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1. Relativistic Effects in Observations of Directed Flows

1.1 Background

In differential form, the Lorentz transformations relatithe coordinates of an object in one
frame (unprimed) and its coordinates in another frame (@djrthat moves relative to the first
frame with velocityv along thex axis are

dx — dx + vdt
V1-Vv2/c2

dy = dy

dz = dZ

dt — dt’ +v(dx /c?)

Nivar

These can be used directly to find thg andz velocity components in the unprimed frame in terms
of the corresponding components in the primed frame:

" ax UtV
T dt T 1+uv/c?
_dy Y
YTt T @+ uy/ @y
dz u,

=Gt T @ruv/dy
\-

y=(y/1-v2/c2)7t

They andz components transform in precisely the same way, since thgéveevelocityv is purely
along thex axis. This means that we can without losing any generalgyeedy simply consider
the components of the motion parallel to and perpendicolding relative velocity between the
frames.

Suppose a particle moves with velocityin a frame that moves with velocityrelative to our
(unprimed) frame. The observed components of the parisiefocity in our frame parallel and
perpendicular te are then

uﬁ +Vv
[ (1+VUH/C2)
u/
u = — L >
y(1+vu, /c?)
The angles along which the patrticle is observed to move itvtbeframes are therefore related by
the expression:
u,
Y

tanf =

uy
y(uj +Vv)
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In rest frame of the source —— Source is moving with velocity v

isotropic radiation in our frame —— the radiation that is
emitted is seen to be concentrated
(beamed) in the direction of the motion

Figure 1: Schematic of Doppler beaming, or boosting, of radiationtediby a relativistically moving
source.
u'sin®’
y(U cosf’ +v)

1.2 Aberration and Relativistic Beaming

For a photon, for whichi' = c, the above relations reduce to

tane — L@l
~ y(cos@' +B)
~ cos®’ +p

cos9 = 1+ Bcos@’

Thus, a photon emitted at right anglesvitmn its rest frame @ = 11/2) is observed at the angle

1
tand = —

yB
cosf = 3
sin@ = }

y

We say that the source radiationbisamedn the forward direction. Whew is large, sir@ will be
small, and

0~

<Pk

Thus, half the radiation emitted by an isotropically raidigt relativistically moving source is ob-
served within a narrow cone of half-angléyl The radiation patterns for a non-moving and moving
source will schematically look as is shown in Fig. 1.

This Doppler beamingor Doppler boostings believed to explain the one-sided appearance
of relativistic jets in quasars. In reality there are twajetone approaching (Doppler boosted),
one receding (Doppler dimmed) — if the boosting factor ishhégough, the receding jet (whose
radiation is beamed in the direction away from the Earth) myndetectable.

There is another important effect that can be manifest iremasions of an object moving
relativistically at a small angle to the line of sight. Whée wiewing angléd < 1/y, then6’ < 90°,
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v sin 0 At

to Earth

Figure 2: Geometry for superluminal motion.

and we have a “head-on” view of the object; wher@as> 90° when 6 > 1/y, and we have a
“tail-on” view of the object. In other words, in the lattersea we are detecting photons emitted
by the source roughly away from the direction toward the lEaBince some of the relativistic
jets observed in Active Galactic Nuclei (AGN), for exampdee viewed at angle8 > 1/y, this
certainly affects observations of these objects — althaugbrtunately, we cannot be sure which
ones they are.

1.3 Superluminal motions

Consider the motion of a clump of plasma in a jet roughly taltthe Earth at two timelg and
to. The angle of the clump’s motion relative to the directiowaod the Earth i€, and the clump’s
velocity isv (Fig. 2).

The distance travelled by the clump toward the Earth betwheetwo times isycos6At, where
At =t, —t;. The distance travelled by a photon emitteth am the timeAt is justcAt. The distance
between the photors andp, will be cAt —vcosBAt, and so the measured time between the arrival
of photonsp; and p, emitted at time; andt, will be Atneas= (1— B cosO)At, wheref3 =v/c. The
observed distance travelled by the clump in the plane ofkizevdll be dsky = vsinBAt. Thus, the
apparent speed of the clump in the plane of the sky will be

