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The highly-improved staggered quark (HISQ) action is thetaccurate discretization scheme to
date for the charm quark. Here we report on the progress tdnbative matching for the quark
mass using the HISQ action. The matching is done thr@@if) using a combination of Monte
Carlo simulations at weak coupling and diagrammatic pbetion theory. When combined with
on-going simulation efforts using the HISQ action, a deiaation of the charm quark mass to a
few percent accuracy can be achieved. Of particular interidse a comparison with the recent
sum rule determination of the charm mass due to Kiihn et al. [1]
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1. Introduction

Quark masses are fundamental parameters that go in thesdanddel and it is important to
determine them precisely to constrain models beyond timelatd model and to use them as inputs
for phenomenological calculations. As we do not find freerkgian nature, their masses cannot
be directly measured. One needs to instead do a comparisaedelattice and experiment to
extract quark masses. Quarks interact via the strong ftiieegfore such a calculation would be
nonperturbative. Lattice QCD methods are well suited fir pinoblem. This work builds on recent
developments in staggered quarks [2].

Previously, the light quark masses$/S and 'S have been determined by several collabo-

rations. We list somensm determinations. The HPQCD collaboration used the AsqT#édrac
with 3 dynamical quarks to determimﬁg"_S =87+44+4 MeV [3]. The CP-PACS and JLQCD col-
laborations used the Wilson action with 3 dynamical quackeaiculateml’S = 91.1145MeV[4].
The QCDSF-UKQCD collaborations used clover fermions witfiaors of sea quarks to get
ms“’TS = 110—130 MeV [5]. The ALPHA collaboration used Wilson quarks whdynamical
quarks and obtainen'S = 97(22) MeV [6]. The SPQcdR collaboration used Wilson Quarks with
2 dynamical flavors to getg"TS = 10](8)((2,5) MeV [7]. The Particle Data Group reports the value
S = 95+ 25 MeV [8].

Our goal is to also determime; with the HISQ (Highly Improved Staggered) quark action to
a few percent accuracy, which will be determined by tastaging effects and discretization. The
taste changing effects for the HISQ action are up to 3-4 tismesller than for the Asqgtad action
as detailed in [2], and a comparison of the two actions is shiowrig. 1. It will be interesting to
compare our results fan; with the sum rules calculation by Kihn et al. [1], where ameaf 1%
is quoted.

Our aim is to do a perturbative matching calculation andialitee renormalization factors for
m. in the MS scheme. Below we list the perturbative expansions of the pwss in terms of the
bare mass, its relation to thdéS mass, and the relevant mass renormalization factors:

mp0|e = mo[l-l- a|a1(A11I og(moa) +A10),
+ ailog?(moa) + Azilog(moa) 4+ Ago+ ...,
2

MS/ 1\ _ ol K\ Oys K\ Yus
m (IJ) =m e(l+zl(mpo|e) T +Zz(mPole) v )>

l-'l) = ?Zm(uaJTba)v
Zm(pa,moa) = 14 Zma(ua)ay (q°) + Zm2(Ha)ag + ...

Note that the correct expansion parameter to use is thematiaed couplingxry, the perturbative
series ina;4 is not well behaved.

2. Diagrammatic M ethod

One way to do the matching is to use perturbation theory antpate all the diagrams up to
the order at which we work. Since matching corrects for ttutatistance effects brought about by
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Figure 1. Comparison of results for the HISQ vs Asqtad actions [9]. THh8Q results correspond (from
left to right) to O-link, 1-link, 2-link and 3-link mesons.oF Asqtadn. we show results for the 0- and 1-link
pseudoscalars.

the finite lattice spacing, asymptotic freedom allows usge perturbation theory. This approach
is very involved, as it requires calculating many diagraarg] the Feynman rules for the HISQ
action are extremely complicated. The relevant diagramslaown in Fig. 2 .

3. Another Method: Weak Coupling Monte Carlo

An alternative to diagrammatic perturbation theory is te Monte Carlo simulations at weak
couplings, where the theory enters the perturbative ph@seulations involving a particular op-
erator, in this calculation the pole mass, are done at devehaes of the strong coupling, and
the resulting data are then fitted to an expansionyjrto yield the perturbative coefficients. The
expectation value of an observable can be calculated omtineel using

<M> = [[DU][dyDPM(U, y)e PV,

X
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Figure 2: Relevant diagrams for the diagrammatic method.
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Figure 3: The renormalized madd measured at different couplings and lattice volumes foA8& TAD
action. The data points are fitted to an expansiomifg*) (solid lines). The “slopes” and “curvatures” are
the first and second order coefficients respectively.

whereB = 10/d?. Itis worth reiterating that in practice it is crucial to ube renormalized coupling
instead of the bare lattice couplingy = g2/4m, for which perturbation theory is very poorly
convergent. A good choice @, (q") defined by the static potential, along with an estimate of the
optimal scaley* for the quantity of interest. The coupling is then convetadk toa;; using the
known third order relation betwean, anda;4 [10].

