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For N > 5 thereis afirst orderbulk transitionthatcleanlyseparatethe strongandweakcoupling
regimesof SU(YV) lattice gaugetheorieswith the plaquetteaction. We find thatin this casethe
calculatedstringtensioncanbereadilyfittedthroughoutheweakcouplingregion by astandard-
loop perturbatve expressiormodifiedby lattice spacingcorrectionsof the expectedform. While
ourfits demandhe presencef thelatter, they arenot constrainingenoughto tell uswhichof the
variousbarecouplingschemess a ‘good’ one,in the sensehattermsin the g-function beyond
3-loopsareindeedngyligible (in therelevantrangeof scales).To resole this ambiguitywe work
in SU(3), usingthe SchrodingefFunctionalcouplingschemeasa benchmarkandfind thatthe
Parisi mean-fieldimproved couplingschemematchest very well. Usingthe latter schemewe
have fitted the valuesof the stringtensiona?s thathave beencalculatedor 2 > N > 8, to obtain
Ag75/+/o =0.503(2)(40) +0.33(3)(3)/N? for N > 3, wherethefirst erroris statisticalandthe
seconds our estimateof the systematie@rrorfrom all sources.
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1. Introduction

ConsidelSU(V) latticegaugetheorieswith the standarglaquetteaction:

Z:/HdU;exp{—ﬁzp:{l—i—TReTrUp}} (1.1)

whereU,, is the orderedproductof the SU(V) matricesaroundthe boundaryof the plaquettep.
The parametep is theinversebarecoupling,andthis definesa runningcouplingonthe scalea in
whatonecancall the‘Lattice’ couplingscheme:
2]\7
B=——.
9 (a)

It would be corvenientto be ableto determines in units of a physicalquantity say the string
tensions, from thevalueof ¢7 (a) usinga weakcouplingexpansionof theform:

(1.2)

0/ (a) ~ \/ZO) (14 ca’o +0(a")) Fpr (g2 (a)) (1.3)
whereFpr (g7 (a)) is obtaineddy integratingthecontinuumg-functionat some(practical)orderin
perturbatiortheory TheadditionalfactorcontaininganO (a?) correctionwith coeficientc ~ O (1)
mustbethere[1] sinceif we wereto usesomeotherphysicalquantity’ in placeof i = /o we
wouldin generahave

i (a) _ p(0)
pla)  p(0)
with ¢’ ~ O(1), notto mentionary O(a*) correctionsfrom the s-functiononthe lattice.
Therearetwo well-known problemswith implementinghis:
e g7 is apoorexpansionparameterasindicatedoy

(1+ca®p*+0(a)), (1.4)

Am 3772
which impliesthatthe 7. schemewill have large higherordertermsin the 3-function (assuming
thatthe M S schemés a‘good’ oneanddoesnot);

e it is notclearatwhat 3 we shouldexpectsuchaweakcouplingexpansionto begin to work well,
sinceSU(3) hasa smoothstrong-to-weakcouplingcrosseerwhere

powersin § — powersin %, (1.6)
andthis makest hardto evaluatetherelative meritof an‘improvement’to thelattice-scheméom
anapparensuccessn fitting awider rangeof barecouplings.

In this talk we describethe following strateyy to resohe thesetwo obstacles.First we use
thefactthatfor SU(NV > 5) thereis afirst order'bulk’ transition[2], that separatetheweakand
strongcouplingrangesthusremaoving the ambiguity of whereonemight expecta weakcoupling
expansionto be applicable. (Justlike the Gross-Wtten transition[3] in D = 2.) While this en-
ablesusto quantifytheimportanceof retainingO(«?) lattice correctionsjt doesnot enableusto
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usefully discriminatebetweervariousbarecouplingschemesvhich leadto quite differentvalues
for Ay5/+/o. Presumablysomehave large higherordercorrectionsn their 3-functionandsoare
‘bad’. To determinewhich of the schemesre‘good’ oneswe returnto SU(3) and makeuseof
the accuratecalculationof the runningcouplingin the ‘Schrodingerfunctional’ (SF) schemethat
coversanenegy rangecomparabldo thatof experiment,i.e. upto ~ M, andwith appreciably
smallererrors[4]. We shallusethis schemeo obtain,from thevaluesof a/r( calculatedn [5] the
continuumvalueof roAsF andhenceof roA5;5. We comparethis to whatoneobtainswith var-
iousimproved barecouplingextrapolationsandfind thatthe original Parisi mean-fieldmproved
schemd®6] closelymatchedhe SFresult. We simultaneouslyperforma comparisorwith the SF
schemeahatdoesnotinvolvethe calculationof a physicalquantityandthereforecanbe carriedout
to muchweakercoupling. This alsopointsto the ‘goodnessof the mean-fieldscheme Motivated
by this we usethelatterschemédor V # 3 to obtaincontinuumvaluesfor A;5/+/o for all N, and
in particularfor N — oo.

