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QCD thermodynamics | Frithjof Karsch

1. Introduction

The striking observations of large elliptic flow and jet quenching at RHlI®its at an early
equilibration of the dense matter formed in relativistic heavy ion collisions. Thigrimsuggests
that the constituents of this medium, which at RHIC equilibrates at temperatggethkn about
300 MeV or energy densities of about 15 GeVfrare still interacting strongly. The equation
of state (EoS) describing this medium thus should exhibit significant devgafrom ideal gas
behavior. This has indeed been seen in calculations of the QCD equatstat®fon the lattice,
where deviations from the non-interacting limiting behavgs 3p, show up as a large peak in the
trace anomaly in units of 4, @#H(T) /T* = (¢ — 3p)/T4.

Pretty soon bulk thermodynamics, and in particular the EoS, will be probeueat higher
temperatures at the LHC. This will be complemented by experimental studiesttaf raalower
temperature but non-zero baryon number density through low eneeyy lien collisions at RHIC
and at the future European heavy ion facility, FAIR, at GSI/Darmstathiul will be of importance
to get control over the EoS in a wide range of temperatures and to anddyritsadependence on
the baryon number density or the baryon chemical potential.

While good control over the continuum extrapolation of numerical results®@io0S has been
reached in lattice calculations for the SU(3) gauge theory, much work isestitled to get similarly
good control over calculations performed with physical light and strangek masses. We will
discuss here the current status of these lattice calculations.

During recent years the steady progress made in lattice calculations lthimpgrtant new
algorithmic developmentg][2] and increased computing resources helpedatygadvance our
knowledge of the thermodynamics of strongly interacting elementary partiglesQn the one
hand, lattice calculations of the equation of stald]4] 5, 6] and transition tatope{7 [B[P] with
an almost realistic quark mass spectrum are now possible at vanishing ehpoti&ntial. On the
other hand, lattice calculations based on various approximation schemealsm\rovide first
insight into the thermodynamics at non-zero quark or baryon chemicattieitéu) [L0].

In this review we will discuss some of the results obtained recently @tf) improved stag-
gered fermion formulations. As these results have been presented in dglhgttof 2007 in a very
similar format at the '4th International Workshop on Critical Point and @on$®econfinement’
and at the XXV International Symposium on Lattice Field Theory’ the wripestithese talks has
been splitted into two parts. In this first part we will focus on recent resmltthe equation of state
at vanishing and non-vanishing chemical potential and discuss resultsamgyeness and baryon
number fluctuations which may become detectable in heavy ion collisions. |FBRH] focuses
on a discussion of results on the nature of the QCD transition and repotit® aurrent status of
calculations of the transition temperature in QCD.

2. The QCD equation of state

While continuum extrapolated results for the EoS of the SU(3) gauge tihewg/been estab-
lished more than 10 years ad [3], this still has to be achieved for QCD witlysiqal quark mass
spectrum. Lattice calculations with light dynamical quarks, of course, inttedheir own set of
problems into the numerical study of QCD thermodynamics. The well-knowlgmts with the
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Figure 1. Pressure in the SU(3) gauge theory calculated for the stdnifdson action (1x 1) and several
improved actions analytically in the infinite temperatudzal gas limit on lattices with temporal extext
(left). The right hand figure shows numerical results olgdion lattices with temporal exteNt = 4.

discretization of fermion actions that require to break the chiral symmetryecédintinuum action
and/or requires the introduction of additional fermion species leads to affcdépendent modifi-
cation of the hadron spectrum that will influence thermodynamic propettilsvademperatures,
i.e. in the hadronic phase. This introduces additional cut-off dependeimt@attice studies of
QCD thermodynamics that are not present in pure gauge theories ariceragietailed analysis.
Aside from this, however, studies of QCD thermodynamics suffer from sirdikcretization er-
rors as pure gauge theories which strongly influence studies of bulktugmnamics in the plasma
phase of QCD and, in particular, show up as a strong cut-off depead#rthe high temperature
limit of bulk thermodynamic observables. These cut-off effects essentiadly om the need to
replace derivatives in the QCD Lagrangian by finite differences. Imtheé subsection we briefly
recall the importance of these effects for the analysis of thermodynamics imdgh temperature
phase of SU(3) gauge theories before starting to discuss the therrmidgnaf QCD with two
degenerate, light quark masses and a heavier strange quark mass.

