PROCEEDINGS

OF SCIENCE

Beyond the fold approximation:
the extended-source effect in two-point-mass
microlensing

Ondfej Pejcha * and David Heyrovsky
Ingtitute of Theoretical Physics, Charles University in Prague, Czech Republic
E-mails: pej co3am@kol ej . nff. cuni.cz,heyrovsky@itf.nff.cuni.cz

We have implemented an efficient method for computing thelifiogiion of an extended source

with an arbitrary surface brightness profile by a two-paiass lens. Using our code we study
the sensitivity to an extended source for various binarg lemnfigurations and find previously

unknown areas of enhanced sensitivity. In addition we itigate the influence of limb darkening

on binary microlensing (chromaticity). We provide anatgtiapproximations for both the sensi-
tivity to an extended source and chromaticity. Finally, wenpare the linear fold approximation

of caustic crossing to the exact light curve for a binary ¢tkat was previously used to infer

limb-darkening coefficients of the source. We demonsttaedeviations from the linear fold are

observationally significant.

The Manchester Microlensing Conference: The 12th International Conference and ANGLES Microlensing
Workshop

January 21-25 2008

Manchester, UK

*Speaker.

(© Copyright owned by the author(s) under the terms of the @e&ommons Attribution-NonCommercial-ShareAlike Licen http://pos.sissa.it/



Extended source in two-point-mass microlensing Ond‘ej Pejcha

1. Introduction

Although gravitational microlensing by two point massempases a minority of the observed
events, the amount of knowledge that can be obtained thrtheghstudy is significant. Finding
extrasolar planets with microlensing has attracted pdaticattention. During the brief planetary
perturbations to the light curve the source cannot be reghes point-like and a correct limb-
darkening model is necessary to properly interpret the laginves. In other words, changes of
gradient of amplification in binary microlensing spatialgsolve the source. That enables testing
of the stellar atmosphere models by actual reconstructfotmeo surface brightness profile and
mapping of the spectral line formation by observations @fcsml changes. In our work we map
the extended-source effect in the two-point-mass lens gggrnand investigate the chromaticity.
We also check if a linear fold approximation produces reabtresults.

The lens equation of a two-point-mass lens is

X — XA X—XB
IX — Xa |2 ”B|x—xB|2’

Yy =X—Ha (1.1)
wherepa andug are the masses of the lens components relative to theimatsdM (La + g = 1),
and xa and xg denote the locations of the components. Angular positigns, X, and xg are
expressed in units of the angular Einstein radius of the comg lens. AmplificationA, of an
extended source centeredyatis given by the cross-correlation of the point-source aficpliion
Ao and the surface-brightness distribution of the soBc®rmalized by the unamplified flux

s Po(Ye+Y)B(Y) APy 5 BY[X] — ye) dx
T BY)Y®Y L BY)®Y

Herey’ is measured from the source center and the integration ferpexd over the area of the
sourceXs. To convert the numerator to the second expression wg sey/[x] — y. and transform
the integral to image coordinates, integrating over tha af¢he imageg;. In this wayAq cancels
out with the Jacobian of the transformation. The relatiovien the position of the sourceydx]
and of the image at is given by the lens equation (1.1).

Computation ofA, poses significant numerical difficulties, especially fdsitary B. Here we
use the method suggested by Vermaak (2000) and describethihid Pejcha & Heyrovsky (2007,
hereafter PHO7). The method combines direct inversionefahs equation and ray shooting. We
find image positions of the center of the sousgethrough inversion of the lens equation (1.1)
and then start a recursive flood-fill ray-shooting algoritttngo through the images. Two extra
images appear when an edge of the source enters the caustge images may be detached from
the other three and would be missed. To take them into accauentompute the intersection of
the circumference of the source with the caustic curve asinethe algorithm from a point just
interior of such an intersection.

