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Figure 1: Left panel; the phase diagram for the intermediate streofythe pairing interaction for the three
flavor (g=u, d, s) case under the charge and color neutrality constiight panel; the phase diagram for
the large strength of the pairing interaction. Others agestime as the left panel. Taken from [1]; see this
reference for the details.

1. Introduction

In this report, we focus on the precursory phenomena of tw@@D phase transition at finite
temperature and/or density, i.e., the chiral transitiod toe color superconductivity. We assume
that the phase transitions are almost of second order are Ispecific soft modes exist around the
respective critical points.

2. Precursory phenomena of color superconductivity in heagd quark matter

In this part, we shall consider quark matiiethe normal phasbut near the critical temperature
T. of the color superconductivity and discuss the possibibtpbserve pre-critical phenomena of
color superconductivity by the heavy-ion collisions.

Owing to the many internal degrees of freedom of quarksethes rich varieties of the pairing
patterns of the color superconductivity. However, the B8 phase which is relevant for heavy-
ion collisions at high baryon densities is the two-flavorengonducting (2SC) phase[1]. We show
examples for the 2SC phase boundaries obtained in NamlaitBsinio-type models in Fig. 1.

We explore the possibility to see precursory phenomena lofr superconductivity in the
quark matter possibly created by the heavy-ion collisidBsice we are interested in the high-
phase because heavy-ion collisions can only create heatdrirwe may thus focus on the 2SC
phase. Our discussions are based on the observation thatcte exist a rather wide pre-critical
region of the color superconductivity in tieu plane at moderate density[2], as shown in Fig. 2,
where the small pairing coupling is taken, and the neuyrabinstraints are not imposed. The large
diquark-pair fluctuations may affect various observald@sling to precursory phenomena(2, 3].
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Figure 2: Phase diagram for isospin-symmetric two-flavor quark mditten an NJL-type model with a
relatively weak coupling [4]. The critical temperatures floe 2SC phase transition is model-dependent, as
seen from the comparison with Fig.1.

In the extremely high-density region, the perturbativegkition should be valid and the phase
transition to the color-superconducting phase is a firstiodilie to the gauge fluctuations in this
region. On the other hand, the color superconductivity j{geeted to turn to a type-Il at lower
density[5]. We shall only consider the effects of the paictiiations at moderate density which is
relevant to heavy-ion collisions.

We first notice that the ratio of the diquark coherence lengthe average inter-quark length,
which is proportional tdeg /A with Er being the Fermi energy, can be as smal-a) at moderate
densities. The stronger the interaction between the qudréshorter the coherence length, which
can be as small as almost the same order of the inter-quadnde§6, 7]. The short coherence
length implies that the fluctuation of the pair field is sigrafit and the mean-field approximation
looses its validity.

The large fluctuations cause an excess of the specific heath whentually diverges &k
owing to the critical fluctuations for the second order titams[4], as shown in Fig.3: We can
see that as the temperature approadideom above, the anomalous part of the specific ofat
become significant. Such an anomalous increase of the splee#t may affect the cooling of the
proto-compact stars. Here one should, however, noticetieatritical divergence of the specific
heat is essentially due to the static fluctuations of the fpalul[8]; the temperature region where
static fluctuations is significant [9, 4].

We now turn to the discussions on the dynamical fluctuatidntie diquark pair field. At
finite temperature, the dynamical fluctuations of the paidfieecome also significant and develop
a well-defined collective mode as the temperature is lowengdrdT, if the color superconducting
phase transition is of second order[2]: The spectral fonati the diquark fluctuations gets to have
a sharp peak in the low-energy region at abbut 1.2T;, and the peak position decreases as the
temperature is lowered toward the critical temperaturds €bllective soft mode is found to be a
diffusive mode.

The soft mode of the color superconductivity in the heateatkjmatter leads to the formation
of a pseudogap in the density of states (DOS) of quarksaneanomalous depression in the DOS
around the Fermi surface[3, 4]; the quark propagator is fremtidue to the coupling with the
fluctuating pair-field or the pairing soft mode, as shown ig. Bi



di-lepton production due to diquark and chiral fluctuations Teiji Kunihiro

cv [fm?3
N

0 O‘.l (;.2
Figure 3: The specific heat per unit volunof with the effects of the fluctuations of the pair field, togethe

with that in the free fermionic systere. The total specific heat is given loy = c9 + cf-. The dot-dashed
curve represents the specific heat obtained with only thie gtart of Qg . € = (T — T¢)/Te.
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Figure 4: The Feynman diagrams representing the quark Green funictitre T-matrix approximation
employed in Ref. [4]. The thin (bold) lines represent thefttill) propagator and the wavy line denotes the
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Figure 5: Density of states for quark matter near laliove T with several reduced temperaturesnd
qguark chemical potentialg = 350,400,500MeV[3]. One sees a clear pseudogap phenomenon irrespect

of u nearT.

