PROCEEDINGS

OF SCIENCE

Automatizing the application of Mellin-Barnes
representations for Feynman integrals

J. Gluza?, F. Haas®, K. Kajda® and T. Riemann*®
aDepartment of Field Theory and Particle Physics, Instito€hysics,
University of Silesia, Uniwersytecka 4, PL-40-007 Katayieoland
bDeutsches Elektronen-Synchrotron, DESY, Platanenallé8®38 Zeuthen, Germany
Email: pl uza@is. edu. pl| Fel i x. Haas@lesy. de|, Kkaj da@is. edu. pl|,
fTor d. R enann@esy. d¢|

Feynman diagrams may be evaluated by Mellin-Barnes reptiasens of their Feynman param-
eter integrals ird = 4 — 2¢ dimensions. Recently, the Mathematica toolkWBRE has been

developed for the automatic derivation of such represiemstvith a loop-by-loop approach. We
describe the package and exemplify its use withgtexpansion of the massive one-loop QED

vertex function.

Xl International Workshop on Advanced Computing and Amglischniques in Physics Research, ACAT,
Amsterdam, The Netherlands, April 23-27, 2007

*Speaker.

(© Copyright owned by the author(s) under the terms of the Cre@dmmons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/


mailto:gluza@us.edu.pl
mailto:Felix.Haas@desy.de
mailto:kkajda@us.edu.pl
mailto:Tord.Riemann@desy.de

AMBRE — MB-representations for Feynman integrals T. Riemann

1. Introduction

For many of the precision predictions of observables for LHC and IL@eesl the automated
evaluation of multi-leg and/or multi-loop Feynman diagrams; a summary of the rmeedthe
present status may be found [ [1].

A promising approach is the representation of the Feynman diagrams bynaeyparameter
integrals and the subsequent use of Mellin-Barnes (MB) represergdiotimeir further evaluation.
The method was invented in 1975 for the finite massive scalar three-poittdo in [2]. Massive
one-loop self-energies and vertices were investigatati dimensions in[[3]. An important step
was the explicit evaluation, in terms of polylogarithms, of the planar on-sbalbié box in [# 7]
and of the non-planar case ifj [8, 7). Slightly different algorithms arel fisethe derivation of
proper MB-representations for divergent diagrams as expansigroaiers ofe = (4—d)/2. The
algorithm of Tausk was automated in Mathematica and Mdple [9] and in Mathenjifiahe
latter packagelvB, is publicly available. As input it needs some MB-integral representatidn an
performs thee expansion. Quite recently, the Mathematica packa@8RE was published which
prepares for a large class of Feynman diagrams the MB-integral espation [1]L].

In this contribution, we describe the packa®¢BRE and give a simple example of its uke

2. Construction of Melin-Barnesrepresentations

We will use the MB-representation

io+R
1 B~ ogo
ATB)Y 2n1r /RdJA r—o)r(v+o), (2.1)
—|00+

where the integration contour separates the poles df-thmctions.
We evaluatd_-loop Feynman integradsn d = 4 — 2¢ dimensions withN internal lines with
momentag; and massesy, andE external legs with momentge:

1 dd;...d%,. T(k)
ST 0= oz | @y (@t @R @2

The numeratof (K) is a tensor in the integration variables:

k) = 1Lk kI'ky, ... (2.3)

The momenta of the denominator functiahsre:

4 =of —nf = (Iila”kl —H) —m¢ = (ildnlﬂ - iﬁie%) —nf. (2.4)

The momentum integrals are replaced by standard Feynman parameteilsntegra

Ny v - (L+1)/2
k) = TR Mo a3 02 AT

1Examples of different complexity may be found at the webpa@s@]z, 1
20ften one uses the additional normalizatis¥t"; we leave this to the later evaluation with the packh@e{@].
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(2.5)
with
N
Ny = H v (2.6)
vV i; |
The two functiondJ andF may be derived from
N
N = lei(q?—nf) = kMk—2kQ+J, (2.7)
whereMr = SN ajrayx;, andQ = TN, oy Px;, andd = $N; (P2 — n?)x; namely:
U(x) = detM), (2.8)
F(x) = —det(M) J+QMQ. (2.9)

Where we may assumd®™ = M. TheU andF as well asM = detM) M~ are polynomials in
x, and therefor also the numerator functiéh$T ) in (2.2). We will evaluatéd.-loop integrals with
the loop-by-loop iteration procedure, because the formulae simplify fed@op integrals:

U=M =M = defM) = %n =1, (2.10)

N N
F=-Ul+Q* = SRR —PP+nflxx; = 3 fijxx. (2.11)

