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Bose-Einstein Condensation of Pions Viktor Begun

Long time ago in 1924 the Bose statistics was discovefjed [1], and one yeatHa phe-
nomenon of Bose-Einstein condensation (BEQG) [2] was predicted. Trdooes efforts were re
quired however to confirm BEC experimentally. The atomic gases are dramsd into a liquid
or solid before reaching the BEC point. The only way to avoid this is to consiteemely low
densities. At these conditions the thermal equilibrium in the atomic gas is reauhe faster
than the chemical equilibrium. The life time of the metastable gas phase is stretctmrbtuls
or minutes. This is enough to observe the BEC signatures. Small density headser, to small
temperature of BEC. Only in 1995 two experimental groups succeededatedhe ‘genuine’ BE
condensate by using new developments in cooling and trapping technBjuesfders of these
two groups, Cornell, Wieman, and Ketterle, won the 2001 Nobel Prize imatthievement.

Pions are spin-zero mesons. They are the lightest hadrons copioadlyced in high energy
collisions. In the present letter we argue that the pion number fluctuationgivep prominent
signal of approaching the BEC point. In fact, there is the BEC line in a plaqéoa density
and temperature. The pion system should be in a state of thermal, but maitahesquilibrium
to reach the BEC line. This can be achieved by selecting the samples of ewdntggh pion
multiplicities. Multipion states are formed in high energy nucleus-nucleus coliseswell as in
the elementary particle ones. There were several suggestions to BeaB&IC of T-mesons (see,
e.g., Ref. [1]). However, complete statistical mechanics calculations ofmiober fluctuations
have never been presented. There is a qualitative difference inrpespaf the mean multiplicity
and of the scaled variance of multiplicity fluctuations in different statisticadmes. The results
obtained with grand canonical ensemble (GCE), canonical ensemble 4G )microcanonical
ensemble (MCE) for the mean multiplicity approach to each other in the large vdilmiheThis
reflects the thermodynamic equivalence of the statistical ensembles. Rédeasipeen found |5 —
] that corresponding results for the scaled variance are differatiff@rent ensembles, and this
difference is preserved in the thermodynamic limit. To extract the matter grep&om analysis
of event-by-event fluctuations, one needs to fix the samples of highyeaeents, and choose the
corresponding statistical ensemble for their analysis. This is discusked (see also[]7]).

Let us start with a well known example of non-relativistic ideal Bose gdse dccupation
numbersn,, of single quantum states, labelled by 3-momemntare equal toy, =0,1,...,. In
the GCE their average values, fluctuations, and correlations are theifaj|¢fid]:

(np) = !
" e (B u) /7] -1

whereAn, = n, — (np), m denotes the particle mas§, and 4 are the system temperature and
chemical potential, respectively (throughout the paper we use the unithwith= k = 1). The
average number of particles in the GCE re4dk [10]:

, {(Bnp)?) = (np) (1+(np)) = UZ,  (BnpAng) = v Gk, (1)

00 2
N = NV = 3ih) = o | ol(E f‘l;ﬁ] —

whereV is the system volume. We consider particles with spin equal to zero, thusgbaatacy
factor equals 1. In the thermodynamic limit, — c, the sum over momentum states is trans-
formed into the momentum integrdf,, ... = (V/21?) [y ... p?dp. This substitution, assumed in

(2)
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all formulae below, is valid if the chemical potential in the non-relativistic Bose ig restricted

to u < 0 (or 4 < min relativistic formulation). When the temperatufedecreases at fixed par-
ticle number density = N/V, the chemical potentigh increases and becomes equal to zero at
T = Tc, known as the BEC temperature. At this point from H¢{j. (2) one fiNd¥, T = T, u =

0) =V[mT/(2m)]*2Z(3/2), where (3/2) = 2.612 is the Riemann zeta-function. This gives,

2/3 2/3
To = 2nf¢(3/2)) 2° L = 3; P (3)

At © =0 andT < T¢, a macroscopic part\c (called the BE condensate), of the total particle
number occupies the lowest energy lepet 0. At 4 = 0 andT < Tc the GCE average number of
particles in the BE condensate is equalNto= N[1— (T /Tc)¥?].