2.1 Cut-off effectsin QCD ther modynamics

2.1.1 SU(3) gaugetheoriesrevisited

In the standard approach to the discretization of a SU(3) gauge theoButiielean action is
represented by a sum overx11)-Wilson loops (plaquettes). This introduc€$a?) discretization
errors. Itis well known how to eliminate these leading order discretizatimnseon the tree level by
adding larger Wilson loops, eg. €12) or (2x 2) loops. This shifts the leading order discretization
errors tod'(a*). Other improvement schemes, like for instance the Iwasaki action, impestarc
non-perturbative features of the lattice action, but do not aim at an elimimatithe &' (a?) errors.
These discretization errors also show up in lattice studies of thermodynaiuititigs on lattices
with finite temporal extent;); as the relevant scale is the lattice cut-off in units of the temperature,
aT =1/N;, 0(a") cut-off errors thus show up in finite temperature calculation§' &s/Ny") errors.

This can explicitly been analyzed in the infinite temperature ideal gas limit of @QCBig ] (left)
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Figure 2: Cut-off dependence of the infinite temperature ideal gassue in staggered fermion formula-
tions of QCD thermodynamics. Shown are analytic resultstferpressure calculated in the thermodynamic
limit (N, — ) on lattices with temporal extem; for the standard 1-link action as well as twi(a?)
improved actions. Results are shown for vanishing and rasishing values of the chemical potential

(/T =0, ).

we show the cut-off dependence of the pressure calculated analytiocelarious SU(3) actions
as function ofN; and normalized to the continuur{ — o) Stefan-Boltzmann value.

One lesson learned in studies of the EoS of a pure gauge theory is thatreimely important
to use at least’(a?) improved gauge actions for the calculation of bulk thermodynamic observ-
ables like eg. energy density and pressure, if one wants to reduc# effieots at high temperature
already on lattices with small temporal extent. As can be seen irff]Fig. 1(righthitemperature
close to the deconfinement transition temperature cut-off effects on lattitedixed temporal
extent (\; = 4) follow the pattern seen already in the infinite temperature limit. While the pressur
calculated with actions that hav&(a?) cut-off errors deviates strongly from the continuum extrap-
olated result also in the vicinity of the transition temperature calculations &#f) improved
gauge actions yield results on coarse latices that are already close tontireiam extrapolated
result.

2.1.2 Thermodynamicswith staggered fermions

These generic features also hold true in calculations performed in QCD whtigligarks. The
standard discretization scheme of the fermionic part of the QCD action (&ditins) introduces
¢ (a?) errors that can be removed in thermodynamic observables on the tredyewetoducing
suitably chosen additional 3-link terms (Naik, p4). The resulting cut-déot$ in the infinite
temperature, ideal gas limit are shown in Hig. 2. We note that the improventestnss improve
bulk thermodynamic observables at vanishing as well as non-vanishamicél potential. These
actions are usually supplemented with additional terms that reduce the flamoredry breaking



QCD thermodynamics | Frithjof Karsch

(smearing) and/or reduce cut-off effects beyond the tree level (tadpprovement). None of
these improvements, however, alter the behavior in the infinite temperature lireit.arl thus not
expected to be essential for studies of bulk thermodynamics in the high tempgratise of QCD.

The early calculations with unimproved staggered fermifnk [12] and céitmsawith unim-
proved Wilson fermions[[13] as well as recent calculations with the 1-litdytssmeared action
action [4] indeed showed discretization errors similar to those observearingauge theories; at
high temperature energy density and pressure deviate strongly fronotii@wum ideal gas be-
havior and reflect the large cut-off dependence of the ideal quadagyas in these discretization
scheme& We therefore will focus in the following on a discussion of results on bugkrtiody-
namics obtained witl#’(a?) improved gauge and fermion actions.