We model the source by a circular disk with radjgsin Einstein angle units and we use
radially symmetric limb darkenin®(y’) = I(r), r = |y'|/p.. We assume thdt(r) is given by a
linear combination of two orthonormal functions

Ax(Ye) (1.2)

I(r) = c1fu(r) +cafa(r) = ca[fa(r) + K f2(r)], (1.3)
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Figure 1: Sensitivity to an extended sourdg; as a function of the source-center positierfor a lens with
g=1/9 andd = 0.65. Sensitivity is both plotted with contours and markedaioc as shown in the color
bar above. Dot-dashed lines denote places with zero e¥get 0. Caustic curves are shown with blue lines
and the positions of the point masses are marked with croEkecircle in the top left illustrates the size of
the source.

that were obtained by principal component analysis (PCAurticz's ATLAS model atmospheres
(PHO7). Plausiblex values span the interval frorp = —0.1620 for the peakiest profile iy =
0.0902, that describes the flattest allowed limb darkening.

2. Sengitivity to an extended source

2.1 Areas of sensitivity

To map the sensitivity to an extended source we use only titgofincipal functiof for limb
darkening, hence& = 0. For a source ag. we define the sensitivity to an extended source as a
relative amplification difference @&, over the point-source amplification

Ai(Ye) — Po(Ye)
Ao(Ye) .

A contour plot ofdex for a binary lens with mass ratgp= 1/9 and separation between the two point
massesl = 0.65 in Einstein angle units is given in Figure 1. The sourcéusais p,, = 0.02 which
corresponds to a typical giant source. We see that most ef#@eis green whed, > 0 and hence

A, > Ap. In these areas the drop Af from the caustic is convex and some parts of the source are

Oex(Yc)

2.1)

Lweighted average shape of the set of model atmospheres
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Figure 2: Sensitivity to an extended source for a lens wgth d = 1 and sources witp, = 0.02 (left panel)
andp, = 0.002 (right panel). Symbols have the same meaning as in Figexeept that four extra contours
were added. Cuts through tdg, surface are marked with arrows and are shown also in thepistst The
lengths of the cuts are the same in units of source radiustmgamels. The cuts are parameterized ky
wheret, is the time for a source to cross its raditis; O corresponds to a source positioned on the fold or
on the cusp, respectively.

always closer to the caustic than the center. The limitedareds wheré\, < A are seen along
the outer axes of the cusps. Here the concave perpendigojantlih, is initially stronger than the
convex drop along the axis. Neglecting this perpendicutap @¢an lead to incorrect results on the
amplification of an extended source along the axis of the (faspnore details see PHQ7).

The most interesting features are the red areas that cofawut) cusps of the caustic com-
ponents. The sensitivity extends many source radii fronctlsp and the magnitude of the effect
can reach well over 1%. These regions are observed not otheithree-part caustics of small-
separation binaries but also on the lens axis for wide kesasiith two-part caustics. The strength
and size of the regions depend@andd. Keepingd fixed and lowering, the caustic components
become smaller and more separated and the negative regiomge diffuse and perpendicularly
thinner. For fixed) there exist values af where the negative region splits into two opposite lobes.
Sensitive areas between the facing cusps can significantilgase the probability of observing the
extended-source effect in comparison with pure caustissing. For this particular lens configu-
ration the mean projected width of thé&, = 1% contour is 28 times higher than the width of
the caustic curves increased by the source size. Fdbghe= 10% effect the width is still about
30% higher. The projected widths are defined in a similar veappndao & Paczpski (1991).

To investigate the behavior &, in the vicinity of cusps more thoroughly, we plot in Figure 2
a detail of a lens witly = d = 1. We see that there is a band of negatiygjust inside the caustic
curves. As the source approaches the caustic from insie@dimt-source amplification gradually
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rises to the divergence right on the caustic, where the lopassible value 0dex = —1 is achieved.
To study the scaling of the structures with source radiusake three cuts through thigy surface
that go perpendicularly to the fold (A), along the cusp a5 &nd perpendicularly to it (C). The
lengths of the cuts are constant in units of source radii. ¥¢etkat cut C scales almost perfectly
with source size and the two positive peaks occur approemat65p, off the cusp. Cut A scales
almost perfectly with source radius, too, albeit the hedaflihe second maximum changespisl/z.
However, cut B going along the axis of the cusp is signifigawider for the smaller source. Inside
the cusp the smaller source touches the convexly shapeticcerlatively sooner that the larger
source. Outside the cusp the contourdf% effect is located 4 p, from the cusp for the larger
source but at 1p, for the smaller source.

