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1. Introduction

A precise calculation for neutrédd mixing matrix elements has been an urgent task since the
recent measurement Afng [1]. Such a calculation is crucial in obtaining stringenhstraints on
the unitarity triangle of the Cabibbo-Kobayashi-Maskawk M) matrix and searching for new
physics. On the other hand, tB8—D° mixing system is a good channel to search for new physics
[2], because the Standard Model contribution is strongpypseissed. In the Standard Model, the
short distance contribution to the mass differences okthesvy neutral meson mixing systems is
predominantly determined by the matrix elements of a siegteof four quark operators:

Oraa = Dy (1—y6)qg WPy, (1—y6)df, (1.1)

whereh is a heavy quark field (eithertaor ac quark),q, is a light-quark field with flavoua (ais
not summed over), and andf3 are colour indices. Models containing flavour-changingemniis
other than th&/ — A form (arising in supersymmetric extensions of the Standléodel and other
scenarios) usually result in mass differences that addilip depend on matrix elements of the
four-quark operators [3]

022 = 7 (1 y5)a3 PP (1— ys)ck,
O30 = h7 (1= y5)0§ WP (1— p)cf, (1.2)
Oaza = h*(1— )0 PP (1+ )cf,
Osaa = h7(1—y5)d§ WP (1+ 6)cf,
Generically we can represent these operators as
O ea =100l 20, (1.3)

for the appropriate choice of spin and colour matri¢gs,. In lattice calculations, it is convenient
to perform a Fierz transformation which renders linear cioations of the operators in Eq. (1.2)
into products of colour-singlet currents. Nevertheless civoose to work in the basis of Eq. (1.2).
In this article, we present a study for the light-quark mass spatial volume dependence in
matrix elements relevant to the mass differences in theraleitand D meson mixing systems,
using (partially quenched) heavy meson chiral perturbati@ory. So far, only one exploratory
numerical calculation in quenched lattice QCD has beeriethaut for the full set of these matrix
elements [5]. However, with experimental progress in CKMgits, an accurate determination of
these matrix elements, which involves reliable chiral gxtdations, will become necessary in the
foreseeable future. In this work, we show that the chiralagdlation for matrix elements @1 a5
is considerably less complicated than that for matrix el@sef the operators in Eq. (1.2). This
is due to the factiy o4 preserves heavy quark spin symmetry, as explained in $scl8and 4.
Details of the formulae for the chiral extrapolations ofglenatrix elements have been presented
in Ref. [6].

1Some of the matrix elements studied in this work are alsvaeleto the width difference in thB mixing sys-
tem [4].
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2. Heavy meson chiral perturbation in finite volume

Heavy meson chiral perturbation theory (KMT) was formulated in Refs. [7, 8, 9], and gen-
eralised to the quenched and partially-quenched versioRefs. [10, 11]. Finite spatial volume
effects in this effective theory have also been investiyaeRef. [12]. Here we only sketch the
ingredients necessary to study neutral heavy-light mesgmgisystems. Details of this effective
theory can be found in the above references.

In HM xPT, the heavy-light meson field appears in the covariant form

14K (o

wherePéQ) and P;(H@ annihilate pseudoscalar and vector mesons containing\wy loeark Q and

a light anti-quark of flavour. In the heavy particle formalism, such mesons have momentum
p* = MpvH + kM with |kH| < Mp andVH is the velocity of the particle. Under a heavy quark spin
U (2) transformatiorSand a generic light-flavour transformatiohi.e., U € SJ (3) for full QCD
andU € U (6|3) for partially-quenched QCD (PQQCD)],

HQ — sHIQu (2.2)

The conjugate field, which creates heavy-light mesons @tntpa heavy quarkQ and a light
anti-quark of flavoum, is defined as

_ . 1+
Q) = @ty — (paﬁ?”y“ T PéQ”yg) ?X’ : (2.3)

which transforms undeBandU as
HY — UgpH 2S. (2.4)
These heavy-light meson fields couple to the Goldstone migslds
E=e®T =5, (2.5)
wherez is the ordinary nonlinear Goldstone field. The fiéltransforms as
§—ULEUT=UEU], (2.6)

whereU, (g, is an element of the left-handed (right-hand&d)(3) and SJ (63) groups for QCD
and PQQCD respectively.