2.2 QCD Equation of State at vanishing chemical potential
2.2.1 Bulk thermodynamics. Trace anomaly and entropy density

Lattice calculations of the QCD equation of state with almost physical light quagses and a
physical value of the strange quark mass have, so far, been pedormheon lattices with temporal
extentN; = 4 and 6. These calculations have been performed on lines of consiaitp(LCP),
i.e. with bare quark masses chosen such that a set of hadron massess#gatas the continuum
limit is approached. In order to study QCD thermodynamics over a wide tetopenange it is
necessary to determine the parameters that characterize the LCP atrapevdiire over a wide
range of lattice cut-offs. On the LCP one, furthermore, has to calculaselditional observable
that can be used to set the temperature scale for the finite-T calculatioribisAsale has to be
determined at zero temperatuigs. on large lattices, for quite a few different cut-off valugs
corresponding to the temperature valu€s={ 1/N;a) one wants to analyze, it is advantageous to
use a gluonic observable, e.g. the static quark potential, that is easy ttatglcsinot influenced
strongly by the chiral sector of QCD and has a weak cut-off deperddnchis way it becomes
possible to minimize the influence of spurious zero temperature cut-oftetecthermodynamic
studies and to control the genuine cut-off and quark mass dependiemamerical calculations at
finite temperature.

In Fig.[3 we show results for the trace anoma&@y#(T)/T4 = (¢ —3p)/T*, and the entropy
density,s/T3 = (¢ + p) /T3, calculated withz(a?) improved gauge and staggered fermion actions
(B, B]. We note that the entropy density as well as energy density asduypeeare not independent
observables but are obtained fr@#* (T)/T# using standard thermodynamic relations, after
having evaluated the trace anomaly on the lattice, one obtains the pressughtintegration over

the trace anomaly,
T _,e-3
T%—T%: dT’T—,5p. 2.1)
0 To

1For details on staggered fermion actions used in large scale studies oftBRodynamics we refer to the
literature on, eg. the 1-link, stout smeared actiﬂn [9], the asqgtad aﬂ]can{i?the p4fat3 actiorﬂ[8] (and references
therein).

2]t sometimes is attempted to correct for these cut-off effects by norimglizumerical results obtained at some
value of the temperature in simulations on lattices with given temporal ektetd the Stefan-Boltzmann value for
pressure and energy density on the same size lattices at infinite temeefiig, however, does not solve the problem
as cut-off effects are known to be temperature dependent. Mordbleads to thermodynamic inconsistencies when
calculating, for instance, the trace anomaby— 3p)/T4, which vanishes in the infinite temperature, ideal gas limit.
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Figure 3: The trace anomalyd¥(T) = & — 3p, in units of T* (left) and the entropy densitg= £ + p,

in units of T2 calculated with the p4fat3 acti0|ﬁ| [6] on lattices with temgdcextentN; = 4 and 6. For
OHH /T4 we also show results oN; = 8 lattices (diamonds) obtained at high temperature. Nroe= 6
results from calculations with the asqtad action are almvsﬂﬁ]. In the right hand figure we also show
the temperature scalerg (upper x-axis) which has been obtained from an analysisatitsuark potentials
at zero temperature[l[B]. The MeV-scale shown on the lowexig-has been extracted from this using
ro=0.469 fm.

Choosing the initial temperatuiig deep enough in the hadronic phase where the pressure becomes
exponentially small such that the contributionp:ifl’o)/To4 can be ignored safely, one obtains the
energy and entropy densities through suitable combinatio@8'6{T) andp(T). The small verti-

cal bar in the right hand part of Fifj. 3(right) shows an estimate of thertaiogy that arises from
setting the pressure to zerot= 100 MeV. It is based on an estimate of the entropy density in a
hadron resonance gas at this temperafire [6].