Bano — Adsky
app CAtmeas
_ PBsing
Bapp = 1— Bcosh

We can find the maximum of this function by taking its derivatand setting it equal to zero. This
yields a maximum when

cosb = B



Synchrotron Radiation and Propagation Effects Denise Gabuzda

sing = \/1—(:0329:%/

The corresponding maximum apparent speed in the plane skihis

Bmax = BV

Clearly, the observed motion will be superluminal, or appdy faster than light, for suffi-
ciently high intrinsic speedg$ and sufficiently small viewing angle8 ~ 1/y. This provides a
simple explanation of superluminal motions in AGN jets, gthare very common; unfortunately,
it is not possible to unambiguously disentangle the coutidins of 3 and6 to the observed speeds.
Nevertheless, studies of superluminal jet component sfeedamples of AGN are extremely use-
ful in determining the nature of differences between défdrtypes of AGN, for example.

1.4 Measured Variation Timescales and the Doppler Factor

We saw above that the measured time between the arrival gbttons emitted by a source
moving toward the observer at two times separatedthg

Here, At is the time interval in the frame of the observer, and wilfaliffrom the time interval
between the emission of the two photons in the rest frameeo$dlurce (which we denote with a
prime) due to relativistic time dilation:

At = yAt
Therefore,
1

The inferred time interval between the arrival of the two taims will be too small by a factor

1
y(1— B cosh)

The quantityD is called theDoppler factor and relates quantities in the rest frame of the
source and the observer’s frame, taking into account batkiabrelativistic effects and the di-
rection of the source’s motion relative to the observers kkssentially a generalized form of the
Lorentz factory, and wherd = 90°, D reduces to 1y.

For example, if6 is small enough that cés~ 1 and in addition ~ 1 (highly relativistic
motion nearly directly toward the Earth),

(1-B
1— 2
1-—

= At

1+

~—

At

Atmeas =

N ™

-3

RO

1
At ~ At
meas y

N

(6]
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We will infer a time between the emission of the two photorat th much too short, by a factor of
1/2y.

Note how important it is to take into account the motion of soerce — if time dilation acts
alone (co® = 90C°), the time interval measured in the observer's frame shbaldoolong by a
factory, while if the source is moving roughly toward the obsenvee, measured time interval will
be tooshortby a similar factor.

2. Non-Thermal Continuum Radiation: Synchrotron Radiation in a Nutshell

Whenever any charged particle is accelerated, it will eamliation. Consider thenstanta-
neous rest framef the electron, which we will denote with a prime. The elentwill not remain
at rest in this frame, because it is accelerating, but mowesrelativistically for infinitesimally
neighbouring times. This means that Larmor’s formula caodes to find the radiated powerin
the instantaneous rest frame of the electron:

b_ 26%(d)?
3c3
wheree s the electron charge/ the acceleration felt ancithe speed of light.

In fact, the power radiated by the accelerated electrondisgandent of the frame in which it
is measured. Suppose an enedyy is emitted in a timalt’ in the instantaneous rest frame of the
electron. The corresponding energy and time in the unpriiraede, which moves at a velocityv
relative to the electron are

dW = ydW  dt = ydt’
p_ dw _ dw o
dt dt’
Thus, although Larmor’s formula is valid only for non-rélégtic motion, we can use this formula
to find the power radiated by an accelerated charge, ever ifhlarge is moving relativistically
in our frame. This is the case for one of the most common type®w-thermal radio emission:
synchrotron radiation — radiation by relativistic eleascspiraling in a magnetic field.

The equation of motion of a relativistic electron in a magnéeld will be

d v -

If we have only a magnetic field, no work is done, and the ebexdrspeed (and therefogd will
be constant, together with the “pitch angle’betweerv andB (Fig. 3). Thus, we have

a= ing
ymc

ef singB
ym
It can be shown using the velocity transformation that theaponents of the acceleration
parallel to and orthogonal to the direction of motion transf as:

d = Va

d = ya
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Spiral path of the
accelerated
electron

Pitch anglep

(between B and

velocity of e -
the electron)\\, e

T Walls of an imaginary
cylindrical surface on
which the electron move:

Figure 3: Schematic of synchrotron radiation.

Since we have acceleration only orthogonal to the direaifdhe motion, the observed synchrotron
power in the unprimed frame will be

2e?(d)?
3cd
26"y B2 sin? pB?
3c3n?
If the distribution of pitch angles is uniform (random),ghwill be after averaging over the pitch
angles,

P:

b 4ty 3%B?
9c3m?