IntroducingAN = N — (N) one finds the particle number fluctuations in the GCE,

2 2 2
(AN)2) = Z Bpang = TR, © (BN _ 2% _ 4 2p(Mp)”
& 5 (N) Yp(Np) Yp{Np)
The limit —p1/T > 1 gives(ny) < 1. This corresponds to the Boltzmann approximation, and then
from Egs. [P[B) it follows:N(V, T, 1) = Vexp(p/T)(mT/2m)%? and w = 1. Wheny increases
the scaled variance becomes largerp > 1. This is the well known Bose enhancement effect for
the particle number fluctuations. From Efj. (4)at> 0 one findsw — . Thus, the anomalous
particle number fluctuations appear in the GCE formulation when the systewaapps the BEC
point. Two comments are appropriate here. First, for finite systerremains finite, andv = «
emerges from Eq[|(4) at = 0 in the thermodynamic limi¢ — o, when the sums ovgrare trans-
formed into the momentum integrals. Second, the anomalous fluctuations oftickepaumber at
the BEC point correspond to the GCE description. In the CE and MCE, timbewof particleN
in a non-relativistic system is fixed by definition, thas,e = wmce = 0.

(4)

The average values of the occupation numbers in the relativistic ideaf game equal to:

1
expl(\/pZ+ Mg — py)/T] — 1’

where indexj enumerates 3 isospin pion statas, 71—, andn®, the energy of one-particle states is
taken asg, = (p?+m2)Y2 with m; 2 140 MeV being the pion mass (we neglect a small difference
between the masses of charged and neutral pions). The inequialityn;; is a general restriction

in the relativistic Bose gas, ang; = m, corresponds to the BEC. In Ref] [6] we discussed in
details the Bose gas with one conserved charge in thé\CE Q = cons, i.e. therr" m -gas
with fixed electric charge. This corresponds to the GEH, o), thus, in Eq. [[B)u: = pg and

p_ = —pg for " and T, respectively. Approaching the BEC oft at tig — my;, one finds the
relation betweeflc andpg = p; — p— (see Fig[]1, Left). The picture of BEC af atQ < 0 and

Hq — —my is obtained by a mirror reflection. BEC startsTat= Tc when tg = pugd® = my . It
gives:

()

(Npj) =

Temg

T

8
Sl

pQ(T = Tc, Ho = m;-[) = KZ (n mIT/TC) Sinh(n m?T/TC)7 (6)

n=1

w
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Figurel: Left: The phase diagram of the relativistic ideal Bose gas. The koé shows Bose condensation
temperature as a function of the conserved charge demgigyven by Eq. (6) atig = my. The dashed line
showspg = py —p— =0 at ug = 0. Right: The scaled variances;, in pion Bose gas, are shown as
functions ofp* = g/T. The solid lines present, atm* =m;/T =0.01, 0.1, 0.3, 0.5, 1. The vertical
dotted linesy* = m* demonstrate the restriction* < m* in the Bose gas. The dashed horizontal line
presents a value of(2)/{(3) ~ 1.368 which is an upper limit for, reached ap* = m* — 0. The
crosses ap* = m* correspond to the points of Bose condensation. The crosges-a 0 correspond to
Wie (U* = 0,m* — 0. The dashed line correspondsag, in classical (Boltzmann) pion gas (see RH. [6]
for details).

wherekK; is the modified Hankel function. Az /my; < 1, Eq. () givesTc = W pé/3m;1 =

3.31pé/3m;1, which coincides with the non-relativistic formulg (3). In the ultrarelativistic limit,