2.2 Analytical estimates

To explain the results from the preceding section theakyicwe follow PHO7, and under
assumption that the source is small and is positioned offalstic, we expand the integrand of the
first expression of equation (1.2) at the source ceygeiVe get the following expression for the
extended-source amplification

1 Jerdr 1, 4 Jo 1 (r)redr 5
A, (Ye) = Ao(Ye) + = DAg(Ye) p? B — + — N2Aq(ye)pt 82— — + O(pf), 2.2
(Ye) (Ye) 2 (Ye)p foll(r)rdr 64 (Ye)p foll(l’)l’dl’ () (2.2)
whereA is the Laplacian and? = AA is the biharmonic operator. This leads to an approximate
expression for the sensitivity to an extended source

Do(ye) o Jo !(1)ridr
4Ro(ye) " [rI(rrdr
We see that the dependence on limb darkening factors outdostant and that the shape of the
contours depends only on the lens geometry. The Laplacidg iof equation (2.3) advises us that
when investigating the extended-source amplification@boparticular line we cannot neglect the
behaviour ofAq in the perpendicular direction.

Here we focus on the behavior &fx along the outer axis of a generic cusp. We use the point-
source amplification formulae of Schneider & Weil3 (1992) &adtharov (1995, 1999) that are
summarized in PHO7. For a source positioned on the outercdxigsp at a distancg, we arrive
at the following expression

ex(Yc) ~ (2.3)

DAy 8K n 2

ho oy ¥
whereK is a parameter that controls the orientation and narrowoieasusp. The first term pro-
portional toyH*3 comes from the derivatives in the direction perpendicldaf tand has paramount
importance in the vicinity of the cusp. Note that the firstiiés negative, sinc&/y| < 0 along
the outer cusp axis. Neglecting the second term and pluggtogequation (2.3) we arrive at an
expression for the extent of a contour of vatig along the outer axis of the cusp

yi | 2K fgl(n)ridr Y3 2.5)
P |90.8ex [LI(r)rdr ' '

(2.4)

/

When expressed in units of source radii the contour exteadtescasp;l % which confirms the

observation made in the preceding section.
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Figure 3: Chromaticityd.nr as a function of source position for a lens withd = g = 1 and source radii
p. = 0.02 (left panel) ang. = 0.002 (right panel). Contour values and the coding of coloshiswvn in the
color bar above. Cuts through the chromaticity surface atlgeasame positions as in Figure 2. Meaning of
other symbols is similar to those of Figure 2.

3. Chromaticity

Observing a microlensing event in different spectral pasdb can lead to color variations in
the light curve. We define chromaticity, as the relative amplification difference of two sources
with extreme limb-darkening profiles

A (Ye, Kpk) — Ax(Ye, Ki)
A* (y07 O) '

In a manner similar to and under the same assumptions astiors@c2 we found (PHO7) that
chromaticity defined in this way can be approximated awamftioe caustic bye.x multiplied by a
constant that depends only on the assumed form of limb dieudten

Ochr(Ye)

(3.1)

J3 fa(r)r3cr f3 fa(ryror
Jo Ta(r)rdr fg fa(r)r3dr

For our particular choice of limb darkening we hadgr ~ —0.197d.. The discussion of the
shapes o contours is similar to section 2.1 keeping in mind that thakpest profile is a better
proxy to the point source than the flattest profile.

