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We present the results of the lattice QCD calculation of therage up-down and strange quark
masses and of the light meson pseudoscalar decay constagafly performed witiN; = 2
dynamical fermions by the ETM Collaboration. The simulatie carried out at a single value
of the lattice spacing with the twisted mass fermionic atid maximal twist, which guaran-
tees automati@(a)-improvement of the physical quantities. Quark masses emermalized
by implementing the non perturbative RI-MOM renormaligatprocedure. Our results for the
light quark masses ane!S(2 GeV) = 3.85+ 0.12+ 0.40 MeV, m/S(2 GeV) = 105+3+9
MeV andms/myq = 27.3+ 0.3+ 1.2. We also obtainfx = 1617+ 1.2+ 3.1 MeV and the ra-
tio fx /fr=1.22740.009+ 0.024. From this ratio, by using the experimental determamadf
F(K— pvu(y))/T(m— pvu(y)) and the average value pf,q| from nuclear beta decays, we ob-
tain [Vys| = 0.21925)(45), in agreement with the determination frdfpy decays and the unitarity
constraint.
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Figure 1: Effective masses of pseudoscalar mesons ugth |1y = i, as a function of the time.
1. Introduction

We present our recent determination [1] of the light quarlssea (strange quark massand
average up-down quark masgg), of the kaon pseudoscalar decay constiantand of the ratio
fc /fr. In order to investigate the properties of tiemeson, we have simulated the theory with
N; = 2 degenerate dynamical and two valence quarks, considenagtially quenched setup with
the valence quark massgs and i, different between each other and from the sea quark prass

The calculation is based on a set of (ETMC) gauge field cordigans generated with the tree-
level improved Symanzik gauge actionfit= 3.9, corresponding ta = 0.087(1) fm (a1 ~ 2.3
GeV) [2], and the twisted mass fermionic action at maximaktw We have simulated 5 val-
ues of the bare sea quark maagis = {0.004Q 0.0064 0.0085 0.010Q 0.0150} and 8 values,
a1 2 = {0.004Q 0.0064 0.0085 0.010Q 0.0150Q 0.022Q 0.027Q 0.0320}, for the valence quark
mass. The first five masses, equal to the sea masses, lie ante¥6ms < p12 < 2/3ms, being
ms the physical strange quark mass, while the heaviest theegraund the strange quark mass.

At each value of the sea quark mass we have computed the twbeporelation functions of
charged pseudoscalar mesons, on a set of 240 independeetfegd configurations, separated by
20 HMC trajectories one from the other. To improve the diaifaccuracy, we have evaluated the
meson correlators using a stochastic method witki2)-noise to include all spatial sources [3, 4].
Statistical errors on meson masses and decay constant@brated using the jackknife procedure,
while those on the fit results, based on data obtained areliffesea quark masses, are evaluated
using a bootstrap procedure. Further details on the nualeiinulation can be found in refs. [1, 5].

The use of twisted mass fermions presents several advani@lge) the pseudoscalar meson
masses and decay constants are automatically improv@@at ii) at maximal twist, the physical
guark mass is directly related to the twisted mass paramétle action, and it is subject only to
multiplicative renormalization; iii) the determinatiori ihe pseudoscalar decay constant does not
require the introduction of any renormalization constant it is based on the relation
{0[P*(0)|P)]

MEs
The meson masklps and the matrix element{0|P(0)|P)| have been extracted from a fit of the
two-point pseudoscalar correlation function in the timeimalt /a € [10,21]. In order to illustrate
the quality of the data, we show in fig. 1 the effective mas$@seudoscalar mesons, as a function
of the time, in the degenerate cages= 1 = Lo.

frs= (M1 + L) (1.1)
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2. Quark mass dependence of pseudoscalar meson masses anchgleonstants

The determination of the physical propertiekomesons requires to study the corresponding
observables over a large range of masses, from the physiaatje quark down to the light up-
down quark. In ref. [1], we have studied the quark mass degrm®lof pseudoscalar meson masses
and decay constants by considering two different functiforans: i) the dependence predicted by
continuum partially quenched chiral perturbation the®@ChPT), ii) a polynomial dependence.