Tc/my > 1, Eq. (b) gives
Tc =3 pé/z m}l/z . )

The results presented in Eq§] [{6-7) are well known (see, e.g., [RH]j. [For this system, the
particle number fluctuations near the BEC line within GCE and CE were recentlyed in
Ref. [B]. The scaled variance®® = ((AN,)?)/(N.) in the GCE goes to infinity. This is sim-
ilar to the non-relativistic case. On the other hand, the scaled varianaeef@tive particles,
w~ = ((AN_)?)/(N_), remains finite and even decreases with The pion number$; and
N_ fluctuate in the both GCE and CE. However, the exact conservation impo#ieel CE on the
system chargeQ = N, —N_, suppresses anomalous fluctuations at the BEC pajiit:(see Fig[]L,
Right) is finite with the upper limit{ (2)/{(3) = 1.368 (see details in Ref][6]).

A formation of the pion system with large electric charge densgtyn high energy collisions
does not look realistic. In what follows we discuss a rather differemt pigstem which may be
created in high multiplicity eventg][7]. We use the MQ¥ E,Q = 0,N, = consb formulation,
where the total system energy electric charg€) = N, — N_ = 0, and total number of pions,

Nﬂ:NO+N++N—7 (8)
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will be fixed. Such a system can be also described in the GCE Lg=0, 1) formulation, with
Wy = U+ Ho, U = Ur— Ho, andpo = Hy in Eq. (3). We restrictio=0 and consider BEC when
Hr— M. The ug=0 corresponds to zero electric char@e; 0 or N, = N_, in the pion system.

The pion density is equal (T, Ur) =3, j(Np,j)/V. The phase diagram of the ideal pion
gas inp; — T plane is presented in Fif]. 2 (Left). BEC start§at Tc when i, = um®=my . It
gives [71]:

3Tcm?
212

r(T =To tir =) = “257 5 Kot Te) exp(nim To) ©

=

Note an essential difference between K. (9) and Eq. (6): a pesérmxgnm,/Tc) in Eq. (9),
instead of sinfnmy,/Tc) in Eq. (8). The Eq.[(9) gives the BEC line shown by the solid line in[gig. 2
(Left). If Te/my < 1, from Eq. [D) one findsle = 237 (3/2)]2/3p% *my;1 = 1.590% m;-L. This
again corresponds to the non-relativistic linfit (3) discussed above, ithitandegeneracy factor
gr=3. In the ultrarelativistic limitTc/m;>>1, Eq. [9) leads to a new relatid [7]:

Te=[2/32(3) 30 =14 07" (10)

which differs from Eq. [[7) and does not include the dependencgon

Let us consider the region gy, — T plane between thg;=0 andu;=m;ylines. The lines of
fixed energy density(T, ir) = 3, j & (Np,j)/V, are shown as dotted lines in Fg. 2 (Left) inside
this region for three fixed values ef An increase op;; at constangt leads to the increase af; and
decrease Of . In this letter we discuss how the system approaches the BECUipemy, T =Tc¢),
and do not touch the regidu,;=my, T <Tc) below this line where the non-zero BE condensate
is formed. The GCREV,T, g, Ux), MCE (V,E,Q,N;), and CE(V,T,Q,N;) are equivalent for
average quantities, including average particle multiplicities, in the thermodynamic lirits,
Eqg. (9) and phase diagram in Fig. 1 remain the same in all statistical ensemblesver, the pion
number fluctuations are very different in different ensembles. Bedfiamting to calculate the pion
number fluctuations let us make several comments.