In Fig. [3(left) we show results for the trace anomaly obtained in calculatidthstie p4fat3
action on lattices with temporal exteNy = 4, 6 and 8 on large spatial volumdse. VY/3T =
Ng/N; = 4 or larger. The insertion in this figure shows the high temperature paet-oBp)/T4.
Obviously cut-off effects are an issue in this regime. Fgr400 MeV,i.e. at temperatures larger
than about twice the transition temperature, results or\the: 4 lattice drop more rapidly than
on theN; = 6 lattice. The calculations on thé, = 8 lattice, however, confirm the latter results
and suggest that cut-off effects are under control in this high temperetgion already on the
N; = 6 lattices. This is consistent with the analysis of cut-off effects for theqtidrain the infinite
temperature, ideal gas lim{tiL4].

Also atT ~ 200 MeV,i.e. at temperatures just above the transition region, the trace anomaly
shows some cut-off dependence. The pealein 3p)/T#is much more pronounced in thg = 4
calculations than in thd; = 6 case. This can be traced back to the rapid change of non-perterbativ
B-functions in the crossover region from weak to strong couplfhg [6].cAs be seen from the
entropy density shown in Fid] 3(right) this leads to a noticeable cut-off retigpeee ins/T2 in
this temperature range. It, however, has little effect on the high tempeiagtissior. This also
holds true for energy density and pressiiie [6]. It also is reassthatgcalculations on performed
N; = 6 lattices with the p4fat3 action on quite large latticed/3T = 4, are in good agreement



QCD thermodynamics | Frithjof Karsch

035 F ‘ ‘ ‘ ‘ — <51
/e T Rg==

0.30 P p

0.25

020 |,

0.15 | HRG: pzls - -

CS
0.10

%; T
0.05 r |

¥4 [(Gevim3 Y4

0.00 ; : :
0 1 2 3 4 5 6

Figure 4: The ratiop/¢ as function of the fourth root of the energy density obtaifrech calculations with
the p4fat3 action on lattices with temporal extiat= 4 and 6. Also shown is the velocity of sound extracted
from afittop/e [E] and using Eq2.The dashed curve at low energies shmvgsults fop/¢ calculated

in a hadron resonance gas model (HRG).

with simulations that have been performed with the asqtad action on a smallécgihydume,
V3T =2 [B]. Results from the latter calculation are also shown in fig. 3. The asmtioh
has quite a different cut-off dependence at high temperature, it wseperturbatively improved
(tadpole) couplings and also incorporates a more sophisticated smearintin&fterms in the
staggered action to reduce flavor symmetry breaking effects. The gpedraent between asqtad
and p4fat3 simulations thus suggests that these features only play a minor tbée gommon
temperature range explored in both calculations, 150M&¥400MeV.

The results shown in Fig] 3 have been obtained in calculations with a phgsiaagie quark
mass and light quark masses that are about (2-2.5) times larger than ie. nidtig difference is of
no significance at high temperature as the quark masses are small in unistefmperature It
may, however, play a role in the low temperature hadronic phase. Fronxpeeience gained in
simulations with different light quark massds [, 8] it is to expected that tiemeof sudden rise
in the trace anomaly as well as the entropy density shifts to somewhat smalleratungein the
case of physical quark mass values. Cut-off effects will lead to a similectefThis deserves a
further careful analysis (see also disccusion in paft ]l [11]).