PQChHPT fits: Within PQChPT we have considered the full next-to-leadindeo (NLO) ex-
pressions with the addition of the local NNLO contributipng. terms quadratic in the quark
masses, which turn out to be needed for a good descriptioheofiata up to the region of the
strange quark. The PQChPT predictions [7] can be written as

§1(és—¢&1) 28 &(&s— &) In 26

Mgs(ﬂs,ul,uz) = Bo(H1+ H2) - [1%—

(&2—¢&1) (&2—¢&1)
+ay &2+ asés+avy &+ asséé + avséioés+avp &byl - (2.1)
fps(bs, p1, p2) = f- [1— §15In2815— &5 IN 285+ 61222_7_52312 In (%) +

+(bv +1/2) E12+ (bs— 1/2) Es+ byy &5 + bssEE + byséi2€s+bup &5yo)

whereé&; = 2Bopti /(411f)2, & = Bo(Li + 1j)/(41f)? and&pij = Bo(i — )/ (41tf)2. The param-
etersBg and f are the LO low energy constants (LECsWwhereasy, as, by andbs are related to
the NLO LECs byay = 4ag — 2as, as = 8dg — 4d4, by = as, bs = 2a4. The quadratic mass terms
in eq. (2.1) represent the local NNLO contributions. Thealdogarithms, also known at two loops
in the partially quenched theory [8], involve a larger numbENLO LECs whose values cannot
be fixed from phenomenology in tidy = 2 theory. Introducing their contribution would increase
significantly the number of free parameters, thus limiting predictive power of the calculation.

Aiming at a percent precision, the impact of finite size ccticms cannot be neglected in our
study, where the lattice spatial extensiotis- 24a ~ 2.2 fm andMpd. > 3.2. Since we have not
performed yet a systematic study on different lattice vaamwe have estimated the finite size
effects by including in the fits the corrections predictehg-loop PQChPT [9] (for their explicit
expressions see ref. [1]).

Polynomial fits: The inclusion of the local NNLO contributions in the PQChR€&dictions
of eq. (2.1) is required by the observation that the pure Nkg€dligtions are not accurate enough to
describe the quark mass dependence of pseudoscalar messesmaad decay constants up to the
strange quark region. Not having considered the full NNL®atpredictions, we have evaluated
the associated systematic uncertainty, considering aseanative description a simple polynomial
dependence on the quark masses, for both pseudoscalar masses and decay constants:

M2s(Hs, 1, H2) = Bo (U1 + ) - [1+ av o+ asés+ avwéd + assEd + avséiés + avnéia) »
fos(Uis, M1, t2) = T+ [1+ (by +1/2)&10+ (bs— 1/2)Es + byy &R, + bsES + by séi2€s+ bypéd,] -
2.2)

The differences between the results obtained by perforraitiger chiral or polynomial fits have
been included in the final estimates of the systematic errors

1The pseudoscalar decay constéris normalised such thdt; = 1307 MeV at the physical pion mass.
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3. Chiral extrapolations

The input data of our analysis [1] are the lattice resultdtierpseudoscalar meson masses and
decay constants obtained at each value of the sea quarkwitisbpth degenerate and non degen-
erate valence quarks. We have excluded from the fits the éstaviesons having both the valence
quark masses in the strange mass region, i.e. ayiily = {0.022Q 0.027Q 0.0320}, considering
therefore 150 combinations of quark masses. The numbee®fiarameters in the combined fit of
M35 and fpsis 14, but a first analysis shows that some of them (from 1 togeing on the fit)
are compatible with zero within one standard deviation, amedkept fixed to zero.

In order to extrapolate the pseudoscalar meson masses ea cstants to the points cor-
responding to the physical pion and kaon, we have considared different fits:

e Polynomial fit: a polynomial dependence on the quark masses is assumeckttatgssalar
meson masses and decay constants, according to eq. (2.2).

e PQChHPT fit: pseudoscalar meson masses and decay constants are fitbediragto the
PQChHPT predictions of eq. (2.1) including the finite volunoerections derived in ref. [9].

e Constrained PQChPT fit: this fit, denoted as C-PQChPT in the following, deserves a&amor
detailed explanation. The main uncertainty in using eqd)(2nd (2.2) to describe the
quark mass dependence Mﬁs and fpg is related to the extrapolation toward the physical
up-down quark mass. On the other hand, we have shown in jehd2pure NLO ChPT,
with the inclusion of finite volume corrections, is sufficilgraccurate in describing the lattice
pseudoscalar meson masses and decay constants when yisésdagaestricted to our lightest
four quark masses in the unitary setup (ue.= > = Us). In order to take advantage of this
information, when performing the C-PQChPT fit we first detilerthe LO parameterBy
and f and the NLO combinationay + as andby + bs from a fit based on pure NLO ChPT
performed on the lightest four unitary points. By using thesnstraints, the other parameters
entering the chiral expansions M,ES and fps are then obtained from a fit to eq. (2.1) over
the non unitary points. For consistency with the previousam fit, we exclude also in this
case from the analysis the data at the highest value of sek opaess ans = 0.0150.