As an example we consider the high multiplicity eventif p collisions at IHEP (Protvino)
accelerator with the beam energy of 70 GeV (see Reff. [12] on the iexgetal project “Thermal-
ization”, team leader V.A. Nikitin). In the reactiop+ p — p+ p+ Ny with small final proton
momenta in the c.m.s., the total c.m. energy of created pidasis/s—2m, = 9.7 GeV. The trig-
ger system designed at JINR (Dubna) selects the eventd\with20 in this reaction. This makes it
possible to accumulate the samples of events with fiked 3050 and the full pion identification
during the next 2 year§ [IL3]. Note that for this reaction the kinematic linh{li8* = E /my = 70.
We stress that the IHEP experiment will measure the both charged anélmsons (see Ref[[14]).
A reliable measurement &y number in each event is a crucial point for the identification of the
BEC line suggested in this letter. The BEC signatures discussed below besetass if thet®
number cannot be measured reliably.

The pion system in the thermal equilibrium is expected to be formed for high muiligdic
The volume of the pion gas system is estimate&¥as,E/¢(T, uy), and the number of pions equals
to Ny = Vpnr(T, Uyr). The values oN; at p; = 0 and u; = my for 3 different values of energy
densitye are shown in Fig[]2 (Left) for the fixed total pion energytof= 9.7 GeV. Note that the
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Figure 2: Left: The phase diagram of the pion gas wjih = 0 [ﬂ]. The dashed line corresponds to
pn(T, uz= 0), and the solid line to BEC. The dotted lines show the staték fsied energy densities:
£ = 6,20,60 MeV/fme. TheN,; numbers in the figure correspondfig = 0 andp,; = my; at these energy

densities for the total pion enerdy, = 9.7 GeV.Right: The scaled variance of neutral pions in the MCE is

presented as the function of the total number of piﬁhs [7Te€lsolid lines correspond to different energy

densities:e = 6,20,60 MeV/fm®. The total energy of the pion system is assumed to be fked 9.7 GeV.
The vertical dotted lines correspond to the points on the BiigCat the specific values of the energy density.

statistical approach to hadron production in p+p collisions has been useeéssfully to calculate
the particle number ratios within the CEJ15] and MGE [16]. Such an apprisacsually applied to

a sample of the minimum bias events. Our suggestion has two new points. Firatsélesction of
the sample of events with high pion multiplicity;;. Most part of the available energy is then spent
to the pion production. Thus, a strong longitudinal motion seen in the incldsizeis suppressed
in high multiplicity events because of the energy conservation. The pionnsysiy approach
the state of global thermal equilibrium with the thermodynamical parameters tddbe BEC
line. To search the BEC effects we suggest to study the specific eveaweny fluctuations of the
number of pions. This is a second new point of our suggestion. The typipacted temperature
of the pion gas approaching the BEC line is abouf ¢ 60— 90 MeV (see Fig. 1). One can then
calculate the average thermal energy per particle, a rough estimate gjivés= 90— 135 MeV.

On the other hand, a pion from thllemeson decay has a much larger ‘kinetic energy’ of about
245 MeV in thep-meson rest frame. The pion energy becomes even larger due to aqeese
non-zero rho-meson momenta in the c.m.s. of the p+p collision. Thus, we denttiat for the
high multiplicity events discussed in this letter a presence of large numberasfaneses decaying
into pions is strongly suppressed because of the energy conservation.

ForQ = 0, the average pion multiplicitie$iNo) = (N1) = N;/3, are the same in all statistical
ensembles for large systems. This thermodynamic equivalence is not,drouadid for the scaled
variances of pion fluctuations. The system with the fixed electric ch&ge 0, the total pion
number,N;, and total energy of the pion systel, should be treated in the MCE. The volume
V is one more (and unknown) MCE parameter. The calculations below atectaut in a large
volume limit, thus, paramet& does not enter explicitly in the formulae for the scaled variances.
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The microscopic correlators in the MCE, €, Q = 0,N;;) equal to (see also Ref$] [T}-9]):

2 2

S V2. VZ.
<An|10 Anﬂ()m,c,e, = U;ij Opk Oji — p‘JT|kl [CIjCli Mgq+ M+ &pi€kj Mee — (&pi + &kj) Mns] , (11)

whereq, =1, q_=-1, =0,
U5y = U5 = (M) (L (). (o) = {expl(y/p2HmE—pn)/T) — 1)1, (12)
|A| is the determinant anid;; are the minors,