In thistalk we present brief summaryof ourwork: details,includingestimate®f thevarious
systematicerrors,will be publishedelsavhere[7].

2. Lessonsfrom larger N
In Fig.1we seethebulk transition,andits large metastabilityregion, for SU(8).
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Figure 1: TheSU(8)stringtensionversugheinverselattice coupling,includingtheregion of thefirst order
‘bulk’ transitionbetweenstrongandweak coupling. Valueso are obtainedcomingfrom strongcoupling,
while thevaluese areobtainedcomingfrom weakcoupling.

In Fig.2we shaw afit to theweakcouplingbranch,all the way to the extrememetastability
edge,using

b1 sl
Va(0) 2 ——212(/31 1 )wg 220
av/o(a) = 1+ca’c)e 2Po91 [ 2o 4 e % 2.1
vola) Ag ( ) B3 Bogi &)
wheretheschemébeingusedis the Parisi MeanField Improved coupling[6]
1 1,1
—=—(=TrU (2.2)
g% g%<1]\[ p>

whereU,, is theplaquettevariable.In eqn(2.1thetermsthatinvolve only 3, and3; constitutethe
exact 2-loop continuumresult. (Thatis to say it is the exactresultwhen3;>, = 0.) We present
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Figure 2: The't Hooft coupling,definedfrom the mean-fieldmproved lattice barecouplingasa function
of thescalea in SU(8). Shawvn is the 3-loop perturbatve runningmodifiedby a0 (a?) lattice correction.

the 3-loopcontribution asa power seriesin 2. We notethatalthoughthe coeficient ¢ is actuallya
power seriesin g7, within ouraccuragy it sufficesto treatit asaconstant.

Thefit to SU(8)hasc = 1.18 4 0.04 confirmingthe needfor O(a?) correctionswith coefi-
cientsof O(1). Howeverif we vary the perturbatve couplingschemewe find thatthe rangeand
accurayg of our calculationgloesnot discriminateusefully betweerthem.

Comparinghevaluesof ¢%(a) N for variousN atfixeda./o, shavsgoodevidencefor alarge-
N p-functionwith very smallcorrectionsxceptat coarsdattice spacingsThusit makessenseo
takewhatwelearnin SU(8)asabasisfor treatingother/V, in particularSU(3). Performingfits with
eqn(2.1)in SU(3)oneseesn Fig 3 thattheseareonly acceptabldor 3 > 5.9, i.e. a/o < 0.25,
in contrastto the rangea+/o < 0.42 for SU(8). For SU(2) the rangeis even more limited, i.e.
ay/o < 0.18. Thisshavs explicitly how the smootheningf the strongto weakcouplingtransition
meanghatonehasto go to muchsmallervaluesof « to beableto useweakcouplingexpansions.
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Figure 3: The't Hooft coupling,definedfrom the mean-fieldmproved lattice barecouplingasa function
of thescalea in SU(3). Shawvn is the 3-loop perturbatve runningmodifiedby aO (a?) lattice correction.
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3. Choosing a good coupling scheme

To choosea good bare coupling schemes, we calculateA /. and henceA;</ i, within
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varioussuchschemegfor somephysicalmassy) andfind which schemeproducesvaluesthat
agreewith whatwe obtainusinga ‘reliable’ lattice coupling scheme.For the latter we takethe
Schrodingefunctionalschemeof the Alpha Collaborationwhich for SU(3) [4] coversa rangeof

enegy scaleomparabléo thatcoveredby experimentaimeasurementgnddoessowith greater
precision.(CompareFig.4 of [4] with Fig.100f [8].) The couplinggz hasbeencalculatedor a

wide varietyof valuesof 5 onscaleda(3) wheretypically / = 6 to 12. We thentakethecalculated
valuesof rq/« in [5] andinterpolatetheseto thevaluesof 5 atwhich g% (la) hasbeencalculated.
(Interpolating,unlike extrapolating,is awell controlledprocess.We thenfit using

la 1 1
_ 1 SF_ dSF
ro(a)  roAsr ( e + lp)
/3_12 ﬁégp 2 !
X e 2509qp (la) /@1 ; 230 e_ﬁgsp( a), (31)
ﬂo ﬂogsF(m)

Here thereare two lattice spacingcorrections. The usualO(«?) term arisesfrom correctionsto
ro(a) etc.while theO(1/17) termarisesfrom latticecorrectiongo g% (/a) onthescalel x a. We
performfits with bothp = 1 andp = 2 takingthedifferenceaspartof our estimateof thesystematic

error We obtain :

roAsr

We now repeatbhis calculationusingseveral lattice barecouplingschemesn fits of the form

in eqn(2.1)put with a\/o (a) replacedy a/rqo(a). For the Parisimeanfield improvedcouplingwe
find

=3.2(1) — roAg7s = 0.640(20) (3.2)