We find that, though the quality of the fit is better in the palymial case, all three analyses provide
a good description of the lattice data, in the whole regiomagses explored in the simulation,
once the terms quadratic in the quark masses are taken ruarc

A potential problem in the partially quenched theory is theeryence of the chiral logarithms
in the limit in which the light valence quark mass goes to zffixed sea quark mass (see eq. (2.1)).
This divergence does not affect the extrapolation of thicatesults to the physical point, since
sea and the light valence quark masses are degenerate ¢agbisHowever, in order to verify that
this unphysical behaviour of the partially quenched cHivglrithms does not modify the result
of the extrapolation, we have repeated the analysis résgriboth the polynomial and the chiral
fits to the 30 quark mass combinations (26 in the case of th@CHPT fit) that, satisfying the
constraintu, > U = Us, are not affected by dangerous chiral logarithms. The coisgabetween
the results obtained by considering the two different setgiark masses is reassuring, as it shows
that the effects of potentially divergent chiral logarithare well under control in our analysis.

The mass dependence of the pseudoscalar meson masses apdalestants is illustrated
in fig. 2, where lattice data are compared with the resultshefgolynomial, PQChPT and C-
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Figure 2: Lattice results fanMF%S/ % (a1 +app) (left) andafps (right) as a function of the valence quark
massall, with apy = als. The solid, dashed and dotted curves represent the reétits three fits.

PQChPT fits. We have shown in the plots the cases in which otfeeofalence quark masgs()

is equal to the sea quark mass, and the results are presengefliaction of the second valence
quark massyf;). The points corresponding to the physical pion and kaorttare obtained by
extrapolating/interpolating the results shown in fig. 2re timits (; — myg and i, — ms.

To investigate the impact of finite volume corrections weehewmpared, for the pseudoscalar
meson masses and decay constants, the PQChPT fits obtaitredrwvithout including these
corrections. The differences turn out to be small [1]; hosveto better quantify the systematic
error due to finite size effects, we plan to extend our analgsilattices with different spatial sizes.

By having determined the fit parameters, we have then extiigabeqs. (2.1) and (2.2) to the
physical pion and kaon, as follows. We have first used thererpatal values of the ratid¥l,;/ f,;
andMg /M to determine the average up-down and the strange quark esgsectively. Once these
masses have been determined, we have used again egs. (2(2)2rio compute the values of the
pion and kaon decay constants as well as their riatjd ;.

4. Physical results

In order to convert into physical units the results obtaifi@dthe strange quark mass and
the kaon decay constants we have fixed the scale within eadysan(polynomial, PQChPT and
C-PQChHPT fits) by usindg;; as physical input. In the case of the polynomial and PQChRT fit
we conservatively introduce for the dimensionful quaesita 6% and 3% of systematic error to
take into account the different scale estimate derived énatalysis over the lightest four unitary
points [1, 2].

The determination of the physical strange and up-down guadses also requires implement-
ing a renormalization procedure. The relation between &re twisted mass at maximal twigl,
and the renormalized quark mass,, is given bymy(ur) = Zm(9?, aLR) Hq(@), wherepr is the
renormalization scale, conventionally fixed to 2 GeV for tight quarks. Z,, is the inverse of
the flavour non-singlet pseudoscalar density renormaizatonstantZ, = Z, 1. We have used
the non-perturbative RI-MOM determination @, which giveszR'"MM(1/a) = 0.39(1)(2) at
B = 3.9 [10], and converted the result to tMS scheme at the scalg = 2 GeV by using renor-
malization group improved continuum perturbation thedriha N°LO [11].
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Fit mii> (MeV) | mfS (MeV) | ms/myg | fx (MeV) fic/
Polynomial || 4.07(9)(33) | 109(2)(9) | 26.7(2)(0)| 158.7(11)(89)| 1.214(8)(0)
PQChPT || 3.82(15)(25)| 107(3)(7) | 27.9(2)(0)| 160.2(15)(54)| 1.225(11)(0)
C-PQChPT| 3.74(13)(21)| 102(3)(6) | 27.4(3)(0)| 161.8(10)(0) | 1.238(7)(0)