As shown in Fig. 5, there appears a depression in the DOS atberFermi energy for eagh
nearTc, and they survive upte = (T —T¢)/Tc =~ 0.1 irrespective ofu[3, 4]. This is an incomplete
gap, or “pseudogap” formed within the QGP phase abigvd he pseudogap in the DOS implies
that the quarks around the Fermi surface have a short life tming to the decay process—q
hole+(qQ)sort €mitting the soft mode like Cherenkov process. This sheetdhess of the quarks
around the Fermi surface means that the systenpisa Fermi liquid [4, 12]. We notice that
the pseudogap formation is known as a characteristic behaf/the materials which become the
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Figure 6: The diagrams that contribute to the photon (or gluon) sedrgy representing the Aslamazov-
Larkin (left) and the Maki-Thompson (right) terms[4]. Thawy lines denote the soft mode.

high-T. superconductors(HTSC)[11, 10]. Thus we can say that theetiemark mater at moderate
densities is similar to the HTSC materials rather than theusuperconductors of metals.

It is known that pair fluctuations abovie cause a large excess of the electric conductivity,
which is called the paraconductivity in condensed mattgmsigs. Two microscopic mechanisms
that give rise to such an anomalous conductivity are ideutifi terms of Feynman diagrams. They
are called Aslamazov-Larkin (AL) and Maki-Thompson terir8§[ both of which are depicted in
Fig. 2; the dotted lines in the figure denote the gauge fiadd,the photon in this case. Thelor-
conductivitywould be also enhanced by the similar mechanisms fgalthough it would be of
academic interest only. Our point is that thleotonself-energyl1#V(Q) in the quark matter at
T > T, can be also modified due to the fluctuations of the diquarkfped as well as inside the
color superconducting phase[16]: The diagrams shown inZign be interpreted as modifications
of the self-energy of the gauge fields, i.BfY(Q) = .Z[i0(t)([j*(X), " (0))], where.Z# denotes
the Fourier transformation. The external photon field thars @ouple to the soft mode of the color
superconductivity with the pairing soft mode in the diagsaneing replaced by the diquark pair
fields. This is interesting, because modifications of thet@iagelf-energy may be detected as an
enhancement of the invariant-mass distribution of theptiilles emitted from the created matter.
The lepton-pair production rate per four-momenta is givethie well-known formula[14]

dr —ag"’Imn,, (Q)

d*Q ~ 12mQ2(Pw 1) @D

The more direct observable in experiment is the invariangsvspectrum of dilepton production
rate, which is given by integratingi” / d*Q over four momenta

dr d3q dr
avE = 200 Q" (2.2)
We show in Fig. 7 a preliminary result[15] off /dM? obtained from thef1,,(Q) with the
Al term, which is evaluated in some approximation[15]: Thidslines denote the production rate
with the AL term for some reduced temperatuges (T — T¢) /Tc at u = 400MeV, while the dashed
lines show the production rate from the free quark systenTfer T, and 15T; at u = 400MeV.
The Figure shows that the contribution of the AL term causksge enhancement with a sharp-
peak structure in the production rate in the lower energioregand the peak becomes larger and
sharper as the temperature approachesdt is known that a similar behavior @l /dM? is also
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Figure 7: A preliminary result for the dilepton production rates B for several reduced temperatures
& = (T —T¢)/Tc near but abovd, with u = 400MeV[15]. The solid lines include the contributions oéth
Aslamazov-Larkin term, while the dashed lines represeatditepton rate from the free quark matter at
T =T (below) andT = 1.5T; (above).

seen in the color superconducting phase itself[16]. In loaies, the characteristic enhancement
of dI /dM? appears at energies less than the pion mass. Thereforeinezptal observations of
the dilepton production rate at low energy might be able tectean signature of a formation or
a precursor of the color superconductivity in the heavy4oiiisions. Such a low-mass energy
region is, however, also the region where other hadronicedeciro-magnetic process contribute
to the dilepton production. So a dis-entanglement fromeleecesses have to be made to identify
the AL process due to the precursory diquark pairing fluabaat which might be, unfortunately,
difficult to perform. One should estimate also the contidoufrom the Maki-Tompson term as
well as confirm the present estimate of the AL term more definit