The mesons containing a heavy anti-qu@_rbnd a light quark of flavoua can be included in
the theory by applying the charge conjugation operatiohéambove heavy-light meson fie‘HiQ).
The field that annihilates such mesons is

— N —_ — l_
HQ = (P&&QW‘ —p ys) 7)0 : (2.7)

which transforms unde®andU as

HLY — UgpH ?S (2.8)
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The main effects of heavy quark symmetry breaking in ¥ Lagrangian is the splitting
between vector and pseudoscalar heavy-light meson mds3es [

%tl’[} (I—Ta(\Q)auvHéQ)a“"> , (2.9)
P

whereA; is a low energy constant (LEC), ang tmeans trace in the spinor indices.
3. Four-fermion operators
Under a chiral transformation, the four-quark operator&dn(1.2) fall into two categories:

O =hrwa hry

Oir = hTna hr3 og, (3.)
where 1+
dr=-—7"0 (3.2)

Operatorsfy aa, 02 aa and 03 45 are of the first type and transform in the symmet6g, 1r)
representation built from the direct produ@t ,1r) ® (3.,1r) = (61,1r) ® (3L, 1r) under chiral
rotations whiledis aa and 0s 45 are of the second type and transform in tBe,3r) representa-
tion. Here we refer to the SU(3) flavour transformation préps, leaving the partially quenched
extension to the following subsection. Note that the coiodices in Eq. (1.2) are relevant to short-
distance physics, and hence play no role in the chiral ptigseof these operators. Treatifhgy,
F(Lle andl'(LzF; as spurions transforming as

M — ST U,

ro . sriuf,

r<LF3 sr3ul, (3.3)
the operators in EqQ. (3.1) remain invariant under heavyigspin and chiral rotations. The boson-
isation of the operators in Egs. (1.1) and (1.2) can be padrusing these spurion transformation

properties. The procedure is explained in details in Réf.lfédeads to the following set of opera-
tors involving the individual heavy meson fields:

AL () (60) o (45, ().

ﬁ;(m:ﬁas) (&P™1) (£P™) + By (£PET) (ePO) | (3.4)
O = Bus) (PT) (£7PM) + Ay (£7PT) (spﬁ)

i (2R, (81100 + Bl () (80°07)

where the;, Bi’,ﬁi, and[?i’ are LECs.

It is important to note that in the above equation, the opeerﬁf{';"axPT behaves somewhat dif-
ferently from the other operators as only a single LB occurs. This greatly simplifies any chiral
extrapolation of corresponding lattice data for neutrauyelight meson mixing in the Standard
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Model, as discussed in the next section. We stress thatithgication is not obvious from the
operator structure and is particular to ¥e- A form of the Standard Model currents. In general,
one would expect that operators for pseudoscalar and vewson mixing processes are accom-
panied by different LECs. This is the case for all the nom8&sad-Model operators, as shown in
Eq. (3.4).

To understand the origin of the above simplification in thengard Model operatoﬁfg"ax T
we turn to heavy quark effective theory (HQET). In this effextheory, the operators that produce
the same matrix elements as those in Eq.(1.3) are [14]

ﬁiﬁagET = Qr10aQ'M 202+ Q'M102 Qr 204, (3.5)

wherel 1, are the appropriate Dirac and colour structures from E@Q)(Here,Q andQ denote

fields annihilating a heavy quark and heavy anti-quark,aetigely (these fields do not create the

corresponding anti-particles). Additional terms in HQETMigh create two heavy quarks or anni-

hilate two heavy anti-quarks will not contribute to neutnelvy-meson mixing and are ignored.
The standard model operator in HQETS™, satisfies the relation

(R8T} P) = {,00XT P =0, (3.6)

where |P) is pseudoscalar heavy-light meson state, b}?)dis the state of its anti-particle. The
operator
% = £1°Q"31;Q - Gy Q7, (3.7)

is the heavy quark spin operator [15] that changes the sptheoheavy-light meson state by
one. Therefore, Eq. (3.6) implies that the mixing matrixnedats for vector and pseudoscalar
heavy-light mesons are equal and opposite in the heavikdjnzit. This symmetry is reflected in
HM xPT, leading to the result foﬁﬁg"aXPT in Eq. (3.4).