This is a crude treatment, but yields the general behaviarsyihchrotron radiating electrons. The
radiation of each electron is highly beamed in the forwar@alion of its motion, but the total
radiation due to all the randomly moving electrons is cartims (not pulsed). Because the power
radiated depends inversely ar, less massive particles will radiate more powerfully; tisisvhy
we believe we are dealing primarily with synchrotron radiatoy electrons (rather than protons).

We can get an idea of the lifetime of a synchrotron radiatiegteon by taking the ratio of its
energy to the power radiated:

Tsynch ~ E/P
4e*y?32B?
~ [yml)/[—t——
yme)/[ =g
L
~ 4e4B2yB2
This tells us that more energetic electrons radiate moreedally and accordingly have shorter
lifetimes.
It turns out that most of the power is radiated near the peaduEncy

yeB
2rmmgB sing
~ 3x 10PBy*sing[Hz]

Vpeak =
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This tells us that more energetic electrons (those withdrigis) radiate at higher frequencies.

The combination of these effects means that the electraiiatirag at higher frequencies have
shorter synchrotron lifetimes. This will cause the speutradiated by an ensemble of electrons to
fall off toward higher frequencies more rapidly (to “steeP)ewith time, since the electrons giving
rise to the higher-frequency radiation lose their energyemapidly. Regions in which “fresh”
energetic electrons have been injected will have relatikls steep (more flat) spectra; this is one
way to identify possible regions of “re-acceleration”.

Of course, we are dealing with radiation by a population etgbns with some energy dis-
tribution. Observationally, the spectra of relatively hapaneous astrophysical objects that emit
synchrotron radiation (e.g. supernova remnants like ttad @ebula) are often close to power-laws
over substantial ranges of frequency; in other words, teetspm has the forr§, [0 v?, whereS,
is the radiation emitted at frequeney A complete analysis shows that this would come about if
the distribution of electron energies is also a power-law:

N(E)dE = NoE PdE

whereN(E)dE is the number density of electrons with energies betweandE + dE.

Roughly speaking, if the mean-free-path of a photon in tldéateng region is larger than the
size of the region, the photon is likely to be able to pasautinahe region without being absorbed,
and we say the region iptically thin If the mean-free-path of a photon is appreciably less than
the size of the region, the photon is likely to be absorbedredt leaves the source region, and we
say the region igptically thick It turns out that, after integrating over the ensemble e€tebns,
the power radiated at frequeneyin the optically thin part of the spectrum is proportionalu®,
wherea = —(p—1)/2. a is called thespectral index

At low frequencies, there can be appreciable absorptiomeiynchrotron radiation by the
radiating electrons themselves; this is caégdchrotron self absorptiornThis makes the radiating
region optically thick at these frequencies; it turns ot tinis gives rise to a slope of +5/2 in this
part of the spectrum. A sketch of the total spectrum for alsihgmogeneous synchtron-radiating
region is shown in Fig. 4. The theoretical optically thickespal index is+5/2; the optically
thin spectral index isr = —(p—1)/2. The theoretical optically thick spectral index-66/2 is
observed very rarely; observed regions are usually onlygtigroptically thick (opaque).

Synchrotron radiation intrinsically has an appreciablgrde of linear polarization and low
intrinsic circular polarization. If the magnetic field wecempletely uniform, the electrons were
moving in circles in planes perpendicular to the magnetld {i o that the pitch angles are all90
and we were considering a frequency where the radiation pésadly thin, the linear polarization
would be 100%. In a more realistic situation, if the magnfiiltl is completely uniform (ordered),
but the distribution of pitch angles is uniform and randohg tlegree of linear polarization in the
optically thin regime can reach about 75%.