3. The soft modes of chiral transition and enhancement of lepn-pair production

The chiral transition is a QCD phase transition with the onggrameterqq). If the phase
transition is of second order, of weak first order or of crossrothere should be a critical region
where the chiral fluctuation§qq)?) and ((qiysTag)?) in the scalar and pseudoscalar channels,
respectively, significant. It means that there will existreéntary soft modes or quasi-particles
corresponding to these fluctuations in the critical redi@h[ In the following discussions, we will
assume that the chiral transition at finite temperaturecandinsity has a critical region where
such chiral soft modes have significant strength. In thigednit is noteworthy that the lattice
people determine the critical temperature of the chiratdition from the peak position of the
chiral susceptibility in the scalar channel, i.g, = d/0m((qg)) = (((qg)?)); which surely shows
a peak behavior around some temperature[18]. In other wehdsso called generalized mass
squared defined byZ = x,;* decreases & goes high and gives the minimum around the critical
temperature and then increases in the chirally symmetesegtin the higi” phase, the generalized
masses in the and therr channels tend to be degenerated.

Recently, people are much interested in the properties®fQ®BP phase near the critical
temperature;)[19]: The success of the perfect hydrodynamics in repriduthe elliptic flow
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of hadrons in the heavy-ion collisions at the Relativistieady lon Collider (RHIC) suggests that
the created matter is a strongly coupled system. One of theesting problems on the QGP phase
nearT; is the possible existence of hadronic excitations everd Q@GP phase nedg [17, 20]. The
existence of the mesonic excitations in the light-quarkaegas suggested as being the soft modes
associated to the chiral transition [17]: The spectral fismccalculated in the NJL model shows
the existence of degenerated hadronic soft modes called-fpan’ and 'para-sigma’ at > Te.

It was found that the soft modes acquire a large strength bbtsmall width asT approache3.
from above; it means that the soft modes become a good elarganodes in the vicinity of.

3.1 QCD phase transition at finiteT and u with finite quark mass

In the chiral limit with two flavors (eru, d), the chiral transition at finite temperature with
vanishing chemical potential is known to be second order[21]: Asis raised, the critical line of
the second-order transition extends up to some criticaitpicp:(Trcp, Urcp) in the (T, u)-plane.
The point Rcp is a tri-critical point because from it the critical line g to a critical line of the
first-order transition for higher density and lower temperas. When the current quark masses
are introduced, the second-order transition at spa#gion changes to a cross-over[21, 22]. The
common belief based on calculations of some chiral effeatiodels[23] is that the critical line of
the first-order transition in the large region remains; the tricritical point changes its natura to
critical end point Rgp.

It should be noticed, however, that there is some caveatsiddotlief that the QCD phase
transition at small temperature is of first order. It has besswn for some time [21] that the in-
clusion of the vector terr, (q_y“q)2 can drastically alter the nature of the chiral transitiosragll
temperature but at finite density where the color supercctindiy was not taken into account; with
an increase of the coupling const&t, the position of Rep moves to loweiT and highemn, and
eventually disappear in thd, u)-plane! When the color superconductivity is incorporatedye
interesting phenomenon can occur[24] as shown in Fig. & ribteworthy that there appear an-
other critical end point in the loweF, and hence there can extsto end points at both sides of
the critical line of the first-order transition for the vectmuplingG, /G, = 0.35 where theés, de-
notes the strength of the scalar coupliiog)? in the NJL model. We find that the coexisting-CSC
transition at low temperatures becomes a crossover ti@ams#nd there exists a coexisting phase
where both the chiral and the diquark condensates have ¥aites. For largeG,, the critical
line for the first-order transition disappears completely éhere exists only the cross-over in the
entire (T, 1) plane. It is interesting that such a coexisting phase of Hialty-broken and color
superconducting phase and hence the appearance of theitieal end point has been advocated
where the driving force of the coexistence is not due to tlworecoupling but the axial anomaly
term[25].