1) |SJ

The simplest tensor factoRs(T) in (2.3) become:

Pi(1) = 1 (2.12)
ZX. R, (2.13)
r(Ny—-9-1) _gof
Py (KIKP POy PP 2 RS (2.14)
( ) |Zi I Z : r (NV B %) 2
TheP? are the so-called chords introduced[in}2.4). The general case is:
Gi(Tm) = Gl(k“l k“m)
/ dxx 16 (1§ X)) (n- ﬁ) {ap Py Ho
|_|| 1r Vi) I_l ZL : Zﬁ - ’
(2.15)

with the abbreviation§ = F(x) andP = P (k!) = ¥ixPR = gijexiﬁiepé‘. Ther starts from zero
(with 2% = 1), and it is<4 = 0 forr odd, ande; = gHiaHiz ... gHir—1Hir for r even. The convention
(Wi, - ..) means the totally symmetric combination of the arguments.

In AMBRE, the tensorial numerators are assumed to be contracted with a B§ngocomposed of
external momentge, so that the following quantity is evaluated:

P(m) G1(Tm) = (p&:--- pAm) Ga(kH:---KH™). (2.16)
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One now has to perform theintegrations. We do this by the following simple formula:

1 0 - M(qu) - (an)
dxx3 15 (1-Vx | = . 2.17
/o[l % < ; ‘) [ (Oa+ - +0n) (247
From the above text it is evident that the integrand o] (2.5) contains Isesiigle sums of mono-
mials ;X" (like e.g. Q and M) also sums of monomials with non-integer exponents. This is due
to the appearance of the factdd$x) andF(x). One may rewrite~(x) andU (x) so that [2.7]7)

becomes applicable. For the one-loop case this has to be done ofyxiorin @.11),F (x) is
written as a sum dfle < %N(N + 1) non-vanishing, bilinear terms s

N —(Ny—dL/2)
F(x)~(Md2 = [Z fn(i,j)mxj]
n=1
1 1 N TN }

M (Ny —dL/2) (2mi)\F il]_ioo/+u. r!:L[ n(i, 1)%iXj]

i o5 dL N\ e F<2)
1 |7J Xi X v j=24 _ 7_’_ z: 7).

1A v 5 JZZ i JI:L !

(2.18)

Here, fn(i, j) = fij if fij # 0. Inserting [2.118) and the tensor functiB(T) into (2.2) allows to
apply (2.1F) for an evaluation of theintegrations.

As aresultL-loop scalar Feynman integrals may be represented by a single multi-dimdnsiona
MB-integral and tensor Feynman integrals by finite sums of MB-integrals.

3. The Mathematica package AVBRE

In this section we describe the use of the pack&gBRE [[L1]]. AVBRE stands forAutomatic
Mellin-BarnesRepresentation. It is a (semi-)automatic procedure written for multi-loop calcula-
tions. The package works with Mathematica 5.0 and later versions of it. Gniperform the
following tasks:

(i) define kinematical invariants which depend on the external momenta;

(i) make a decision about the order in whiclone-loop subloop$L > 1) will be worked out
sequentially;

(iii) construct a Feynman integral for the chosen subloop and perfomipuations on the cor-
responding--polynomial to make it optimal for later use of the MB representations;

(iv) use equation[(2.18);

(v) perform the integrations over Feynman parameters with equétiof (2.17)

31f useful, one may also considei(x) with linear and bilinear terms in the.
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(vi) if needed, go back to step (i) and repeat the steps for the nextsubiatil F in the lastL"
subloop will be changed into an MB-integral.

The steps (ii) and (iii) must be analyzed carefully, because there exisis §eedom of choice
on the order of loop integrations in step (ii) and also on the order of MB iategrs in step (iii).
Different choices may lead to different forms of MB-representations.

The basic functions 0cAVBRE are:

e Fullintegral[{numerator},{propagators},{internal momenta}] — is the basic function for
input Feynman integrals

e invariants—is a list of invariants, e.gnvariants= {p1*pl — s}

e IntPart[iteration] — prepares a subintegral for a given internal momentum by collecting the

related numerator, propagators, integration momentum

e Subloop[integral] — determines for the selected subintegrallth@endF polynomials and an
MB-representation

e ARint[result,i_] — displays the MB-representation number i for Feynman integrals with nu-

merators
e Fauto[Q] — allows user specified modifications of thgpolynomialfupc

e BarnesLemma]repr,1,Shifts- >True] — function tries to apply Barnes’ first lemma to a
given MB-representation; wheshifts- >True is set, AMBRE will try a simplifying shift
of variables; the default iShifts- >False
BarnesL emma(repr,2,Shifts- >True] — function tries to apply Barnes’ second lemma

