)
2u ¢ P o T '
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K Neot Mr[MeV] my[MeV] t—ty E('S)[MeV] E(°S))[MeV]
0.1640 1000 732.1(4) 1558.4(63) 7 —0.400(83) —0.48097)
0.1665 2000 529.0(4) 1333.8(82) 6 —050994) —0.560114)
0.1678 2021 379.7(9) 1196.6(32) 5 —0.675264) —0.968374)

Table 1: The number of gauge configuratioNsynr, the pion massn;, the nucleon massy, time-slice
t —to on which BS wave functions are measured, and the non-risitienergie = k?/(2u) for 1S and
35, channels.

where u = my/2 denotes the reduced mass of the nuclebmplays the role of the &symptotic
momenturh Sincevc(':1>(r) = VO(':1>(r) —3v{"=Y(r) is an ordinary function, which does not
involve a derivative nor matrix structure, we arrange thar8dinger equation to obtain
(1=1) _ k2 1 EZW(?;lso)
Ve (r)_EJrEW' (2.10)

Next, we consider the Schrédinger equatiorf® channel. In this case, two nucleon system
is iso-scalar. UnlikdS) case, this channel receives a non-vanishing contributiom the tensor
force, which provides a coupling &D; channel.2D; channel receives a contribution from the LS
force. In this way, we have three unknowns, h%(',:m(r), VT(':())(r) andVL('S:o)(r) with two equa-
tions, i.e.3S; and3Dy. (V{2 (r) = V"2 (r) + V' =% (r) should not be confused with!' =¥ (r).)
To obtain these three forces exactly, we need one more equaich as the Schrodinger equation
in 3D, channel. In this report, we do not pursue this direction.tdad, we adopt the same pro-
cedure as théS, channel. This leads to the so-callegffective central forceVE™(r) which takes
into account théD; channel indirectly through the tensor force.

3. Thelattice QCD result

We employ the standard plaquette action ofi Btice with B8 = 5.7 to generate quenched
gauge configurations. The gauge configurations are pickeeivapy 200 sweeps after skipping
3000 sweeps for thermalization. Quark propagators arergtate by employing the standard
Wilson quark action withk = 0.164Q00.1665 and QL678. The scale unit/h = 1.44(2) GeV
(a~0.137 fm) is introduced from the rho meson mass in the chiraitlji0]. The physical size
of our lattice corresponds fo~ 4.4 fm. The number of gauge configuratioNgns, the pion mass
My, the nucleon massy are summarized in Table 1. (Fer= 0.1678, 24 gauge configurations
are identified as exceptional configurations, which are setlun the calculations.)

The periodic (Dirichlet) boundary condition is imposed e fjuark fields along the spatial
(temporal) direction. We adopt the wall source on the tinees =ty = 5. The BS wave functions
are measured on the time-slite-tg = 7,6,5 for k = 0.16400.1646 0.1678, respectively. The
ground state saturation is examined by t-dependence of thpadtential. We employ the nearest
neighbor representation of the discretized LaplaciandgX) = 53 {f(X+ag)+f(X—ag)}—
6f(X), whereg denotes the unit vector along thé¢h coordinate axis. BS wave functions are fully
measured fo|f| 0.7 fm, where rapid changes of BS wave function and NN poteati@kexpected.
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Figure 1: NN wave functions in'S and3S; channels (left), and NN potentials (right), i.e., centalck in
15 channel and effective central force38; channel fork = 0.1665. The inset of the left figure is a 3D plot
of the wave functiomp(x,y,z= 0;'S).

Since the changes are rather modestifp0.7 fm, the measurement of BS wave functions is re-
stricted on the coordinate axes and their nearest neighibaeduce the calculational cost. The
“asymptotic momentumk? is obtained by fitting the BS wave function: We use the Grekmis-
tion of the Helmholtz equation,

1
L3

exp(i2mm-T/L)

AEREPRE L

(3.1)

2

ncz3

as the fit function by regarding the overall numerical factodk? as fit parameters. (An appropriate
regularization is assumed in this representation of Gesfeimction.) The fits are performed outside
of the range of NN interaction, which is determined by exangri]?¥() /¥ (X) [5].

Fig. 1 (left) shows the BS wave functions i and3S; channels foik = 0.1665. The sup-
pression of the wave function in the regiog0.5 fm indicate the existence of repulsion at short
distance. Fig. 1 (right) shows the reconstructed NN pasénfork = 0.1665, i.e., the central force
for 1S channel and the effective central force #; channel. (See Table 1, for the values of the
non-relativistic energieg = k?/(2u) in Eq. (2.10).) We see that our NN potentials have repulsive
cores of 500- 600 MeV in the short distance region{0.5 fm) and attractions of about 30 MeV
in the medium distance region.B%r<S1.2 fm). Both the repulsive core at short distance and the
attractive well at medium distance are weaker than thoseat®d phenomenologically. This is
due to the heavy quark mass in our simulations In the lightlqoeass region, pion can propagate
longer distance, which is expected to enhance the attraatimedium and long distance.

To see the quark mass dependence in a quantitative mannshamethe NN potentials for
three different quark masses i channel in Fig. 2. As the quark mass decreases, the repulsive
core at short distance is enhanced rapidly, whereas thactdin at medium distance is modestly
enhanced. This indicates that it is important to performlétice QCD calculation in the lighter
quark mass region in order to compare our result with expemia data.

Several comments are in order here.

(i) The net interaction is attractive even in the presencthefrepulsive core. Indeed, Lischer’s
finite volume method leads to the attractive scatteringtlerige.,ap(*S) = 0.11526), 0.126(25),
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Figure2: Central forces ifSy channel for three quark masses.

0.159(66) fm andap(3S;) = 0.140(31), 0.140(31), 0.252(104) fm for k = 0.164Q0.16650.1678,
respectively. The attractive nature of our potential isligaiively understood by the Born approxi-
mation formula for the scattering lengég ~ —my [V (r)r2dr. Owing to the volume factor?dr,
the attraction at medium distance overcomes the repulsikeat short distance.

(ii) There is a considerable discrepancy between the almatéesing lengths and the empirical val-
ues, i.e.a™” (1)) ~ 20 fm anda(®™ (3S) ~ —5 fm. This is attributed to the heavy quark mass
employed in our simulations. If we can get closer to the ptatsguark mass, there appears an
“unitary region” where the NN scattering length becomegliar as a function of the quark mass
and changes sign [11, 12]. The singular point is relatededhheshold of bound state formation.
This is why the physical scattering length is positivelygkam the'S, channel (no bound state) and
is negatively large in théS; channel (deuteron bound state) .

4. Summary

We have extended our previous results of the nuclear for¢helattice by increasing statistics
and adopting different quark masses. The NN potentialsért $ and3S; channels have all the
gualitative features which phenomenological NN potest@mmonly have, i.e., the repulsive core
at short distance and attractive well at medium to long dista. The quark mass dependence of the
NN potential shows that the repulsive core at short distéeehanced rapidly, and the attraction at
medium distance is modestly enhanced. These results gubgesn order to compare our results
with the experimental data, it is important to perform thitide QCD Monte Carlo calculation in
the lighter quark mass region.
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Although the BS wave functions are proved to have the ur@dsehavior as Eq. (2.6) at
large distance, its short distance behavior is afflictedhthe operator dependence. We can avoid
this subtlety by resorting to the inverse scattering thewafyich guarantees the unique existence
of energy-independent, local, hermitian potential. Sgadalong this line together with the NN
potential measured in differeiit and the derivation of the tensor force will be reported elseww

[8].
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