As an example, Fig. 3 shows the renormalized nMawmeasured at different couplings and
lattice volumes for the ASQTAD action in the quenched appnation. The data points are fitted
to an expansion of the form

M= m(ree‘|‘CleV‘|‘C\2/a\3+---a

wheremye is the tree-level mass. The “slope” of the curve gives the @rder coefficientc;
(independent of the scheme) and the “curvature” is equég.tmne can use thg value calculated
from one loop perturbation theory to determiaemore accurately. Fig. 4a shows the infinite
volume extrapolation of;. For comparison, results from diagrammatic perturbatiwoty [11],
both at finite volume and in the infinite volume limit, are afdotted. Numerical values af, can
be calculated from Fig. 3 also by calculating the curvatufesmprove the accuracy, however, we
re-fit the data witlt, fixed to the analytic values at finite volume. Our results & in Fig. 4b.
The overall agreement with our diagrammatic perturbati@oty calculations is remarkable.

Fig. 5 shows the first order coefficients for the HISQ actiotirapolated to the infinite vol-
ume limit. For comparison, we also plot the same coefficiebtained using the diagrammatical
method, and observe that the agreement is again outstaridiedl-loop perturbative calculations
at finite volume, which could be used to extract the secondrardefficients from the data, are in
progress.

Table 1 shows the perturbative coefficiggh calculated with the AsqTad action, neglecting
sea quarks, compared to diagrammatic perturbation thesylts. We find good agreement be-
tween the two sets of results.

We have demonstrated that perturbative coefficients fosmesormalization can be obtained
with high accuracy from Monte Carlo simulations at weak dimgs. This numerical method
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Figure 4: a) Infinite volume extrapolation of the first order coeffid®nThe error bars are invisible at this
scale for the analytic results. b) Infinite volume extragiolaof the second order coefficients. Results are
obtained by fixinge; to the analytic values at finite volume.
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Figure5: Infinite volume extrapolation of the first order coefficiefdsthe HISQ action. The error bars are
invisible at this scale for the analytic results.

am | Diagrammatic PT| Weak Coupling MC
0.3 5.78(5) 5.26(33)
0.4 5.61(7) 5.30(28)
0.5 5.47(6) 5.25(24)
0.6 5.23(6) 5.18(22)
0.7 5.15(6) 5.05(21)

Table 1: Asqtad quenchedlyo, comparison between diagrammatic perturbation theonhagtdbeta Monte
Carlo simulations.
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Figure6: There are only 4 diagrams to compute in the fermionic part.
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Figure 7: Fattening the link. This needs to be done twice, once wittthirelink, and once more with the
already fattened link.

provides a valuable alternative to diagrammatic pertisheaheory.

4. Strategy

Our short term goal is to obtain the gluonic part of our caltioh by the weak coupling Monte
Carlo method, and get the fermionic part using diagrammabgierturbation theory. The diagrams
needed are shown in Fig. 6.

In the long term, it would be desirable to do the entire catiah diagrammatically and also
to compute the gluonic part using the Monte Carlo weak cogpdipproach in order to compare
the two methods.

5. Handling HI SQ Perturbation Theory

The HISQ action is obtained by fattening a simple link vaealbeunitarizing the result, and
fattening the resulting link again. Fattening is necesfarguppressing taste changing interactions,
and fattening twice suppresses taste changing furthemifeization is necessary to suppress the
unphysical tadpole diagrams which only exist in the lattitcscretization and not the continuum
limit. Fattening of a link can be visualised as in Fig. 7. lBeof the action (in this case the links
shown above) can be combined by doing Fourier convolutiwhi&h means one assigns the gluons
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Figure 8: Convolution of two operators for two gluons.

to the pieces in all possible ways. Fig. 8 is a simple illugirawith two operators and two gluons.

Once we perform the convolutions and reunitarize, we olaaiimproved link variable. We need
to fatten this yet again. We therefore repeat the same mamfesonvoluting, this time with the
already fattened and reunitarized link, to obtain the fubg vertices.

6. Conclusions

Our project involves performing perturbative matchingcaidtions to findm throughO(a?)
using the HISQ quark action. To achieve this, work is undgrieado the fermionic part of the
calculation diagrammatically, while the gluonic part isTqauted using the weak coupling Monte
Carlo method. When both calculations are complete, thdtsesill be combined to obtain per-
turbative coefficients for thenc mass renormalization. Our initial tests show that pertivba
coefficients can be obtained accurately using the weak tauMonte Carlo method. For the
longer term goal of doing the entire calculation diagramaadly, the vertex functions necessary
to achieve this aim have been prepared.
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