3.2 The soft modes around the critical end point

The phase transition at the critical end poirgP is of second order. Then what is the soft
mode for this second order transition? Tdveneson as the fluctuation of the chiral condensate has
still a non-zero mass atdgp because the chiral symmetry is explicitly broken. Fuijijj286owed
that the soft mode is a hydrodynamical mode which has thaginen the space-like region of
the momentum-energy plane: At finite density, the charg¢ugation symmetry is broken and the
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Figure 8: The left panel: The phase diagram wiy /Gs = 0.35 in theT-u plane. There appear two
endpoints of the first-order transition. The right paneleTinase diagram in the-u plane withGy /Vs =

0.5. The critical line for the first-order transition disappeaompletely and the critical end point disappears
with the large vector coupling.

scalar-vector mixing can occur and the soft mode in this casmists of the density fluctuation
and the chiral fluctuation, of which the former is the main poment of the mode. Since this soft
mode exists in the space-like region, it can not affect plarfproductions to be seen in the time-
like region. It can, however, contribute to the hydrodyneahmodes, leading to dynamical critical
phenomenal27].

3.3 Di-lepton production owing to the scalar-vector mixing

Although the sigma-mesonic mode is not a genuine soft modenar R-gp, it can show a
slight softening as the system approaches the critical@eatyre from above. So we shall examine
effects of the sigma mesonic mode in the time-like regionhenlépton-pair production[28]. The
relevance of the scalar mode to the photon properties inyterm can be understood as follows.
As we mentioned in the previous subsection, there arisesddar-vector mixing at finitg; the
zero-th component of the vector is relevant and it is the dmagensity. The importance of such
a mixing was noticed in the work on the baryon-number suduiépt in association of the chiral
transition[29]; it was first shown that the quark-numbercepdibility can be enhanced around the
critical point of the chiral transition at finite density aghas finite temperature.

The baryon-number susceptibility is a static quantity. $balar-vector mixing also occurs in
the dynamical cases. Owing to the mixing, the photon sedfgancan be affected by the possible
change of thes mode mass.

We calculate the invariant mass distribution of electransaasing the formula given in Eq.2.1)
where the photon self-energy include the contribution ftbesoft mode as given in Fig.9 as well
as the bare one given in Fig.10. The resultant electronppagtuction rate is shown in the left panel
of Figll, where the temperature dependence of the produrtie is shown; The upper curves
correspond to higher temperature away frogn We can see an enhancement of the production,
which is encouraging but unfortunately may not be sufficfentetecting in experiments. Here it
should be noted that the figure shows the invariant masshdison of the lepton pair where the
out-coming momenta are integrated out. However, the mamemon-integrated probability show
a clear peak, although not shown here.
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Figure 9: The left graph shows the anomalous photon self-energy otwitiye chiral soft mode denoted by
the straight line in the middle. The straight line is actyatbmposed of the scalar bubble diagrams as shown

in the right panel.
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Figure 10: The bare self-energy diagram of the photon due to the quark lo

" wifluct. — " wifluct. —
wi/o fluct. wi/o fluct.

< 1e-09 F < 1e-09 E
> >

[} [}

O] (O]
h) ¥

= i3
o o

2 2

= 1le-10 | = le-10 | E
= =l

1e-11 Il Il | Il Il Il Il 1e-11 Il Il | Il Il Il Il
150 200 250 300 350 400 450 500 550 600 150 200 250 300 350 400 450 500 550 600
M [MeV] M [MeV]

Figure 11: Left panel: the di-electron production rate for temperasyrl.3¢, 1.2T;, 1.1T;, 1.05I; and

1.01T,; the upper curves correspond to the higher temperaturght Ranel: the di-muon production rate.
Others are the same as the left panel.

The right panel of Fig.11 shows the result for the muon-paadpction, where the four-
momenta dependent production rate is given by

ar  —ag"’imm,,(Q) 2me A
“ -[1+q—2f‘][1—q—;’]1/2, (3.1)

d*Q ~ 12Q%(eBd — 1)
instead of Eq.(2.1).
One sees that some enhancement of the muon-pair produat®mover the normal one as in

the case of the lepton-pair production. However, the erdraeat may not be sufficient to detect
by experiments.

4. Summary and concluding remarks

We have first emphasized the importance of the notion of thiemsades of QCD phase tran-
sitions at temperatures aboVg they may be hadronic excitations abolie We have discussed
the two QCD phase transitions, i.e., the color supercomdtycand the chiral transition. The
soft modes of the so called 2SC of the color supercondugtbdah cause an enhancement of the
electron-pair production in rather low invariant mass eegi\We have noticed that the soft mode
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around the critical end point where the transition is secanuigr is a kind of density fluctuations
coupled with theo-meson like fluctuations. This soft modes have the dispenstation which
is space-like. Nevertheless, we explored how the sigma miesoodes in the time-like region
affect the di-lepton productions; the violation of the @®&rconjugation at finitg: is responsible
for the fact that the sigma mode can affect to the photonesedfgy in the hot medium with the
non-vanishingu.
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