2.2.2 Equation of state and velocity of sound

For the description of the expansion of dense matter created in heavyliisioos, in partic-
ular its hydrodynamic modeling, the temperature dependence of bulk thermaiily observables
is not of direct interest. It is more relevant to get good control over #peddence of the pressure
on the energy density(¢), and deduce from this the velocity of sound,

2_dp_ dp/e p 2.2)

= T —glo 45
ST de de +£

3The renormalization group invariant light quark mass for the calculati@mormed with the p4fat3 action has
been estimated to beR®! = 8.0(4) MeV [f].
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Figure5: Light (x;) and strangexs) quark number susceptibilities at vanishing chemical pia¢ The left
hand side showg, /2T? calculated with the p4fat3 action on lattices with tempesdaentN; = 4 and 6. Ver-
tical lines indicate here the location of transition tengteres deduced from peaks in chiral susceptibilities
[F] on lattices of same size. The right hand side shgwd 2 calculated with p4fat3 and asqtad actions on
lattices with temporal extert; = 4, 6 ] and 8. All results are from calculations with a plogdistrange
quark mass and almost physical, degenerate light quarkasags= 0.1ms. Data forN; = 8 are preliminary
data of the hotQCD collaboratiof }17].

This is shown in Fig[]4. We note that the velocity of sound gets close to the gdsalalue at
energy densities of about 15 GeVAror temperature$ ~ 300 MeV. However, for smaller energy
densitiesj.e. in the entire energy range of interest to the current RHIC experimentgtiequof
state, p(¢), as well as the velocity of sound drop rapidly. In the transition regi@n, at € ~
1 GeV/fm?, one findsc2 ~ p/e ~ 0.09.

We thus conclude that in the entire density regime, relevant for the expaoisitense matter
created at RHIC, the QCD EoS shows large deviations from the confdimiglcZ = p/e = 1/3.

2.3 Non-vanishing chemical potential

At small values of the quark chemical potential corrections to the equatictaté can be
evaluated systematically in terms of a Taylor expansfoh [15] in light 1y = Hg) and strange
(us) quark chemical potentials. The expansion coefficients are evaluatadiahing values for the
chemical potential and are related to thermal fluctuations of light quark teswageness numbers
in a thermal medium gty s = 0. The leading order, quadratic corrections are given in terms of the
diagonal quark number susceptibilitigsand xs as well as an off-diagonal susceptibilips,

T

P(T, i Hs)  P(T,0,0) 1x (M2, 1Xs (Hs\2 , Xis Hi Hs 4
T4 ri o7 (1) () oWy @y

T/ T2T2 T2T T
with

Xa 1 9%nZ s Xs_ 1 0%InZ

T2 VT2 7% T2 T VT o Maus/T)
In the infinite temperature limit these susceptibilities will approach in the continuumthmitalue
for massless two and one flavor quark number susceptibilities of an idagt gas, respectively,

€. lIMT_ew Xi/T? =2, liMr_e Xs/T? = 1 and limr_. Xi1s/T? = 0. It is obvious from Fig[]2 that

(2.4)
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Taylor expansion coefficients of the pressure, eg. the quark nurakeeggtibilities, suffer from
similar cut-off effects as the pressure evaluated at= 0 and, on the other hand, profit also in the
same way from a systematig(a?) improvement of the action.

Preliminary results for light and strange quark number susceptibilitigs obtained with the
p4fat3 action on lattices with temporal extedt = 4 and 6 [1p] and the asqtad actidn [7] are
shown in Fig[b. The quark number susceptibilities change rapidly in theitiansegion. Like
bulk thermodynamic observables, they are sensitive to deconfinemergfiead the rapid change
from heavy hadronic degrees of freedom to light partonic degreésedom. In Fig[]5(right) we
show in addition preliminary results for the strange quark number susceptiblitgined by the
hotQCD collaboration from calculations on a lattice of temporal exdént 8 with the asqtad
and p4fat3 action§ [17]. These results indicate a shift of the transitioorrég somewhat smaller
temperatures, but otherwise follow the same pattern seen already in thiatiattzion the coarser
N; = 4, 6 lattices. We will discuss the deconfining features as well as the cdepéndence seen
in calculations of quark number susceptibilities in more detail in part 1l of thieve Here we
only point out thaty; s have a temperature dependence very similar to that shown if]Fig. 3 for
the entropy density, which also is shared by energy density and peedsor chemical potentials
/T < 1they give the dominant finitg-contribution to these thermodynamic observables, which
stays below 10% fog /T <0.7. This clearly is different for higher order derivatives of the partition
function, that are sensitive to thermal fluctuations at non-zero baryorbar density.