4. V3I2m: the one-loop massive QED vertex

As an example, we evaluate the one-loop massive QED vertex function (8&itex with 3
internal lines, 2 of them being massive? = 1):
d9k 1

V3l 2m= &% 7 (T T pa =T (4.1)

The corresponding definition iNVBRE:

» V3I2m = Fullintegral[{1} {PR[k, 0, n0] PR[k + p1, 1, n1] PR[k - p2, 1, n2]} {k}]
In a next step we define the invariants:

»invariants= {p1?>— > 1, p22— > 1,plp2— > (s—2)/2}
With IntPart[1] andSubL oop[integral], we determine th&-polynomial for the diagram,

F = 00t x0)? + [ Sroc @2

and get a two-dimensional MB-representation. As usual, we have tcceeptae a positive by
s+ie. After setting{nl-> 1, n2-> 1, n0 -> 1} and applying Barnes’ first lemma,
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» MBV3I2m = BarnesLemma[V3l2m, 1]
an MB-representation for the Feynman integral is obtained:

e12A(—E-2T (9T (1+£e+2)
vs12mly] = 1 2s 2m/dz( " r(—2¢—22) ‘

For the subsequent step, the derivation ofgtexpansion, the packadd may be used:

v312m[—1,y]

V3l2mly] = +V312m[0,y] + & V312m[1,y] +---,

where we already introduced the conformal variable

R
 Vstd+y/=s

(4.3)

(4.4)

(4.5)

Representations for the first terms of thexpansion are easily obtained with the followikB

commands

» rules= M BoptimizedRulesM BV 3I2m, eps-> 0, {}, {eps}]

» integrals = MBcontinuglM BV 3I2m, eps-> 0, rules]

» expV3l2m = M Bexpand[integrals, Exp[eps* Euler Gamma], {eps, O, n}]
We reproduce a few of them here:

“icotu 3[_

}i dz(_t)flfz r [ Z]r[l-i—Z]’
2270 J_jcotu r—24
1 +i°°+ud v M3[—Zr1+7

V312 = —
312005 = 5 | i r[—27

v3l2m[—1,y] =

% (Ve — In(—S) + 2W[—27 — 2¥[—7 + W[1+ 7],

1/4 e P42

V312m|1 = — t
n[t.y] 210 Jicotu ) r—27

[V +Logl—s?+ Logl—s) (— 2y — 4¥[~27)+ 4¥[-7 — 2W[1+ 2)

+ye(4V[—27 — 4W[—Z +2W[1+ 7))

—AW[1,—27 4+ 2W[1, -7+ W[1,1+7

+4(W[-27? - 2W[-274W[-Z + W[-Z* + W[-24W[1+ 7
—Y[—ZW[1+7)+W[1+7?

1/12 +i°°+ud )i |

V312m|2 = ;
B2 = 2 r[—27

[a(z) +b(2)W(0,1+2) +W(2,1+2) +2¥(0,1+ 2>+ W(0,1+2)°

+3¥(0,1+2)¥(1,142) +¢c(2)[W(1,1+2) +2¥(0,1+ 2)%,

(4.6)

4.7

(4.8)

(4.9)

with some coefficients(z),b(z),c(z), which depend orLog|—¢|, y&,W(k, —2),W(k,—22) (k =

0,1,2). Here,W[z] andW[k, Z are polygamma functions:

PolyGamma [z]= PolyGamma [0,z]= W¥(z) =

(4.10)
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n

d"W(z) M 1
i = (-1 +1n!k;)m.

The integration path includes the straight line ranging feriro 4 1/2) to (+ico + 1/2). Closing
the path to the left, allows to express the integral as an infinite series of aesithing from the
poles of

M

PolyGamma [n,z}= W[n,Z = (4.12)

M[1+2, Wk 1+12, (4.12)

atz=-—n,n=1,2 --- with different weight function&(z), e.g. forvV3Il 2n{ - 1, y] with

B
_(_ 1-z
G(z) = (—9) 2’ (4.13)
The resulting respresentations are inverse binomial sums:
12 g
32m—1,y| = = ) o 4.14
va12moy] = =% -5 _gm) (4.15)
ay - Zn; (znn)(2n+1) ) .
312m[l,y] ==Y 5o — 4.16
vaiamliyl =5 3 2t ) [Si(n)? + L2 =S (n)] (4.16)
L g 1orgs 1 1 1 1
V3lom[2,y] = nZo(Zr?)(Z“Jrl)[lz [N = 2 SinSeln + 7 &S] + £ Ssln - £ &)
(4.17)
etc., and the harmonic numbeggn) are
n1
The simplest of the sums may be done with Mathematica:
v3lam[—1,y] = ldarcsitys/2) _ 1 -2y Iny. (4.19)