For the non-Standard-Model bperators, it is straightfodita show that

{8, 01THP) 20, {0,617} 1P) £0 (39)

and
(5,015 IP) £ 0, [, 0125T] IP) £ 0, (3.9)

wherei = 2,3,4,5. This means that the pseudoscalar and vector meson misdnggses via these
operators are not proportional to each other, hence theaggupee of the terms accompanied by
B3345andB; s in Eq. (3.4).

We end this section by noting that equations of motion fohiavy quark [5] result i3 aa =
—012a/2— U223, and can be used to relate some of the LECs in Eq. (3.4).

4. Neutral meson mixing matrix elements

Calculations at NLO in the chiral expansion require the wa@bn of the one-loop diagrams
shown in Figure 1. We perform these calculations both atitefwvolume and in a cubic spatial
box of dimensiond 2 (the time extent is assumed to be infinite). In this sectiorsuamarise the
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Figure 1: Diagrams contributing to the matrix elements of four-quaplerators at NLO in the chiral ex-
pansion. Solid, double and dashed lines correspond to gabpa of pseudoscalar and vector heavy-light
mesons, and Goldstone mesons, respectively. The crosséal dénotes the four-quark operator and dia-
gram (@) is the wave-function renormalisation.

results, relegating details of the calculations to Ref. fihough we present results specifically in
the B-meson systems, note that they are also applicalilerteeson systems, under the assumption
that the charm-quark mass is large enough comparég .

For the standard model operator we find the following matiexents

(B%|01,44|B%) = B1 <l+ T+ M + Qé”) + analytic terms
(4.1)
Weo + Ve
<B_2‘ﬁl7ss‘82> =B <1+ T 4+ ¥ + Qé”) + analytic terms

The “analytic terms” here include Goldstone meson massreduierms, a term- as(My) /41T
(arising from mixing) and a terr- Agcp/My,. The wave-function contributions#y (diagram
(a) in Figure 1), and tadpole- and sunset-type operatorrlrmitsations,%(i> and QQ (diagrams
(b) and (c) in Figure 1, respectively) are non-analytic fioxes of the light quark mass and lattice
volume and are defined in Ref. [6].

For the operators that contribute to B@neson mixing processes beyond the Standard Model,
we obtain:

Wao + Wk

(B°|02(3).44|B%) = Bagg) <1+ T2 4 BO#BO> + By 28+
WB_O + WBO

(B2|Oy3)5/BY) = Bua) <1+ T2 4 %) +[3§(3>Q§2(3>> .

(4.2)

. Yo+ ¥, .
(B O(s) 4a|B°) = {B4(5) +[34(5)] <1+ T4 4 BOTBO> + [[3"1(5) +[34/1(5)} 20O

~ WB_O + WBO ~
(BY Oas) IB2) = {B4(5) +[34(5)] <1+ TR 4 %) + [BQ(5) +[34/1(5)} 98 L

where “...” represents the “analytic terms” asin Eq. (4.1). The tewn@éi) arising from the sunset
diagrams [Fig. 1(c)] involve the neutral heavy-light veateeson mixing amplitudes. As discussed
in the preceding section, it is only in the case/fy, that these amplitudes are related to those of
the pseudoscalar heavy-light mesons. iFer2, 3,4,5 these terms are consequently accompanied
by different LECs.
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The above results lead to the fact that the chiral extrajpolatfor B mixing matrix elements
in_and beyond the Standard Model have different featuresiefially, the chiral expansion for
(B?s) |01,z B?S)> takes the form

chiral

(By|01.2aBy) == ya (1+L)+analytic terms (4.3)

wherey; is the leading-order LEQ, denotes the non-analytic one-loop contributions (chogt |
arithms), and the analytic terms are from the next-to-legdirder counter-terms in the chiral ex-
pansion. However, for the operators in Eqg. (1.2), the cleixplansion has the generic feature:

chiral

<§?s)|ﬁi,aa|3?5)> W (14-L) + L 4 analytic terms (4.4)

wherei = 2,3,4,5, y and )/ are unknown leading-order LECs, ahdandL’ are different one-
loop chiral logarithms. The appearance of the second nahim term complicates the chiral
extrapolation in Eq. (4.4) because an additional unknowamater must be determined.

We end this article by noting that the effects of scalar rasoas in these matrix elements have
been studied in Ref. [16] and found to be negligible.
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