Quark number susceptibilities play an important role in the analysis of the Q@gephagram
at non-zero baryon chemical potential. If there exists a second on@segransition point at non-
zero baryon chemical potential, the baryon (or light quark) numberegisdlity will diverge at
this point. It thus is important to get control over the dependengg £6n 1. The leading order,
quadratic corrections tg and xs are given in terms of fourth order expansion coefficients of the
pressure[[18]; for vanishings one finds,

2 2
Xl.ﬁgl) = XIT(S) +12C40<%) +ouh Xs-l(lel) = XST(S) + 222 (%) +o(u) , (2.5)
with expansion coefficientsm = (VT2) "1 [(dINZ(T, i, ps) /3 (ky /T)"0 (ps/T)™) /0l /mi] .

The expansion coefficients;g andcyy, are positive and have a maximum at the temperature
of the transition at vanishing, s. For non-zero light quark chemical potential the susceptibilities
thus increase and start developing a peak that becomes more prodauittcencreasingy;. This
is obvious from Fig[J6 where we show baryon number and strangeunssspibilities rather than
light and strange quark number susceptibilities. The former are obtainathlogy to the latter
after replacing in the QCD partition function tlje, d, s) chemical potentials by appropriate linear
combinations of(B,Q,S) chemical potentials[J16, P, 21]. The leading order Taylor expansion
for the baryon number susceptibility evaluated here as function of th@batyemical potential,
Us = 2lg + Uy = 3L, for vanishing strange quark chemical potentjad,= g — Us, and also for
vanishing charge chemical potentigly = p, — g, iS then given by,

Xo(ks) = 5 (X (o) + Xo(Hs) + 2xs(ke)) - 26)

40ther choices for the chemical potentials may be more suitable to reseituiatéosmis encountered, for instance,
in heavy ion collision. Charge and strangeness chemical potentials magjusted to reproduce conditions met in a
particular event-by-event analysis of fluctuatioﬁ [19].
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Figure6: Fluctuations of baryon number (left) and strangenesstragmon-zero baryon chemical potential
calculated in leading order Taylor expansion on latticek wemporal extenN; = 4 in QCD with a physical
strange quark mass and almost physical light quark masses0.1m.

We note that strangeness fluctuations do react to an increase in net loamyber (5 > 0). This
also holds true when the strange quark chemical potential is not choserzésdbut is tuned such
to insure that overall strangeness vanistes [1p, 21]. The prelimieanits shown in Fig] 6 so
far have only been obtained on lattices with temporal extégnt 4. Of course, one has to check
the cut-off dependence also in this case through calculations on largeesafii]. Moreover,
truncation effects in the Taylor expansion need to be analyzed by goyuntdeading order in
the expansion. In fact, higher order corrections are important! Only iméx order does the
position of the peak become sensitive to the chemical potential and will geedskafvards lower
temperatures with in creasing.

3. Conclusions

Using ¢'(a?) improved staggered fermion actions with an almost physical quark mass spec
trum much progress has been made in calculating the equation of state of QCE&xtmacting
phenomenologically important quantities like the velocity of sound and fluctisbbimadronic
charges. The current studies, performed mainly on lattices with tempdeadt®k = 4 and 6 show
some cut-off dependence. Calculations performed at high temperatutlgeftrace anomaly on
lattices with temporal exteM; = 8 suggest that these effects are small. A more detailed analysis,
in particular at smaller temperatures in the hadronic phase, however, iesiiléd before firm con-
clusions on the Eo0S in the continuum limit can be drawn. Preliminary results elt&in quark
number susceptibilities show that the transition region shifts to smaller temperatiiheincreas-
ing N;. This, of course, in accordance with the shift seen in systematic studibg dfansition
temperature performed with the p4faf} [8] and asqfhd [7]. actions. Totiduéhe effect for the
equation of state will require a more detailed study on lattices with temporal éXteai8.

10
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