The behavior of chromaticity close to the caustic is différsFom the sensitivity to an ex-
tended source. In Figure 3 we plot chromaticity for the saems ldetail as in Figure 2. Because
chromaticity is constructed from extended-source amplifbnis that don't diverge on the caustic,
the behavior is smooth. Regions of maximum positive chraityatire located just inside the cusps
(where the central parts of the source receive highest fiogtion) while the maximum negative

6

Ochr(Ye) = N(Kpk, Kfi) 1| Gex(Yc)- (3.2)
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Figure 4: Validity of the linear fold approximation in OGLE-2002-Bl-G69. Right panel shows the geo-
metry of the second fold crossing in the close binary modé{uifas et al. (2005). Caustic is marked in
blue, trajectory of the source in dotted red, tangent to thestic at the point of crossing in dashed green
and the part of the trajectory actually studied is markechigyiiack arrow. A wider view is presented in the
inset. Top left panel compares the exact light curve (bladit) the best-fit approximation of equation (4.1)
fitting either all points simultaneously (red) or first thems whereG = 0 (green). Bottom left panel shows
the corresponding residuals.

effect is reached when a source is positioned abouiprieom the cusp on either side of the axis
(where the same high-amplification regions give this tingdar weight to the limb of the source).
Just like in the case of sensitivity to an extended souragdtories A and C that go perpendicular
to the fold and axis of the cusp, respectively, scale liyeaith source size. Trajectory B exhibits
the samep, 13 scaling as was shown in section 2.2 and reacdhgs= 0.01 at 26p, outside the
cusp for the larger source and abp, for the smaller source, respectively.

4. Validity of linear fold approximation

Light curves of some of the observed fold-crossing eventeweaalyzed with the method of
Albrow et al. (1999). Portions of the light curve sufficigntar from the caustic are modelled by
a point source while for the remaining parts it is assumetltttesource is crossing an idealized
linear fold. The amplification of two of the extended-souroages is obtained by cross-correlation
of a source surface brightness profile with the inversetggr@ot singularity of the fold. The
amplification of the remaining three images is assumed tolieear function of timet. The total
amplificationAZP" reads

t—t
aprr — U, G cc
A ( At

) +Acc+ w(t —tee) (4.1)

whereG is a characteristic function vanishing outside the caustics the time of the fold crossing
andU,, At, Acc andw are other constants.

To check the applicability of this method we compute an eligbt curve of one caustic cros-
sing here and compare it with the best-fit light curve usingatign (4.1). Based on the analysis

7
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of Kubas et al. (2005) we've selected OGLE-2002-BLG-069 favarable case for the method. In
Figure 4 we plot the geometry of the situation, the approkénaead exact light curves, and relative
residuals(A, — A?™) /A,. Obviously, even for a nearly perpendicular fold crossieigtively far
from a cusp the residuals may reach well above 1% and showdddrein the data. Although most
of the recent light-curve analyses don’t use the approxonaif equation (4.1) for the final para-
meter estimation, spectral changes during two-point-m@aseolensing have been studied entirely
using the linear fold approximation. This is true particlyiefor EROS-BLG-2000-5 (Albrow et
al., 2001; Castro et al., 2001) where a nearly-parallel éotsssing occurred in the close vicinity of
the cusp and the residuals of the linear fold approxima@ach several tens of percent. Therefore,
we advise against using the linear fold approximation withehecking its validity for the studied
caustic crossing..

5. Discussion and conclusions

We have investigated in detail extended-source effectsordoint-mass microlensing. While
the largest differences between point-source and extesmi@ete amplifications occur close to
the caustics, we found significant sensitive areas betwagng cusps of the caustic components
where the relative excess can reach over 1%. Chromaticitipigx the same pattern away from
the caustic but the details in the vicinity of the caustideatif Based on analytical estimates we
explain the nonlinear scaling of the contour extent alomgaiiter axes of cusps. We found that the
linear fold approximation can produce significant residwalen in favorable cases, and argue that
its validity should be checked on every use.
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