More generally, we can think of the radiation as having twmponents to its linear polar-
ization: one with the plane of the polarization (the polatian E vector) perpendicular to the
magnetic field, and the other with the polarizatibBrvector parallel to the magnetic field. The
former of these two dominates when the radiation is optidhiin — qualitatively, this corresponds
to E being in the plane of gyration of the electrons. Recall thatradiation will be optically thick
when there is a high probability of a synchrotron photon geibsorbed before it can leave the
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Figure 4: Schematic of the spectrum of a homogeneous source of syinzhradiation.

region in which it was radiated. In this regime, the compaméithe linear polarization that has the
higher probability of being absorbed is precisely the orat tad the higher probability of being
emitted in the optically thin regime — the one wiHor the polarization being perpendicular to the
B field in the region where the synchrotron radiation was gaeer The other component of the
polarization — with itsE vector parallel to th® field — is less likely to be absorbed, and so more
likely to be able to leave the emission region. This meaniswieshave for the two regimes:

e optically thin regime — observed plane of polarizatiopéspendicularto theB field and the
degree of linear polarization can reactv5%

e optically thick regime — observed plane of polarizatiorparallel to the B field and the
degree of linear polarization is no more than about 10-15%

The reason for the lower degree of polarization for the afifichick regime is that this com-
ponent of the polarizationEH parallel toB) is less likely to be emitted, so the total fraction of
synchrotron photons emitting this component is modest.

3. Propagation (Faraday) Effects

3.1 Faraday Rotation

Faraday rotation is a rotation of the plane of polarizatibaroEM wave that occurs if it passes
through a region with free electrons and magnetic field. AMiEave can be described as the sum
of any two orthogonal components. In radio astronomy, wallsaonsider these two components
to be right circularly polarized (RCP) and left circularlplarized (LCP). If we have an electron
moving at a velocity? in an ambient magnetic fiel,, it will feel the Lorentz force

qv x B’o
c
. This Lorentz force will give rise to gyration of the eleatro
Let us suppose that the motion of the electron has been idducan electromagnetic wave
passing through this region, propagating parallel to tHd Bg. In other words, the velocity of the
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Right- and left—circularly polarized components of EM wave

RCP LCP
E E
. .
® K ® K
B B
(o) ambientB,,

gV X B (for an electron)
g v x B force islignedwith the rotation of the
EM wave in one case aogposetb it in the other.
Figure 5: Schematic of the interaction between ambient free elestttve RCP and LCP components of as
passing electromagnetic wave and the ambient magnetic field

electron is initially in the direction of th& field of this electromagnetic wave. We can describe
this electromagnetic wave as being comprised of an RCP abh&€Brcomponent, as illustrated in
Fig. 5.

In the case of the RCP component, the Lorentz force on thé&reteis oriented opposite to the
direction of rotation o, while in the case of the LCP component, the Lorentz forceiented in
the same direction as the rotationff

Thus, we can write the force balance equation

eBwr

—eE+ = —mw?T

The £ sign in front of the second term corresponds to the direatiothe Lorentz force for the
RCP and LCP components of the passing electromagnetic wakirg into account the fact that
the electron charge is negative. The term on the right-hatedis the centripetal force associated
with the gyration of the electron.

Solving this equation for gives

e 1 N
f’:a<@>E

mc

If the density of electrons in the regionristhis will give rise to indices of refraction for the two
EM wave components of
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Vacuum: equal velocities for RCP & LCP Different velocities for RCP & LCP
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Figure 6: Schematic illustration of how a delay between the RCP and t@Rponents of an electromag-
netic wave gives rise to a rotation of the plane of linear poédion.

Since the indices of refraction for the RCP and LCP wavesheiltlifferent, the speeds with which
they propagate through the medium will also be different.

¢ When the wave propagates through a vacuum Riwectors for these two components ro-
tate in opposite directions at the same rate, preservingribatation of the plane of linear
polarization,x (Fig. 6, left).

e When the wave propagates through a region with free elextama an ambient magnetic
field with a component in the direction of propagation, theests of the RCP and LCP
waves become different.

— This causes the plane of polarization to rotate (Fig. 6tyighis isFaraday rotation

— It turns out that the amount of rotation depends on the sthesfghe ambient magnetic
field, the number density of electrons in the plasma, thamlecharge and mass, and
the wavelength of the radiation as:

&2 ﬁ
= Zmec | (9Bl
Ax O A?

Ax s)-ds

— Thus, the action of Faraday rotation can be identified thinabgA ? dependence of the
angley.

11
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Free electrons in
source

Original polarization
vectors

Polarization vectors
To observer after Faraday rotation
due to passage through
an inhomogeneous regic
of magnetized plasma
Synchrotron radiation from this
Synchrotron radiation from side emitted in direction towarc
this side emitted in direction the Earth experiences negligibl Since each polarization vector is rotat:
toward the Earth experiences Faraday rotation by a different amount, the integrated t
maximum Faraday rotation polarization observed in the region wit
(maximum path length through the circle decreases —- this is called
source) depolarization.

