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This article reports our project on the automated caloutetif QED corrections to the anomalous
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diagrams that have no internal lepton loops, and have déthesautomated code-generating sys-
tem for the UV-renormalized amplitude. We have newly depetband implemented an efficient
algorithm to perform subtractions of IR divergences. Thal#des us to obtain finite amplitudes
that are free from both UV and IR divergences. Currently thenarical evaluation of these dia-
grams of tenth order is in progress.
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1. Introduction

The anomalous magnetic momant2 of the electron is one of the most precisely studied
guantities in the particle physics, and it has provided thestnstringent test of QED. Recently,
a new measurement was carried out by a Harvard group usingeheing trap with cylindrical
cavity. Their value announced in 2006 is [1]

a. =1 159 652 18®5 (76) x 1012 [0.76ppk, (1.1)

wherea. = (g— 2)/2 and the numeral in the parenthesis is the uncertainty ifatigwo digits of
the value. It has a 5.5 times smaller uncertainty than thegsesious value [2].

Theoretically, the electrog—2 is explained almost entirely by the electromagnetic atgon
between electron and photon alone (referred as mass-indepecontributiord;), and it is given
as a function of the fine structure constantThe QED correction is evaluated by the perturbation
theory as a series in terms @f To match the precision of the recent measurement, theytineast
include up to eighth-order corrections. Considering tmhier improvement of the measurement, it
is urgently required to evaluate the actual value of the onkntenth-order term\(llo). We employ
the numerical integration approach, which is the only pcattneans at present for the eighth and
higher order corrections.

The contribution toA(llo) comes from 12672 vertex-type Feynman diagrams, which a cl
sified into 32 gauge-invariant groups within 6 super sets [Sél) according to their structure
(Figure 1). 17 groups among these 32 groups have alreadyevabtrated [3]. A particularly diffi-
cult one is Set V consisting of 6354 vertex-type diagrams lthae no closed lepton loops (called
g-type). The difficulty stems from the fact that they are large in le@mand many of them have very
complicated divergence structure. We will present ourtgmiuto this obstacle by an automated
scheme for code-generation, which enables us to creatdysthié numerical integration codes of
the renormalized and finite amplitude of the g-type diagrn$].

2. Parametric I ntegration Formalism

The anomalous magnetic momeatis given by the static limit of the magnetic form factor.
In our formulation, we first employ a relation derived frone tWard-Takahashi identity

meﬂq ~92(p)
q—0

— 2.1
aa, D, (2.1)

AWQ®:—¢[

between the self-energy paitp) and the sum of the vertex pakt (p,q). This reduces the number
of independent integrals substantially. For the tenttepi@let V diagrams, the number is, after
taking account of the time-reversal symmetry, reduced f 38

2.1 Amplitude

The contribution of a @th-order diagran¥ is given by an integral over loop momenta of a
product of vertices and propagators of leptons and photioristurned into a parametric integral

INote added: the Harvard group reported a new measuremehnin[¥#hich the precision of the value @k is
improved by a factor 2.7 over the value (1.1).
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Figure 1. Classification of diagrams contributing to tenth-order Q&fPrections.

over Feynman parametezsassigned to the propagators. Carrying out the momenturgratien
analytically, we can express the amplitude in a concise form

@ _ (—1\" 1 (Bo+G EB+C
My = ( 4 ) (n l)!/(dz)g [n—l <U2vnl+u3vnfr

No+Zo Ni+23
+ ( S +U3an+--->]. (2.2)

The result is given symbolically as a function of quantiteedled building blocksB;j, Aj, U, V,
andC;j, which are polynomials of Feynman parameters.

2.2 Subtraction of UV divergence

The amplitude constructed above is divergent in general.atiépt subtractive renormaliza-
tion with the strategy that these divergences are subttaigy by appropriate integrals which
cancel the singularities point-by-point on the Feynmarapeater space. This scheme is called
K-operation [6]. The subtraction integral factorizes intoexact lower-order amplitude and the
leading UV-divergent parLgY of a vertex-renormalization constant when the divergebtisu
gram.¥ is of vertex type, and into the forrzﬁm/ My, o + B/ My~ j When.s is of self-energy
type. Here 5m and Bgy are the leading UV-divergent parts of mass and wave-funggnor-
malization constants, respectively. When there is more time divergent subdiagram, the whole
UV divergences are identified by the Zimmermann’s forestse Jubtraction term associated with
a forest is obtained by successive operations-operations of subdiagrams in the forest.
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2.3 Subtraction of IR divergence

A diagram suffers from IR divergences when it contains ealffrgy subdiagrams. In the old
approach employed in the numerical evaluation of sixth aglotie orders, the subtraction terms are
identified by power-counting rules in a particular limit afynman parameters, call§ebperation
[7]. However, some diagrams have linear divergences thed @ealt in arad hoc way. To this
problem, we developed new subtraction schemes célgibtraction andr-subtraction. The IR
subtraction terms can be identified by the combination afe¢hgvo subtraction operations. This
scheme relies totally on the diagrammatic property andasifide for the automated treatment.