Table 1: Results for the light quark masses and pseudoscalar deeceyacws, in physical units, from
the polynomial, PQChPT and C-PQChPT fits, analysing onlyctirabinations of quark masses satisfy-
ing U2 > 1 = Us. The quoted errors are statistical (first) and systemagicaisd), the latter coming from
the uncertainties in the determination of the lattice sealé of the quark mass renormalization constant.

In table 1 we collect the results for the light quark massespeudoscalar decay constants, in
physical units, and for the ratioss/m,q and fx / f;, as obtained from the polynomial, PQChPT and
C-PQChPT fits. To be conservative, we consider the resulgsradal from the analysis of the quark
mass combinations satisfying the constraipt> L; = us which, though being affected by larger
statistical errors, are safe from the effects of the padintdivergent chiral logarithms. In table 1
we quote as a systematic error within each fit the uncertaisspciated with the determination of
the lattice spacing and of the quark mass renormalizatiosteaot.

In order to derive our final estimates for the quark massesdandy constants, we perform
a weighted average of the results of the three analysesnpeelsan table 1 and conservatively
include the whole spread among them in the systematic wistt In this way, we obtain as our
final estimates of the light quark masses the results

mA5(2 GeV) = 3.85+0.12+0.40 MeV , mS(2 GeV) = 105+3+9 MeV, (4.1)

and the ratio
ms/myg = 27.3+0.3+1.2, (4.2)

where the first error is statistical and the second systemBbtr the kaon decay constant and the
ratio fx / f we obtain the accurate determinations

fk =1617+12+31MeV |, fx/fr=1.227+0.009+0.024. (4.3)

An interesting comparison of our results for the strangelquaass and the ratiék / f;; with
other lattice QCD determinations is illustrated in fig. 3g(sef. [1] for the full list of references).

An important finding of our analysis [1] is that the use of rmerturbative renormaliza-
tion turns out to play a crucial role in the determination bé tquark masses. The estimate
ZRI"MOM(1/a) = 0.39(1)(2) obtained with the RI-MOM method is in fact significantly steal
than the predictiorz8PT(1/a) ~ 0.57(5) given by one-loop boosted perturbation theory (in the
same RI-MOM renormalization scheme) [10]. Had we used thtugmative estimate oZp we
would have obtained{!S(2 GeV) = 2.63+ 0.08-+0.36 MeV andnS(2 GeV) = 72+2+9 MeV.
As shown in fig. 3 (left), our prediction for the strange quarkss in eq. (4.1) is in good agree-
ment with other determinations based on a non-perturbatigkiation of the mass renormalization
constant. The non-perturbative renormalization methioekefore, is found to have an important
impact that can be even larger than the quenching effectratdhould be kept in mind, particu-
larly when combining the lattice results to produce the Kumaass final averages.
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Figure 3: Lattice QCD determinations of the strange quark mass (&f of the ratiofx / fr (right)
obtained from simulations witHs = 2 andN¢ = 2+ 1 dynamical fermions. The results are also compared
with the PDG 06 averages [12] and, fixr/ T, with the average from th€,s determination o¥/ys [13].

Our result for the ratidy / f; can be combined with the experimental measuremeht{iéf—
pvy(y)/r(m— pvu(y)) [12] to get a determination of the rati®ys|/[Vua| [14]. We obtain
[Vus|/[Mud| = 0.2251(5)(47), where the first error is the experimental one and the secotitei
theory error coming from the uncertainty dp/f;. It yields, combined with the determination
[Vug| = 0.9737727) [15] from nuclear beta decays, the estimpdg| = 0.21925)(45), in agree-
ment with the value extracted froKys decays|V,s| = 0.225519) [13], and leads to the constraint
due to the unitarity of the CKM matrif/,q| + [Vus|? + [Vup|?> — 1= (=3.7+2.0) - 10°3.
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