Maq = A(11%) A(€?) — (A(TE))%, M= A() A(€%), Mes = A(q) A(T),  Mre = A7) A(Tee),

(13)
of the correlation matrid,
Ag) 0 0
A= 0 A Alme) | . (14)
0 A(me) Ag?)
The matrixA ([L4) has the following elements:
M) = 5 qug; = 25 g, AP) = S uf =35 uf,
P.] P N P
N(e?) = Y fug; = 3 guf, A(me) = 5 &Uf; = 3 &Uf . (15)
p.] P N P

Note that the first term in the r.h.s. of E|.]11) corresponds to the GCielations between
differently charged piong,#i, and between different single modes£k, are absent in the GCE:

Y p(Mp)?
pr<”p> ’ (16)

similar to non-relativistic resul{}4), but witfn,) given by the relativistic relatio (12). In the
GCE the number$l., N_, andNy fluctuate independently of each other. The Bose effects in
the pion system are small ji; = 0. For u; =0, one findsw = 1.01+1.12 in the temperature
interval T = 40— 160 MeV (note thato = 1 in the Boltzmann approximation). The Bose effects
increase withu;, andw — o at yu; — my, i.e. approaching the BEC line the GCE calculations
give anomalous fluctuations fot, , N_, andNg.

The MCE(V, E, Q= 0, N, = consf formulation means the restrictions of the exactly fixed total
system energ¥, electric charg® = N, — N_ = 0, and total number of pior¥,; (§) for the each
microscopic state of the system. This changes the pion number fluctuaticors. BH¢y. [1]1) one
notices that the MCE fluctuations of each mquare reduced, and the (anti)correlations between
different mode® # k and between different charge states appear. This results in a ssipprek
all scaled variancem%,c,e. in comparison with the corresponding ortefn the GCE. A nice feature
of the MCE microscopic correlatorf {11) is that although being differem that in the GCE, they
are expressed with the quantities calculated in the GCE. The MCE scaledcesridepend on two
GCE parameterst and .

wh=w =w=w=1+
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The substitution of Eqs[ (I2{15) in Eq. [11) and straightforward caiouls lead to the fol-
lowing MCE scaled variance for neutral piofi [7]:

wr?] _ Zp7k<Ang An(|2>m.c.e.
e = TS0

wherew is given by Eq. [J6) and corresponds to pion fluctuations in the GCE t®thee condi-
tions,N; = N_ andN; +N_ + N = Ny, and equal average multiplicitie@o) = (N;) = (N_) =
Ny/3, it follows [{]:

2
- = 17
3@ (17)

1 1 1 1
wrﬁ.c.e. = Z wr?lc.e. = 6 w, and wr%r.]c.e. = é wr%.c.e. = é w, (18)

whereNe, = N + N_. The behavior ot . (I7) is shown in Fig[]2 (Right). To make a corre-
spondence witiN; values, we consider again tpe- p — p+ p+ Ny collisions at the beam energy
of 70 GeV and take the pion system energy to be equBl+®.7 GeV. Despite of the MCE sup-

pression the scaled variances for the number fluctuatiom ahd 7r* increase dramatically and

abruptly when the system approaches the BEC line.