One type of IR divergence stems from our particular treatnoérJV divergence. TheK-
operation for the self-energy subdiagram subtracts awéytbe leading parﬁm&v of the self-
mass term, and the remaining pérvny =omy — 5m§)’ is regarded to introduce a spurious two-
point vertex effectively. This causes linear or more selRrdivergence. A remedy to this problem
is to subtract away the contribution 5fvn,y by constructing an appropriate integral. We call this
operation afR-subtraction.

The other type of divergence arises in such a way that whemtiraenta of photons in the
residual diagran¥’ /. go to zero the amplitude behaves factorized into a produttteomagnetic
moment partM ¢ of the subdiagramy and the vertex parﬁg/y(k) in this IR limit. The latter
accounts for the logarithmic IR divergence. Thus we prepasabtraction integral that cancels it.
We call this operation alssubtraction.

For more complicated cases involving more than one selfggrmubdiagram, the IR subtrac-
tion terms are given by the combinationslefand/or R-subtractions. They are recognized by a
forest-like structure of self-energy subdiagrams to whiahinformation of distinct types of sub-
tractions is assigned. We call theannotated forests. The whole IR subtraction terms can be
identified by finding all possible annotated forests.

2.4 Residual renormalization

Thus far we have constructed the renormalized and finitgiateof the amplitude of a di-
agram, but it is not fully equivalent to the standard on4shehormalization. To complete the
calculation, the difference between the full renormalaraiand the intermediate renormalization
achieved so far must be evaluated by collecting all cortiobg. This step is called the residual
renormalization [8].

3. Automated Calculation

We developed an automated system that generates numatagdation codes for evaluating
g-type diagrams following the steps described in the prevgection. It takes a single-line infor-
mation specifying the form of a diagram as an input, consdrttee amplitude and the subtraction
terms, and produces FORTRAN codes readily integrated bguheerical integration routine. The
system is implemented as a set of Perl programs, and the $igmi@mipulations required in the in-
termediate steps are performed with the helps of FORM [9]Magle. The numerical integrations
are processed by an adaptive Monte Carlo integration ®utiEGAS [10]. Our implementation
is applicable to arbitrary order of g-type diagrams.
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For the purpose of testing our system, we applied it to théuatian of known diagrams of
fourth, sixth, and eighth orders. The fourth- and sixthenrdontributions obtained by our codes
are, after taking account of the residual renormalizatief,343 95(53), 0.905 26(53), respec-
tively [5], which reproduce well the exact results of therworder term—0.344 166 -- [11, 12],
and the sixth-order term. @04 979 -- [13], respectively.

For the eighth-order case, we have unexpectedly revealgdtansistency in the treatment of
IR divergences in the previous calculation. With this eomnrected, the old calculatior,2.179 16(343),
and the new calculation;2.219 (53), agree within the numerical precision employed [5].

These tests confirmed the validity of our automated systesineacourages us to proceed to
the evaluation of the tenth-order contribution with confice. The numerical calculation codes of
all 389 independent integrals that represent 6354 diagodi@et V have already been obtained by
our system, and the numerical evaluation is now in progress.

4. Concluding Remarks

In this article we reported our project on the automatedutation of QED corrections to the
leptong—2. We developed a new treatment of IR divergences that isdsfiir automation. We
implemented the code-generating system for the type ofalag that have no closed lepton loops.

The coefficient of the eighth-order contribution is revisedhe new value [14]

AP = 1914 4(35), 4.1)

and it is firmly established by the two independent, mutuediysistent evaluations. It should be
noted that this is the first independent check of the wholbtkigrder term. The value of the fine
structure constant determined from the measurement (ddljhe theory is revised to [15]

a~1(ag) = 137.035 999 07098). (4.2)

Our code-generating system is primarily designed for tigpg-diagrams, but it can be ex-
tended with slight modifications to the types of diagramsmtgd by inserting vacuum polariza-
tions to g-type diagrams. The numerical evaluations of Bié¢#, 11i(b) and IV (see Figure 1) have
been carried out. The results will be reported elsewhere.
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