T2 JAi—sys @ 21-y?
The other sums appearing above may be obtained from sums listed in Tablspperidix D in

[L4]:

o ey
; (™M(@n+1) Y-
@

72In(y), (4.20)

00

PN T g ALy —4inly)n(L+y) + n¥y) ~2%] . (421
L | |
n;m (n)? = yz)il 16S; 2(—Y) — 8Liz(—y) +16Liz(—y)In(1+Yy)
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+8In?(1+y)In(y) — 4In(1+y)In?(y) + % In3(y) +8Z2In(1+Y)

_azyin(y) - 853] , (4.22)
- s _ Y 3
n;) @) (2n +l>52(n) = 3 "Wk (4.23)
© @
nZO @t 1)81(n)3 = yz{ 1 [—9681,2(—y>ln<1+y) — 965 3(—y) +48%2(-Y)
—247,In%(1+y) — 48P (1 +y)Lia(—y) +48Z3In(1+y)
+48In(1+Y)Liz(—y) — 16In(y) In3(1+y) + 242, In(y) In(1+y)
+121r2(y) IN?(1+y) — 2In*(y) In(1+y) + %Zln“(y) —3%,In?(y)
+61In*(y)Li2(—y) + 2In°(y)Li2(y) — 10¢zIn(y) — 24In(y)Liz(-y)
—8In(y)Lis(y) + 34+ 24Lis(—y) + 12Li4(y)} , (4.24)
© @ 1 . .
3 Eam S - 21 150+ 12L(y) + 2I(y)Lia(y)
—asIn(y) - 8In(y)Lis(y) — 12| (4.25)
3 o S = G SO i)+ iy
+21In?(y)Liz(—y) + 2In°(y)Li2(y) + 243In(y) —8In(y)Liz(-y)
—8In(y)Lis(y)+22s +16Lia(—y) +12Li4(y)] . (4.26)

The one-loop QED vertex function is a relatively simple one-scale problachjrafact one may
derive the general term of theeexpansion. So far, we applied the Mathematica packages without
an interference by the user. The packages have been created éntdngatization of this type of
calculations. But here we have an instructive example of the limitations of tkeatud go back to
Equation [4.8) and shift the integration variaklaccording t@= Z — ¢, with a related shift of the

real part of the integration path/,= u+ €. The resulting MB-integral is:

el (—2¢) L TN (~Z +e)(1+2)

After taking residua as before, but now without usivj one has to evaluate:
efE 2 g F(n+1+¢)
V312 = . 4.28
m[Y] _2¢ nZO (2nn) (2”—1— l) r(n+ 1) ( )
We may apply here the following well-known relatign][£5]
Frn+1+¢) 2 (—e)k
————— =T (1+¢€)exp|— n)|, 4.29

4Expresd (—n+ ¢€) by ['(g). Thereby factors A(—n+ & +k) are collected, inverse them for small
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and obtain the general term of the inverse binomial sum fomthéerm in thee-expansion of
V3l 2 y] . The first terms agree with (4]14)—(4.17). The evaluation of the sums magrbe
formed for the general case by introducing integral representationthdd functions and the
harmonic numbers (for the latter see e[g] [16]), and then performing thditmensional integral.

Alternatively to the approach described here, one may determine the fiemtion in terms
of Harmonic Polylogarithms (HPLs) [IL7] by the differential equation methddchvallows easily
to derive thee-expansion of the Feynman integ&H#2| 2m The vertex may be related 82| 2m
and to the tadpol&1l 1mby integration by parts; see e.§. [18]:

(d—2)T111m— 2(d — 3)SE212m

V312m = ([d—4)(s—4)

(4.30)

The master integral¥1l 1mand SE2| 2m are tabulated e.g. in the fileast er sHPL. m[fL9,
R0]. From the corresponding formulae it may be seen that only HPLs wgtimaents 0 and -1
appear. An approach to describe the vertea dimensions with hypergeometric functions and the
subsequent derivation of tleeexpansion may be found if ]21].

5. Summary

To summarize, for many applications of present phenomenological or memeetical interest
the packageAMBRE solves an important part of the calculational problem: the semi-automatic
derivation of MB-representations for a large class of Feynman integrals
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