The following inequalities are always hold for particle number fluctuationsfferdnt en-
sembles:wf{]‘c,e, < wC’e < wé‘c,e,. Therefore, if the anomalous BEC fluctuations are present in the
MCE, they are also exist (and even larger) in the CE and GCE. Thesgegtatement is not true.
The anomalous BEC fluctuations of the GCE may disappear in the CE or MCHEowid that
for the system witlN;; = constandQ = 0 the anomalous BEC fluctuations are not washed out by
exact conservation laws of the CE and MCE. This is an advantage of skensyvithN,; = const
andQ = 0. Let us repeat again (see discussion just after fq. (7) and [Rethgs the anoma-
lous BEC fluctuations at high charge densgity disappear in the CE and/or MCE. As another
instructive example let us consider the MQEE, Q=0,Ng, = consd, i.e. fixedNey = N +N_,
instead of fixed\; (B). The corresponding GCE formulation gives the following pion chemical
potential: fty = Uy, o =0, U = py in Eq. (B) (o = 0, as before, because Qf= 0 condition).
Whenu; — my the system approaches the BEC lineforandr . The thermodynamic behavior
and position of this BEC line can be easily found. Approaching the BEC limecan also find
w* — o in the GCE. The pion number fluctuations are, however, very differettiégrboth CE
(V,T,Q=0,Ncn) and MCE(V,E,Q = 0,Ng,). In the statistical ensembles with fixéd, andQ no
anomalous BEC fluctuations are possible. The numbeXs gindN_ are completely fixed by the
conditionsQ = N, — N_ = 0 andNg, = N, + N_ = const thus,w;, = Wice = 0. The number
Np fluctuates, bupip = 0, thus, neutral pions are far away from the BEC line and their fluctuations
are smallw® ~ 1, in all statistical ensemble formulations.

The broad distributions ovédy andNg, close to the BEC line also implies large fluctuations
of the f = No/Nc, ratio. These large fluctuations were suggested (see, e.g.[ Ref. §i@Passible
signal for the disoriented chiral condensate (DCC). The DCC leads tighrébution of f in the
form, dW(f)/df = 1/(2,/f). The thermal Bose gas corresponds to theistribution centered
at f = 1/2. Therefore,f-distributions from BEC and DCC are very different, and this gives a
possibility to distinguish between these two phenomena.

The calculations presented in this letter should be improved by taking into ratctt@ufinite
size effects, pion-pion interactions, and some other effects. Examplasssiesl in Refs[[5] 8]
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demonstrate that the thermodynamical limit for the average multiplicities and scatieothaes

is reached rather quickly. Normally, if the average pion multiplicity is aboulNgt= 10, the
deviations from thermodynamic limit in the ideal pion gas are only a few percériie Bose-
Einstein condensation is a phase transition phenomenon. Thus, the infiliteeviimit is of a
principal importance. A strict mathematical meaning of the phase transitiotit¢aorder) has only
sense in the infinite volume limit. Of course, the real systems are finite. Fopplications this
means that the scaled variance for neutral pions shown in Fig. 2 doasredse up to ‘infinity’,

but it is restricted from above in the finite system. A detailed study of the finieeefiects for

the BEC is now under investigation and will be published elsewhere. The tBE@erature of
aboutT = 60— 90 MeV corresponds to the pion number densityppf= 0.1 — 0.15 fm=23 (see

Fig. 1). This particle density is not too large (it is smaller than the normal nudbssity). This
probably may justify the ideal pion gas approximation considered in thergregéer as a first
step in the modelling of multi-pion states. The effects of pion interactions will bauséed in

the future studies. Preliminary estimates suggest that the BEC signatugestein the present
letter may survive the complications. A crucial point is the analysis of the sangpleigh N
events. The required;; values for the BEC are much larger than the average pion multiplicity per
collision, thus, these higN; events are rather rare and give negligible contributions to inclusive
observables in high energy collisions. With increasinggin the sample with fixed total energy,
the temperature of the pion system has to decrease and it approach&€thiedB This can happen

in different ways: at constant energy dengityat constant pion densify;, or with decreasing of
both e andp;;. The pion system should move to the BEC line one way or another. In the vicinity
of the BEC line (no BE condensate is yet formed) one observes antamd@nomalous increase
of the scaled variances of neutral and charged pion nhumber fluctualibisscould (may be even
should) be checked experimentally.
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