Figure 7: Schematics of front—back depolarization (left) and beapotigization (right).

Note that it is the line-of-sight component of the ambiengnetic field that determines the
magnitude and sign of the Faraday rotation. Essentiallplaervations of extragalactic sources
are affected by Faraday rotation to some extent, becausadd@tion must always pass through
our own Galaxy on its way to the Earth. Usually, these rotetiare not very large at wavelengths
of about 6 cm and shorter.

3.2 Depolarization

Faraday rotation can also give risedepolarizationof the radiation in association with two
effects.

If the source is optically thin (little absorption of the raftilon within the source), the radiation
emitted at different depths in the source will pass throuifflerént amounts of the source volume
on its way toward the observer. Therefore, if there are flegt®ns in the source volume, radiation
emitted at different depths in the source will experiendeint amounts of Faraday rotation on
its way through the source volume toward the observer (Figf{.

Observations have some finite resolution, and so represersiim of many EM waves prop-
agating along many different lines of sight through the iplasl|f appreciable inhomogeneities are
present in the plasma electron density and/or ambient ntiadiedd on scales smaller than the
resolution of the observations, different lines of sighll wkperience different rotation measures
(Fig. 7 right).

The depolarization occurs because the total polarizaaimé sum of the polarizations for
multiple regions or lines of sight that experience difféarEaraday rotations. Because the rotation
of the polarization vectors is greater at longer wavelesygtie depolarization will also increase at
longer wavelengths. Depolarization is indicated by a des#en the observed degree of polariza-
tion with increasing wavelength.

3.3 Faraday Conversion

Incoherent synchrotron radiation produces a very smalluarnof circular polarization at fre-
guencies of several to tens of gigahertz, and the obsengrg@®of circular polarization in AGN,

12
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Figure 8: Schematic illustration of how circular polarization is geated by the introduction of a delay be-
tween two orthogonal electric field components of an eleagmetic wave. The panels show the relationship
between the two components before and after the delay angktieration of circular polarization.

up to several tenths of a percent, are high enough to makenéniéhanism implausible. A more
likely mechanism is the Faraday conversion of linear-towdar polarization during propogation
through a magnetised plasma; although this mechanism leesdbedied fairly extensively theo-
retically and demonstrated to be plausible, but it is diffiba firmly demonstrate its action obser-
vationally.

Similar to Faraday rotation, Faraday conversion can ochenaa polarized electromagnetic
wave passes through a magnetized plasma. In order for Fracadaersion to operate, the observed
linear polarization electricH) vector must have non-zero components both paralleEt) &nd
perpendicular toE ) the magnetic field in the conversion region projected ohtogky, Beony
The electric-field componeiit excites oscillations of free charges in the plasma, wiileeannot,
since the charges are not free to move perpendicul&:4q. This leads to a delay betweé)
andE |, manifest as the introduction of a small amount of CP; tha sigthe CP depends on the
relative phase of | andE; .

Faraday conversion is a direct analog of Faraday rotatisnyidike Faraday rotation, Faraday
conversion does not depend on the sign of the free chargelséal If the polarizatiorE vector is
entirely parallel to the ambient magnetic field in the cosiar region, it will be entirely absorbed
and re-emitted, so that no delay, and hence no circularipatam, will be generated. Similarly, if
E is entirely orthogonal to the ambient magnetic field, it aatrive absorbed at all, so that again,
no circular polarization will be generated.

4. Conclusion

This paper has not pretended to be a rigorous treatment ofafigus physical phenomena
considered here, but may be helpful to students beginnirdiest of astrophysical objects in which
they are manifest, such as AGN and microquasars. In addiiaraday rotation can provide a
powerful tool for studies of the magnetized plasma givirsg ttio this effect, and as such can play
an important role in studies of cosmic magnetism.

Further and more complete information about synchrotratiateon and other non-thermal
radiation mechanisms, as well Faraday rotation, can bedfaurthe textbook by Rybicki and
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Lightman (1986). Burn (1966) has written a classic mondgrap Faraday depolarization. A
thorough mathematical description of Faraday conversagivien by Jones & O’Dell (1977) and
Jones (1988).
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