1
TOA[

which is consistentvith the valuein eqn(3.2),demonstratinghat this couplingschemeds a rea-
sonablygoodone. By contrastif we usea fit with the unadornedattice barecoupling, g7 (a), we
find roAq75 = 0.541(3) which demonstratethatthis is not a goodcouplingscheme We canalso
modify the meanfield coupling schemeby replacingthe true value of the plaquettein eqn(2.2)
with its perturbatve expansionup to j-loops.We call this couplingschemey%] . Thesel; schemes
will all have thesameA paramete(sincethis depend®n a 1-looprelation)howeverwe find they
work muchlesswell thanthe I schemeFor example the 1-loopimprovedcoupling,/;, givesafit
leadingto roAy;5 = 0.448(2) —evenworsethanthebarelattice scheme!

Thereis alsoa way to compareschemedglirectly, without needingan extra physicalquantity
like a/ro(a). Thishastheadvantagehatonecanperformcomparisonsieepeinto weakcoupling.
For aschemes definethe 3-loopperturbatve factor

b1
ﬂl 1 ) ﬁ ﬁ22 92
Fi[gs]=e EEY + e %, (3.4)
? [g ] (ﬁo 6092

Now we expectfor the SFscheme
lahsp = {1 + 2 } FSF g2, (al)] (3.5)

andfor alatticeimprovedscheme
ah;={1+ca®} Fi[g}(a)] (3.6)
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upto thevarioushigherordercorrections!f we now replacethea? onthe RHS of eqn(3.6)oy the
expressiorfor « in eqn(3.5) andif we thentaketheratio of thetwo equationsye obtain

Asr 17 [gdp(al)] {1+%
A L@ (1o (145 ) (R lode(a])2)

=Co = (37)

We cannow performafit for theconstantg,, ¢; andey over 3 rangedurtherandfurtherinto weak
coupling,andseehow rapidly ¢, approacheshe known valueof Asr/A;. In Fig. 4 we shov a
comparisorfor threeschemesAgain we seethatthe Parisi schemenorkswell — andmuchbetter
thanthe otherschemeshawn.
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Figure 4: Calculatedvaluesof Agr/A; forthes =1, o, s = I3, o, andthe s = I, x, lattice barecoupling
schemesall normalisedto the known theoreticalvalues. Horizontal errorsindicatethe rangeof 3 values
usedin eachfit.

4. Conclusions

Taking advantageof the fact that large NV lattice gaugetheorieshave a well-definedweak
couplingbranchwe sav quiteexplicitly thatO(a?) latticespacingcorrectionsareindeedmportant
for transmutinghevalueof thebarelatticecouplinginto avalueof thelatticespacingn ‘physical’
units[1].

We have alsolearnedhatthe Parisi mean-fieldmprovementschemd6] for the barecoupling
isin factareasonablgoodone.Thiswedid by comparingt to theSchrodingeFunctionakscheme
which we usedasour benchmark.Obviously it will not be uniquein this respectandonecould
pursuethis programmedurther. Onecautionaryremark:our benchmarkS i couplingis definedin
a finite volume,andone needsto understandhe implicationsfor this of the finite volume phase
transitionsat N = oo [9] thatwill leadto cross-@ersatfinite N.

We canusefits of theform eqn(2.1)to extractvaluesof A7//a andhenceA;5/+/o for all
N. Doingso,in Fig. 5, we find thatthesevaluescanbefitted with amodestO (1/N?) correction

0.33(3)(3)

A+rs
MS —0.503(2)(40) + e ;

NG

N>3 4.1)
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Figure5: Calculatedraluesof A7/+/c versusl /N? with alinearextrapolationto N = co shavn.

(We chooseto exclude SU(2) from thefit, becausef the difficulty in identifying a region where
aweakcouplingexpansionis valid, but our fit doesagree whenextrapolatedo N = 2, with the
valuenaively obtainecthere.)Herethe first erroris statisticalandthe secondnuchlargererroris
expectedo provide aboundon the systematierrorfrom all sources.

References

[1] C.Allton, hep-lat/9610016.

[2] B. Lucini andM. Teper JHEP0106, 050(2001)[hep-lat/0103027]

[3] D. GrossandE. Witten, Phys.Rev. D21, 446(1980).

[4] S.Capitani,M. LuscheyR. SommerandH. Wittig, Nucl. Phys.B544, 669 (1999)[hep-1at/9810063]

[5] S.NeccoandR.SommerNucl. Phys.B622, 328(2002)[hep-lat/0108008]S. Necco,Ph.D. Thesis
[hep-1at/0306005].

[6] G.Parisiin High Energy Physics- 1980(AIP 1981).
[7] C.Allton, M. TeperandA. Trivini, in preparation.
[8] S.Bethkehep-&/0004021.

[9] R.NarayananH. Neubeger, andF. Reynoso,arXiv:0704.2592, R. Narayanani. Neubeger,
arXiv:0710.0098.



